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INTRODUCTION 


"The true method of foreseeing the future of mathematics is to 
study its history and its actual state." 


With these words Henri Poincaré began his presentation to the 
Fourth International Congress of Mathematicians at Rome in 1908. 
Although Poincaré himself never actively pursued the history of 
mathematics, his remarks have given both historians of mathematics 
and working mathematicians a valuable methodological guideline, 
not so much for indulging in improbable prophecies about the future 
state of mathematics, as for finding in history the origins and 
motivations of contemporary theories, and for finding in the present 
the most fruitful statements of these theories, 

At the time Poincaré spoke, at the beginning of this century, 
historical research in the various branches of mathematics was 
emerging with distinctive autonomy. In Germany the last volume of 
Cantor’s monumental Vorlesungen itber die Geschichte der Mathematik 
had just appeared, and many new specialized journals were 
appearing to complement those already in existence, from Enestrom’s 
Bibliotheca mathematica to Loria’s Bollettino di bibliografia e di storia 
delle scienze matematiche. The annual Jahresberichte of the German 
Mathematical Society included noteworthy papers of a historical 
nature, as did the Enzyklopadie der mathematischen Wissenschaften, an 
imposing work constructed according to the plan of Felix Klein. 

Towards the end of his life, during the war years from 1914 to 
1919, Klein himself held seminars on the history of recent 
mathematics at his home for a select number of participants. These 
lectures were collected by Courant and Neugebauer and published 
posthumously as the Vorlesungen iiber die Entwicklung der Mathematik 
im neunzehnten Jahrhundert. Even today they remain the best 
available comprehensive history of mathematics in the last century. 

Klein had originally conceived of his lectures as part of a grand 
project to synthesize "the culture of the present day," and it was this 
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spirit that animated his conception of history. Klein proceeded by 
themes, and although he did not omit biographical information 
about their creators, the real object of his research was the 
mathematical arguments themselves, the connections between them, 
and the motives that lay behind their development, 

On this point the views of Klein and Poincare seem to have been 
much alike. Notwithstanding their differing points of view and the 
arguments that often separated them, they both conceived of a 
history of mathematics "for the present." 

Although schematic, this view is opposed to that which sees 
history as a collection of more or less curious notes gathered by 
antiquarian specialists in mathematics, to which we often find 
attached the fairly widespread idea that a research mathematician 
has no real need to know the history of his field "because his job is 
to refute it," as Cavailles has written (1938, p. 8). This is indeed a 
regrettable attitude when it leads students to include Euler with 
Eudoxus and Euclid among the mathematicians of classical antiquity, 
or causes a young research assistant to discover by chance, in the 
course of a conversation I once overheard, that Lie is not a 
contemporary Chinese mathematician who invented homonymous 
algebra, but a Norwegian of the last century. 

But, even if we treat the history of mathematics "for the present," 
there are still different points of view. One fairly widespread view 
is to see the development of mathematics as a kind of "comedy of 
errors" which finally redeemed itself by taking on a definitive and 
rigorous form only in the most recent past. By following this 
approach we arrive at a formal reconstruction of the development of 
mathematics, one that reveals the errors, misunderstandings, and 
"lucky intuitions" of the mathematicians of the past from our point of 
view, This effort is perhaps useful, but history cannot limit itself to 
this. In fact, if we want to understand the real dynamics of the 
development of mathematics, it is essential to emphasize the 
uniqueness of the contexts and motives that surround each 
development, the changing points of view, the contradictions, the 
generalizations, and the juxtapositions of various theories. 

"Science advances by a series of combinations, in which chance 
does not play a minor role," Galois wrote more than a century ago. 
"Its path is rough and resembles those of minerals that grow by 
juxtaposition" (1962, p. 15). In a note found among his papers we 
read this further, penetrating observation: "It is generally believed 
that mathematics is a series of deductions" (1962, p. 19). It is an 
observation that merits rethinking today, in the face of the repeated 
statement that mathematics is a "hypothetico-deductive system." 

Certainly, Galois writes, if 


the whole of mathematical truth .. could be deduced regularly 
and machine-like from a few principles in combination with a 
uniform method, then no more obstacles, no more of those 
difficulties that the scholar finds in his explorations, which are 
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often imaginary, but also no more place for the scholar. It is 
not so; if the task of the scholar is more laborious and therefore 
more attractive, the march of science is also less regular (1962, 
pp. 13, 15). 


It is thus possible to understand history "for the present" by 
accentuating the “less regular" paths of science and, by reversing 
Lakatos’ famous joke (1976, p. 395), to return "real" history to the 
center of the investigation with his “rational reconstruction" 
confined to the notes, abandoning with it the idea of an 
uninterrupted, continuous development towards ever more rigorous 
theories and rejecting the determinism implicit in this thesis. 

In fact, mathematical rigor is itself a "historical" concept and 
consequently in process. "Personally we do not believe that absolute 
rigor will ever be attained and if a time arrives when this is thought 
to be the case, it will be a sign that the race of mathematicians has 
declined," the mathematician and historian James Pierpont asserted 
sixty years ago at the annual meeting of the American Mathematical 
Society (Pierpont, 1928, p. 23). His views were anticipated by 
Picard, Lie, and Klein, among others. 

Indeed, calling upon the needs of rigor to explain the development 
of mathematics constitutes a circular argument, In actual fact, new 
standards of rigor are formed when the old criteria no longer permit 
an adequate response to questions that arise in mathematical practice 
or to problems that are in a certain sense external to mathematics. 
When these are treated mathematically, they compel changes in the 
theoretical framework of mathematics. It is thus not by chance that 
mathematical physics and applied mathematics have generally been 
formidable stimuli to the development of pure mathematics. 

Nor is it purely accidental that new criteria of rigor have more 
often appeared in the formulation of definitions than in 
demonstrations. Definitions in fact appear within the complex 
structure of a "mature" theory and are subsequent to true 
mathematical discovery. 

Moreover, different notions of rigor often correspond to radically 
different ways of understanding mathematics. The case of Riemann 
and Weierstrass is famous. The first expresses a “geometrical” and 
"physical" style of analysis, the other an "arithmetical" one. It is 
well known that Weierstrass, together with Kronecker, did not 
consider Riemann to be particularly rigorous, 

Therefore, if our conception of mathematical rigor has changed 
radically with respect to that of Euler or of Cauchy or of Riemann, 
the most instructive thing, particularly when thinking of history "for 
the present", is not so much to present historical theories and results 
with contemporary formalism and rigor, but to understand the ideas 
thay lay at the origins of these theories together with the motives 
and problems that led to their generalizations and mutations, the 
field of rigor included. These ideas often have complex connections 
and causes both within the theory itself and within the wider 
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context of science, culture, and society at a particular historical 
moment, 

In this connection there are two ways of understanding the 
development of mathematics, which are usually and somewhat 
schematically called "“internalist" and "externalist" history. This 
artificial distinction has been the cause of numerous debates. But it 
is clear that maintaining a rigid separation between the "externalists" 
and the "internalists" by positioning oneself on one or the other side 
of the theoretical divide that separates them is a sterile approach. 
The real development of mathematics, in fact, cannot be understood 
if we limit ourselves to one of these two aspects. 

"To deal with conceptions seems to me the chief present function 
of history," Jourdain wrote at the beginning of this century (1913, p. 
663) using the term "conceptions" in a psychological sense. It seems 
to me that we can accept his opinion, provided we give a much 
wider meaning to these "conceptions." They must include not only 
elements deriving from specific relationships within a particular 
scientific discipline, but aspects and influences arising in the social 
and cultural environment in which mathematicians work. Jourdain 
continues by saying, 


Some are of opinion that history is an end in itself, and some 
think that the only good in history is its heuristic value. It 
seems clear to me that history provides an enormously valuable 
-- perhaps the only -- means of attaining a just idea of our 
knowledge by stimulus to criticize. Then, it gives a stimulus to 
original discovery; and then, again to criticism (ibid,). 


It is an Opinion that I hope the following pages can serve to confirm, 


This book originated with a _ series of lectures on 
nineteenth-century analysis which I gave at the University of 
Calabria in 1977-79. The study of nineteenth-century mathematics 
presents an extraordinarily rich and fertile field for historical 
research, particularly when we realize that the production of 
mathematics in the last century was greater than in all the preceding 
centuries put together, and that many contemporary theories have 
their roots in this period. 

Adopting the words with which Volterra characterized the past 
century at the International Congress of Mathematicians held in 
Paris in 1900, we can speak of the "century of the theory of 
functions" and attempt to give an idea of nineteenth-century 
mathematics by tracing the history of real and complex analysis. In 
reality, the name “theory of functions" at that time included much 
more than it does today and the term "analyst" had a connotation as 
vast as that which "geometer" had had before it. Thus, for example, 
a fundamental part of analysis in the nineteenth century consisted 
of the theories of elliptic and Abelian functions, which today are 
generally taken to be parts of the history of algebraic geometry and 
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its origins (sec, for example, Dieudonné, 1974). It was the same for 
the theory of invariants and the theory of algebraic functions. 

There are two themes that cut across the history of mathematical 
analysis in the nineteenth century and form a kind of guiding line. 
One is the theory of series, particularly Fourier and power series; 
the other is the theory of real and complex integration. Attached to 
these are the problem of the foundations of the infinitesimal 
calculus, the theory of sets, the changes in the concept of function, 
and Cauchy’s, Riemann’s, and Weierstrass’ theories of functions of a 
complex variable. In addition, the related problems of mathematical 
physics (potential theory and harmonic functions) are naturally 
connected with these. To maintain a separation between these topics, 
as I have done here, is required only by the needs of exposition. 

In the historical literature about nineteenth-century analysis, an 
exceedingly large amount of attention has been devoted to real 
analysis and the foundations of the calculus with respect to complex 
analysis. If one were to judge from the number of volumes devoted 
to the first two subjects, one would conclude that the 
mathematicians of the nineteenth century were entirely preoccupied 
by questions of rigor and the foundations of real analysis, But in 
reality these problems, although very important, became primary 
only in certain moments. In my view we can fully understand these 
problems only if we are aware of the close ties that connected the 
various parts of analysis and the great importance that complex 
analysis eventually acquired, both in research and in teaching. It is 
in this respect that Weierstrass’ work acquires its value as a 
paradigm, These considerations explain the substantial differences 
between the English and Italian editions of this book. 

I hope that this volume can be of some use not only to students of 
the history of mathematics, but more generally to university students 
taking their first course in mathematical analysis. The level of 
knowledge required for reading this book is not above that acquired 
in the first years of university study and perhaps an _ historical 
presentation can provide motives and reasons for understanding the 
ideas and theorems that usually appear in the textbooks of analysis. 

Following the appearance of the Italian edition of this book, 
many friends and colleagues came forward with suggestions and 
critical remarks that have contributed to this new English edition in 
more or less direct ways. 

I would like to thank Clifford A. Truesdell who initially 
suggested making a translation of this book, and called my attention 
to the need for clarifying Euler’s numerous contributions to the 
topics discussed in Chapter I. A. P. Yushkevich’s suggestions on 
these and other topics were also extremely useful. I would further 
like to thank Ivor Grattan-Guinness for his careful reading of a 
preliminary version of this book and the wealth of suggestions he 
gave me. Iam also indebted to him for a great deal of information 
about the French mathematicians which I acquired by reading 
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preliminary drafts of his imposing work on this subject which is 
currently under preparation, as well as from numerous private 
communications. Many reflections on aspects of complex analysis 
were stimulated by the fruitful collaboration and the long and 
pleasant conversations I had with Jeremy Gray. 

Equally stimulating were the exchanges of ideas on various issues 
with Jean Dhombres, Christian Houzel, Pierre Dugac, Jesper Lutzen, 
and Henk Bos. I would also like to thank Hubert C. Kennedy, who 
pointed out various misprints in the Italian version of this book. 

In addition, I am indebted to my many colleagues for the leads 
they gave me during the periodic mectings on the history of 
mathematics at Oberwolfach. For this I must above all thank 
Christoph J. Scriba, who gave me this opportunity by inviting me to 
these annual conferences, 

I am particularly indebted to Springer-Verlag, who were willing to 
publish the English edition of this book and for their competent help 
in the realization of this plan. I am also grateful to Warren Van 
Egmond for making the English translation and for the care he took 
in including the many revisions and changes with respect to the 
Italian edition, as well as for the accurate revision of the 
bibliography. 

Finally, there is one person who has contributed more to this work 
than any other, although indirectly and with complete indifference 
to its content. This is my son, Vieri, who by growing and making 
me play with him, has made me understand many things better, and 
by tolerating the many times that I was away from him, taught me, 
among other things, to fully value the importance of time. 


Chapter 1 


THE ELEM 


E ANALYSIS IN THE 
EIGHTEENT U 


1.1. Euler’s Concept of a Function 


In the "Summary of Results" to the first book of Bourbaki’s Elements 
of Mathematics, which ts dedicated to the fundamental structures of 
analysis, we find this definition of functional dependence: 


Let F and F be two sets, which may or may not be distinct. A 
relationship between a variable element x of E and a variable 
element y of F is called a functional relation in y if, for all x ¢ 
E, there exists a unique y € F which is in the given relation with 
x. 
We give the name of function to the operation which in this way 
associates with every element x ¢ F the element y € F which is 
in the given relation with x; y is said to be the value of the 
function at the element x, and the function is said to be 
determined by the given functional relation. Two equivalent 
functional relations determine the same function (Bourbaki, 
1968, p. 351). 


The concept of function here appears to be firmly based on the 
theory of sets, in terms of which the idea of a functional relation 
between two sets is expressed as a subset of the Cartesian product £ 
x F, This has today become the standard definition, 

The concept of a function as a mapping between abstracts sets thus 
appears to be the outcome of a debate that has accompanied the 
history of analysis since the origins of the calculus in the second 
half of the seventeenth century. 

To be sure, according to some historians the idea of functional 
dependence, like so many of the fundamental concepts of 
mathematics, already appears in older texts. Bell has even spoken of 
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the "instinct for functionality" found in the Babylonians (1940, p. 
32). Certainly some idea of function was already present in 
antiquity in particular cases. Empirically tabulated functions were 
commonly used in ancient astronomy, as were tables for finding 
squares, cubes, square and cube roots, and the like. And yet, as 
Yushkevich has observed, "the mathematical thought of antiquity 
created no general notion of either a variable quantity or of a 
function" (1976, p. 44). 

While Arabic science does not seem to have contributed any 
substantially new elements to the development of the concept of 
functionality, the same cannot be said for medieval scientists like 
Bradwardine and Oresme or for the "schools" of Oxford and Paris. 
The study of the “latitude of forms," even if it did not present any 
substantive innovations with respect to the techniques of the 
algebraic calculus, made familiar the idea of magnitudes and 
quantities being dependent on other magnitudes and quantities, in 
particular on time, and introduced the first rudiments of graphical 
representation, Nevertheless, it was not until the end of the 
sixteenth century and the beginning of the seventeenth that advances 
in algebraic symbolism made it possible to translate’ the 
mathematical study of variable magnitudes into analytic terms. The 
primary motivation for this lay in the study of kinematics.! 

The interaction with problems of a physical nature is a recurrent 
phenomenon in the development of mathematics, both in ancient and 
modern times, and not only in the vast field encompassing the 
physical applications of mathematical results. In fact, there are 
many mathematical theories, sometimes even those that seem the 
most abstract at first sight, which have their origins and motives in 
physical research. 

The study of variable quantities is the step that clearly separates 
classical mathematics and medieval science from modern 
mathematics. According to the German mathematician Hankel 
(1839-1873), "modern mathematics dates from the moment when 
Descartes went beyond the purely algebraic treatment of equations to 
study the variation of magnitudes that an algebraic expression 
undergoes when one of its generally denoted magnitudes passes 
through a continuous series of values" (Hankel, 1870, p. 63). 

This is a decisive step whose ultimate result was the infinitesimal 
calculus. It is the calculus that accounts for the radical difference 
between modern analysis and the geometric techniques of the 
ancients, as well as between the kinematics of Galileo (1564-1642) 
and the dynamics of Newton (1643-1727). 

Likewise, it is with Newton that there emerges, on the basis of 
physical motivations, a strict relationship between the concepts of 
function and those of variation and the fluxional calculus. For 
Newton the motion of bodies is the center of research; the method of 
fluxions offers a mathematical instrument to describe variations in 
fluent magnitudes (i.e. functions), things that "have a true place in 
nature.” 
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Leibniz (1646-1716), on the other hand, was primarily interested in 
the study of curved lines, the problems of tangents and of inverse 
tangents, and arrived at an elaboration of the fundamental concepts 
of the differential calculus by this means (see Hofmann, 1949). 
Both the idea of function and the distinction between algebraic and 
transcendent curves occurred to Leibniz when he faced problems of 
a geometrical nature connected with the new calculus? 

The term "function" appears for the first time in print in Leibniz’ 
articles of 1692 and 1694,‘ but in these years the discussion of the 
concept of function and the symbols used for representing functions 
(the characteristic, in Leibniz’ terminology) arose repeatedly in the 
correspondence between Leibniz and Johann IJ Bernoulli (1667-1748). 
For example, in a letter dated September 2, 1694, where Bernoulli 
sends Leibniz the expansion of the integral In dz in an infinite 
series 

z* dn z° d'n 
AZ tT ee 
2! dz 3! dz? 
(which was already known to Leibniz), he adds, "by » I understand a 
quantity somehow formed from indeterminate and constant 
(quantities]." 

Bernoulli later published the following definition of a function in 
an article on the problem of isoperimeters which appeared in the 
Mémoires of the Paris Academy in 1718: "I call a function of a 
variable magnitude a quantity composed in any manner whatsoever 
from this variable magnitude and from constants," (Opera 2, p. 241). 

This definition was used repeatedly throughout the eighteenth 
century, reflecting the greater success of Leibniz’ approach and that 
of his followers with respect to Newton’s.® 

The definition of function given by Leonhard Euler (1707-1783), 
who was surely the most original mathematician of the century and 
the most productive of all times,’ was entirely consistent with this. 
He defined it as follows: "A function of a variable quantity is an 
analytic expression composed in any way from this variable quantity 
and from numbers or constant quantities" (1748, I, p. 18). This is 
the definition that we read at the beginning of the first volume of 
the Jntroductio in analysin infinitorum (1748), the "standard" treatise 
of eighteenth-century analysis. 

For Euler the term "analytic expression” meant an expression 
composed of symbolic magnitudes and numbers by means of 
algebraic operations (which include addition, subtraction, 
multiplication, division, raising to powers, and the taking of roots, 
"to which the resolution of equations is also to be added"), or 
transcendental operations, which include the exponential and the 
logarithmic "and innumerable others which the integral calculus 
supplies in abundance" (1748, I, p. 19). 

This distinction correlates with the distinction between algebraic 
and transcendental functions: the first are obtained by means of a 
finite number of elementary operations (it was Euler’s opinion that 
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algebraic equations could in principle be resolved algebraically), 
while the second could certainly be expanded in infinite series (or at 
least by means of an infinite number of elementary operations) 
without much difficulty. Neither the demonstration nor the 
legitimacy’ of such expansions posed much difficulty, or so Euler 
maintained, 

Thus, in Chapter 4 of the Jntroductio, he considered the most 
general means of expressing a function to be an infinite series of the 
form 


(1.1.1) A+ 8z+Cz?+Dz°+.. 


"If anyone doubts this," Euler writes, “this doubt will be removed by 
the expansion of every function" (1748, I, p. 74). 

However, since Euler could not actually demonstrate that any 
function f(z) can be expanded in a series of ascending powers of z, 
he left open the possibility of using any exponents of =: in the 
expansion (1.1.1). He expressed this possibility in the following 
terms: 


In order that this explanation may be made even more 
extensive, in addition to the powers of z having positive 
exponents, any power whatsoever ought to be admitted. Then 
there will be no doubt that every function of z can be changed 
into an infinite expression of this kind, 


(1.1.2) Az®™+ B28 4 C2z% + D284... 


3 


the exponents a B, 7, 6, etc., denoting any numbers whatsoever," 
(ibid.) 


Therefore any function of z can be expressed as the finite or 
infinite sum (1.1.2), It is precisely this property that Euler has in 
mind when he expands functions in infinite series or products or 
into continuous fractions, which are so common in the /ntroductio. 
This is the case, for example, for the elementary transcendental 
function log x, for which Euler gives the expansion 
x? x3 


l ] + = _- —_— — 1. 
og( x)=x 37 +3 


by using Newton’s binomial series, 

mim — 1) 

————_ x 
1.2 

with which he expands the expression 


(l+x)™= 1 + mx + 


(1 + xi, 


where 7 is a “number larger than any preestablished quantity" and x 
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is sufficiently small. 

Besides, as Yushkevich has noted (1976, p. 63), the functions used 
in analysis at Euler’s time were, for the most part, analytic in the 
sense common today, except at isolated points of the defining 
domain. In particular cases fractional or negative exponents could 
be present. Euler observes that the expression (1.1.2) can fail in 
"exceptional" isolated points, but he substantially limits himself to 
considering algebraic functions and extends their properties to 
transcendental functions in general. 


Since one could directly derive the expansion in series of 
algebraic functions according to the powers of an increment, the 
derivatives, and the integral, one not only held that it was 
possible to assume the existence of such a Series, derivative, and 
integral for all functions tn general, but one never even had the 
idea that herein lay an assertion, whether it now be an axiom or 
a theorem -- so Self-evident did the transfer of the properties of 
algebraic functions to transcendental ones seem in the light of 
the geometrical view of curves representing functions. And 
examples in which purely analytic functions displayed 
singularities that were clearly different from those of algebraic 
functions remained entirely unnoticed (Hankel, 1870, pp. 64-5). 


Hankel supports his argument with examples of functions like 
sin(I/xje/*, 1/1 te, fodx/(l + eM, ete, 


taken at the point x = 0. 

It is certainly not difficult, from our point of view, to show the 
inadequacy of Euler’s classification of algebraic and transcendental 
functions. In fact, the algebraic or transcendental character of a 
function cannot be revealed by the particular kind of "analytic 
expression" used in its definition. Thus, infinite series of increasing 
powers of x can define algebraic functions, as is the case for 


2 4 6 
x x 1-3x 
ale -2 4 = ae x? for [xl <4, 
y 2 2:4 2.46 * r |a| 


as well as franscendental ones, aS with 
x? x4 x8 ; . 

y 1 5 +3 log(1 + x*), for |x| <1 
(Pringsheim, 1899, pp. 5-6). Pringsheim himself stresses that only 
rational functions can be expressed by means of a finite number of 
elementary operations, 

Euler’s method of reasoning, in which the supposed analogy 
between the finite and the infinite plays an essential role, is typical 
of the epoch. In addition, some procedures that are today held to be 
illegitimate were not unrigorous for Euler; they are so only with 
respect to our modern criteria of rigor, which have passed through 
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the filter of two hundred years of the development of analysis. This 
iS an important point, which it is essential to understand if we want 
to comprehend the real development of mathematics and not see it 
deformed by the "rational" lens of contemporary criticism. 


1.2. Working with “Imaginary” Quantitics 


In the very first pages of the /ntroductio, Euler had asserted that a 
variable can assume any value whatsoever, including an "imaginary" 
one. For example, in order to clarify that "a function of a variable 
quantity is itself a variable quantity," he asserted that there is no 
value which the function is not capable of aSsuming, "since a 
variable quantity also includes imaginary values" (1748, I, p. 18), 

He did not give an explicit definition of "Imaginary" numbers in 
the Introductio, as he would later do in the Vollstandige Einlettung zur 
Algebra of 1770,® but he did demonstrate a great mastery in the 
manipulation of such quantities. 

Complex variables made their official appearance in §30 of 
Volume I of the Jntroductio, where Euler demonstrates the theorem 
of factorization of a polynomial Z in @ He had previously asserted 
that the linear factors into which Z is split can be found by 
determining all the roots of Z = 0, including the “imaginary" ones. 
He now adds that these simple factors are real or imaginary, 
according to the nature of the root, and that, in the latter case, they 
are even in number, 

In §§100-102 Euler then defines the function exp(z) for z « € and 
its inverse, z = log y. He defines the latter, however, only for real 
positive numbers, As for the logarithms of negative numbers, Euler 
here limits himself to asserting that these “are not real, but 
imaginary" (1748, I, p. 107). 

The definition of exp(z) enables him to obtain the celebrated 
"Euler formulas," 

lV 4 eiv giv — p-iv 
cos Vv = ————_ ,__ sin Vv = ———__ 
2 2i 
and their companions for the other trigonometric functions, as well 
as the exponential form of complex numbers, e!Y = cos v + i sin v 
(ibid., §138). 

The delicate question of the logarithms of negative numbers was 
presented in the second volume of the Jntroductio (§§515-517). Here 
Euler sought to justify his assertions concerning the nature of such 
numbers with arguments that he himself did not hestitate to call 
paradoxical. 

Thus, in studying the logarithmic curve 


y = aexl>, 


Euler asserted that it is formed from two parts which are similar 
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with respect to the asymptote; one is continuous while the other is 
formed from an infinite number of points corresponding to the 
values of the exponent x/b given by irreducible fractions of the 
form 2k + 1/2h, with h and & integer. “It follows," he says, "that the 
logarithmic [curve] will have an infinite number of discrete points 
below the asymptote which do not form a continuous curve, even 
though with their infinitely small intervals (par leur rapprochement 
infiniment grand) they seem like a continuous curve. This is a 
paradox which never occurs with algebraic curves" (1748, II, p. 
293). 

Similarly, he adds, (§517) the points corresponding to the equation 
y = (-l)* form two infinitely dense sets of points distributed on the 
lines y= 1,y=-l, 

But this is not the only paradoxical fact that accompanies these 
transcendentals, For example, Euler asserts that log(—l) = — log(—l), 
even though log(-1) # 0, because —1 = +1/-l. He thus concludes that 
"every number has an infinite number of logarithms, among which 
no more than one is real" (1748, II, p. 294). This assertion is less 
surprising that it might seem at first sight, Euler adds, since from x 
= log a it follows that a = e*, and hence, by expanding in series, 

co x 
a= LY — 
n=0 #! 
which is an equation of infinite degree. It is therefore not 
particularly strange that it has an infinite number of roots! 

The question about the logarithms of negative numbers became a 
major issue in 1745, the year after the Introductio was written, when 
Cramer (1704-1752) published the correspondence between Leibniz 
and Johann I Bernoulli (Cramer, 1745), In fact, at the beginning of 
the eighteenth century there had been a long controversy between 
these two mathematicians. While Leibniz had held the view that the 
logarithms of negative numbers are imaginary, Bernoulli concluded 
from the equivalence of d log x = d log(— x) = dx/x that log x = 
log(~ x) and therefore that these logarithms were real. 

Euler himself, about twenty years earlier, had had the opportunity 
to discuss this issue with Bernoulli, and had explained to him the 
difficulty one faced in studying the function y = (-1)% In a brief 
exchange of letters around the end of 1727 and the beginning of 
1728, Bernoulli had reaffirmed his convictions, but Euler had 
remained unconvinced, 

The publication of the correspondence between Bernoulli and 
Leibniz thus gave Euler an opportunity to reopen the entire matter. 
He criticized the arguments of both men and presented the solution 
to the entire matter in a letter written to D’Alembert (1717-1783) on 
December 29, 1746.° 

"The logarithm of every number," he wrote, "has an infinite 
number of different values, among which there is only one that jis 
real when the number is positive. But when the number is negative, 
all the values are imaginary" (Opera (4a) 5, p. 252). 
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Thus, for any number a > 0, log a = log a + m(0 + 2n)yv—I, "Where in 
the second member log a indicates the ordinary logarithm of a" and 
log(— a) = log a + ml + 2n)v—I (ibid). "Al of this," Euler 
concludes, "follows from the formula log(cos 8 + 7 sin 6)* = (k8 + 
2mknm + 2nm)y—I, where m and n indicate any whole numbers, The 
truth of this is easy to demonstate" (/bid., pp. 252-3). The next year, 
in fact, Euler presented two different demonstrations to the Berlin 
academy,!° 

D’Alembert, however, replied to Euler, "Although your reasons are 
very formidable and very learned, I admit, sir, that I am not yet 
completely convinced" (idid.. pp. 257-8). In fact, the French 
mathematician, without apparently having been aware of it at 
first, had adopted an opinion about the logarithms of negative 
numbers which was similar to that of Johann Bernoulli. Euler’s 
letter marked the beginning of a long dispute with D’Alembert, who 
subsequently reasserted his own ideas 15 years later (D’Alembert, 
176la), For his part, Euler, after allowing a little time to pass, 
abandoned the arguments being continually reasserted by 
D’Alembert, seeing the impossibility of convincing him. 

"The dispute over logarithms is only one example of discussions 
sometime scientific, sometimes personal, that are pursued in the 
correspondence between D’Alembert and Euler," Yushkevich and 
Taton note (Opera (4a) 5, p. 19). 

Their discussions in fact ranged over a variety of topics, from the 
theory of the perturbations of the orbits of Saturn and Jupiter to the 
extraordinary proposal advanced by Clairaut (1713-1765) (which he 
later retracted) of introducing a corrective factor into Newton’s law 
to account for the irregularities observed in the motion of the moon, 
and from concrete problems of hydrodynamics to the study of the 
vibrations of a homogeneous string fixed at its end points (see §1.3 
below). 

In the correspondence between Euler and D’Alembert mechanical 
arguments intertwine naturally with those of geometry or of 
analysis. A good example of this is the study of singularities of 
algebraic curves or the problems posed by the theory of integration. 

The latter was the subject of a paper that D’Alembert had 
presented to the Berlin academy (D’Alembert, 1748). In order to 
reduce the integral of a rational function |[P(x)/Q(x)] dx to a sum 
of trigonometric and logarithmic functions, D’Alembert was forced 
to discuss the problem of factoring the polynomial Q(x) into factors 
of the first and second degree. His Recherches sur le calcul integral 
(1748) thus began with a demonstration of the fundamental theorem 
of algebra, that "every rational polynomial with no divisor which is 
composed of a variable x and of constants, when it is of an even 
degree, can always be divided into trinomial factors xx + fx + g, xx 
+ hx + i, all of whose coefficients f, g, hk, i etc. are real" 
(D’Alembert, 1748, p, 182), 
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Fundamentally, this idea was not new. More than one hundred 
years earlier the French mathematician, A. Girard (1595-1632) had 
expressed it more or less clearly in his /xtroduction nouvelle en 
Palgebre (1629), as had Descartes (1596-1650) in his Geometrie (1637). 
What was completely original was the path taken by D’Alembert to 
demonstrate it. 

He began by establishing the following theorem: 


Let TM be any curve whose coordinates TP = z, PM = y and in 
which y = 0 or » when z = O, If one takes z positive or 
negative, but infinitely small, the value of y in z can always be 
expressed by a real quantity when z is positive, and when 2 is 
negative, by a real quantity or by a quantity p + qgv—], in which 
p and g are both real (1748, p. 183). 


In the demonstration he notes (and this is the decisive point) that 
in a sufficiently small neighborhood of the origin, y is expandable 
in a “very convergent" Series, 


r 
(1.2.1) y -Eaz", 


where the exponents r, are given by a sequence of increasing, 
positive rational numbers. D’Alembert then asserts that, if one takes 
positive values of z close to zero, then the corresponding values of y 
are real, while when z is negative, y will have real values if there 
are no fractions with even denominators in the sequence r,. In the 
opposite case, by setting 


zm/th se + fy=l,  (m odd), 


where e and f are real quantities, the ordinate y corresponding to 
(1.2.1) will be a complex value p + gy-I. This case is verified even 
if, for negative z, parts of the terms of the series are real and parts 
are complex. In other words, D’Alembert concludes that for 
(positive or negative) values of z in the neighborhood of zero, (1.2.1) 
will give real or complex values of the form p + gv—I for y. 

In the corollaries that follow the demonstration, D’Alembert tacitly 
abandons the hypothesis that the curve has an asymptote at the 
origin. If one increases the abscissa by an infinitesimal quantity, 
the ordinate would have a corresponding infinitesimal (real or 
complex) increment. Similarly, he adds, we can conclude that for a 
finite increment, the corresponding ordinate can be expressed as p + 
gv—1, “at least up to a certain term." 

"It is thus clear,” D’Alembert concludes, "that since the value of y 
in z is infinitely convergent when z is infinitely small, one can 
assume a finite value for z, such that the corresponding value of y 
is also expressed by a very convergent series. And if one imagines 
that this series, which is wholly composed of an infinite number of 
terms, is substituted into the equation of the curve in place of y, the 
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result of this substitution will be infinitely small or zero, whether 
for the case of z positive, or for the case of z negative" (1748, p. 
187). (In the latter case, for complex values of y, it is necessary to 
consider the modulo of the corresponding value of y.) 

D’Alembert then shows that, "whatever may be the finite quantity 
CQ by which one increases the abscissa AC, the corresponding 
imaginary ordinate can always be supposed equal to p + qv—I" (ibid., 
p. 187), 

D’Alembert reasons by reduction to the absurd. He supposes that « 
is the smallest value for which the corresponding ordinate of the 
curves is p + gv—I. But, from what was said above, by varying « by 
an infinitesimal quantity, the corresponding value of p can be 
supposed equal to ¢ + iv-I and that of ¢g = 8B + Sy—I, where 1, i, B, 5 
are real. In fact, D’Alembert notes, the value of p and g in «@& will 
be given by two equations obtained by substituting p + gv—I in place 
of y in the equation of the curve (which, however, he does not 
write) and equating both the real part and the coefficient of the 
imaginary part to zero. Transforming "by the known methods" these 
two equations in z, p, and g into two equations in z and p, z and g 
respectively, these latter can be interpreted geometrically as curves 
and one can apply the theorem given above. Then, by varying « by 
an infinitesimal quantity (and hence also by a finite quantity) the 
corresponding value for every curve will be given by ¢ + iv—I and B 
+ 6y—I respectively, and finally by ¢ — 5 + (@ + B)v-I. This 
contradicts the hypothesis that a # 0 is the minimum. Consequently, 
there exist real or complex values of y for which z = 0.) 

D’Alembert can then conclude, 

Let x™ + ax™1 4 ... +4 fx + g be a polynomial such that there 
is no real quantity which, when substituted in place of x, makes 
all the terms disappear. I say that there will always be a 
quantity p + qv—I to substitute in place of x which renders this 
polynomial equal to zero (1748, p. 189). 


As an immediate consequence of this theorem, D’Alembert notes 
that the polynomial is divisible by x + (p + g — v—I) and therefore 
that it can be split into factors of the second degree with real 
coefficients. 

He then shows that any expression with imaginary quantities can 
always be rewritten in the form p + gy—I. He finally applies the 
results thus obtained to the calculus of integrals. 

On December 29, 1746, Euler wrote to D’Alembert, 


The way in which you prove that every expression x" + Ax"! 
+ etc. = 0 which has no real roots must have one of the form p + 
qv—I, and that consequently it must have a factor of this form, 
xx + ax + 6b, completely satisfies me, But since it proceeds by - 
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expanding the value of x in an infinite series, I am not certain 
that everyone will be convinced (Euler, Opera (4a) 5, p. 252), 


Euler here isolates one of the weak points of D’Alembert’s 
demonstration, that of the existence of the local uniformization 
parameter (1.2.1), which would be be demonstrated more than 100 
years later by Puiseux (see §4.6 below). 

For his demonstration of this same theorem Euler had in fact used 
an algebraic proof, which he announced to D’Alembert in the 
following manner: "I have recently read a note on this same subject 
at a meeting of our Academy, where I demonstrated in a manner 
that must be within the reach of everyone that every expression x” + 
Ax™ 4 Bx®* + etc, if n is a binary power, is solvable in real 
factors of the form xx + ax + b, and from this the same thing 
clearly follows for equations of every degree" (ibid,). 

In his (1751), Euler began by demonstrating his claim for equations 
of degree four, discussing among other things the example of the 
equation 


xt 4 2x54 4x74 2x4 1 =0, 


which had been proposed to him some time before by “a very 
learned Geometer," who was in all probability Nicolas I Bernoulli 
(1687-1759). 

He then stated the theorem that every algebraic equation of odd 
degree has at least one real root. In order to demonstrate this Euler 
utilized the evident geometrical interpretation of the intermediate 
value theorem, (see §3.3) that is, that the curve of the equation, 


ya xml Axis 2.04 N, 


is continuous and necessarily cuts the x axis in at least one point. 

After having shown that every algebraic equation of the 8th and 
16th degree can be split into two factors of the 4th and 8th degrees, 
respectively, Euler states the theorem: "Every equation of a degree 
whose exponent is a binary power, such as 2” (7 being a whole 
number larger than 1!) is resolvable into two real factors of degree 
27-1" (1751, p. 105). 

In Euler’s view, this theorem is the key, since every equation of 
any degree whatever can be reduced to the case in question by 
multiplying by the factor ax" with h a suitable integer, and, by then 
repeating the factorization, it can finally be reduced to a product of 
real polynomials of the second degree. 

In: order to demonstrate this Euler considers (what is always 
possible without loss of generality) 


(1.2.3) 0 xP 4 Bx? 2 4 ORB 4... 


ll 
So 


supposing that it is split into the two factors sought, 
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gn-l 1 
(1.2.4) x —uxt oh + ax +--- =0, 
+ a — 0, 
where the number of unknown coefficients u, « \, .. is 27 — 1, 


Multiplying equations (1.2.4) by themselves and equating them to 
the coefficients of the equation obtained with the coefficients B, C,... 


of (1.2.3), we can find the coefficients a, », .. as rational functions 
(reellement sans extraction de racines) of u and of B, C, ... By 
eliminating a, d,.., we finally obtain an equation in uw of degree 


qn 
gn-1 } 


in which the known term (as Euler shows) is negative. Therefore, by 
the intermediate value theorem, there exists at least one root of the 
equation. 

The process of elimination on which Euler’s reasoning is based is 
not without criticism, however, and cannot be considered general, as 
Gauss would later observe (see $4.1). Nevertheless, in (1816a) he 
himself uses Euler’s idea of demonstrating the theorem by induction 
on the power of 2 dividing the degee of the equation. For his part, 
Euler added that, "as far as the solidity of the demonstration is 
concerned, .. I believe that there is nothing to criticize" (1751, p. 
107). In any case, if "one wants to make difficulties in recognizing 
the correctness of these demonstrations, I am going to add several 
propositions relative to this subject that are not dependent on the 
preceding, and whose truth will serve to raise all the doubts that one 
could still have" (ibid, p. 107), As a special case he shows that 
equations of degree 6, 4n + 2, 8n + 4, 16n + 8, etc., always contain at 
least one factor of the second degree. 

Like D’Alembert, Euler states the theorem in the form, "If an 
algebraic equation of any degree has imaginary roots, each one will 
be included in the general formula Mf + Ny-I, the letters Mand N 
indicating real quantities" (ibid, p. 112). As an “important 
consequence” of this he deduces "that any imaginary quantity, no 
matter how complicated it is, is always reducible to the formula M + 
Ny-I" (ibid., p. 121). He illustrates his assertion by showing how 
general expressions of the form (a + by—1)°t4%"! can be written in 
the requisite form, and similarly for the elementary transcendental 
functions log, sin, cos, etc, when these are calculated for an 
imaginary value. 

In the course of these demonstrations Euler was led to consider x 
+ yy-I as a variable and then take the differential dx + dyv—l, a 
method that had first been introduced by D’Alembert (1747b, p. 
141), Some time later D’Alembert himself used it systematically in a 
work on the resistance of fluids (D’Alembert, 1752a), which he 
submitted for the prize on this topic offered by the Berlin Academy 
in 1750.18 
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D’Alembert’s Essai (1752a) is a paper of great importance in 
several respects. As Truesdell has noted, "despite its many defects, 
the Essay is a turning point in mathematical physics. For the first 
time, a theory is put (however obscurely) in terms of a field 
satisfying partial differential equations. .. In addition there are 
certain definite new results" (in: Euler, Opera (2) 12, lvii), Among 
these are special cases of the continuity equation or the condition 
for circulation-preserving motion. Of particular interest is the 
solution of partial differential equations in terms of complex 
functions, 

The so-called ‘Cauchy-Riemann equations’ (see §§4.3 and 6,2) 
appear here for the first time when D’Alembert faces the problem of 
finding a "method for determining the velocity of a fluid at any 
point whatever" (1752a, p. 60). This involves finding the components 
p and q of the velocity. D’Alembert supposes that the following 
hypothesis, "which is the simplest,” is valid: 


dq 


Mdx+t+Ndz, 


dp=Ndx—M dx. 


The physical problem is thence transformed into the following 
mathematical problem: "Let M dx + N dz and N dx — M dz be 
complete differentials. It is proposed to find the quantities M and 
N" (ibid., p. 61). 

Since the linear combination of complete differentials is still a 
complete differential, he obtains 


(M + v—-I N\(dx + dz/y—TN, 

(M — v-l N\dx — dz/yv7T). 
Then, by setting 

dx +dz/v-l=du, dx —dz/y—l = dt, 
he obtains 

u=F+ex+ez/v7l t= 64+x-2/v-1, 


where F and G are constants. 
Moreover, if we set 


M+vy-I N= 
M-—y-I N = 6, 


then «a du, 6 dt are also complete differentials, D’Alembert observes, 
and therefore a = E(u), 6 = O(¢t). Then 
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M+y-I N= &(F + x + z/v—l), 
M —- y-I N = €(G + x — z/y—T). 
These are sufficient to determine M and N. 


Immediately after this D’Alembert presents "the following method, 
which is simpler" (1752, p. 62). 


"Since 
ap oq Op 94 
1.2, —=-— —_—==>, 
(1.2.5) Oz Ox’ Ax) oaz 
therefore 


gdx+pdz and pdx-@qdz 
will be complete differentials. Consequently 
qt+vr-l p= &(F + x + z/yv—T), 


q-v7I p= (G+ x — z/v7T)," 


which are sufficient to obtain p and g by immediate calculation. 

D’Alembert then illustrates this second method with an example 
where — and £ are real polynomials of the 3rd degree.!4 

Euler also arrived at equations (1.2.5) in a series of articles in 
which he showed how one can use complex functions to evaluate real 
integrals. Written between 1776 and the year of his death, these 
were published posthumously from 1788 on (Opera (1) 19). 

The fundamental idea Euler used in these works is that, if M + 
v-IN is a function of z = x + v-ly, for z = x — y-ly it takes the 
form M — y-IN. 

In order to calculate the integral 


(1.26) Ve=fZ(2)dz, zeR 
we let z=x+y-ly. Then Z = M + y-IN, V = P + yv-IQ, and, by the 
preceding observation, we obtain from (1.2.6) the following two 
equations, 

P+ v1 Q =f (+ ¥T M(dx + vA ay), 

P -yv=t Q = | (M - v=T N)(dx — v=T dy), 
from which we can obtain 
(1.2.7) P=[Mdx-Ndy, Q= | Ndx+Mdy. 


Mdx -—-WN dy and N dx + M dy are complete differentials, and 
hence, Euler observes, M and N "possess the remarkable property" 
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128 OM ON ON OM 
(1.2.8) dy ax’ ay 8x - 

The real and imaginary parts of a complex function thus verify 
equation (1.2.8), Euler declares. But the most interesting thing for 
him is the use of (1.2.7) to calculate the integral (1.2.6), Euler 
attains this end by setting z = r(cos@ + y-I sin®@) and keeping 9 
constant. 

D’Alembert’s and Euler’s work with complex variables led to a 
considerable extension of the techniques of analysis and important 
developments in the concept of a function. Nevertheless, neither for 
D’Alembert nor for Euler did the consideration of complex variables 
lead to an investigation of the properties of complex functions; it 
instead led to the study of the real and imaginary parts of such 
functions. As we will see in Chapter 4, this attitude still dominated 
mathematicians in the early decades of the nineteenth century. 


1.3. The Debate over Vibrating Strings 


Towards the middle of the eighteenth century the discussion over 
the concept of function became a central issue in a problem of a 
physico-mathematical character, that of studying the vibration of a 
string in a plane. The solution of this problem, which was to have 
an important impact on “pure” mathematics as well, fueled a long 
and spirited debate among the greatest mathematicians of the 
century, beginning with D’Alembert and Euler, and later including 
Daniel Bernoulli and J. L. Lagrange.!® Echoes of the affair could 
still be heard at the beginning of the nineteenth century in the work 
of J. B. Fourier (see §2.3). 

The discussion began with a work which was written by 
D’Alembert in 1747 and published two years later (1749a), which 
presented the first successful attempt to integrate the partial 
differential equation that describes the infinite shapes assumed by a 
homogeneous string held in tension and, placed in vibration in a 
plane. Johann I Bernoulli had partially solved the problem in 1727, 
but he had limited himself to considering a loaded string, studying 
the behavior of » equal masses placed at equal distances and joined 
by a string imagined to be weightless, flexible, and inextensible. For 
the displacement y, of the kth mass Bernoulli had obtained the 
finite difference equation 

2 

(31) “2 
dt 

where a? depends on the tension of the loaded string (which is taken 
to be constant during the vibration), on the total mass of the n 
bodies, and on their distances from each other. Bernoulli solved this 
equation and then went on to treat the case of a continuous string, 
showing that at every instant ¢ the string assumes a sinusoidal form 
whose equation he obtained by integrating the differential equation 


= aay — 2y, + Vyas 
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d*y/dx® = — ky (J. Bernoulli, 1727 and 1728). This result had 
already been given some time before by Taylor (1685-1731). 

When D’Alembert began to interest himself in the problem, his 
objective was to show that a vibrating string assumes an infinite 
number of shapes other than the sinusoidal ones. By introducing a 
Cartesian reference frame and considering in place of yp, a 
continuous function y = y(t,x) that varies continuously with x from 
0 to £, the length of the string, D’Alembert obtained, in place of the 
finite difference equation (1.3.1), the following equation, 

2 2 
ay a ary. 
ar? ax? ’ 
which he integrated for the case of a? = 1. 

Since by differentiating one has the identity 

oy =| ay a*y aty 
a|—— +—--| = =adx+t dtzdx)+ >, dt 
ee ae ax? axa | ar? 
for (1.3.2), it follows that 
Oy =] [<2 ay 
dj—- t+=>-f,=/—a +t dt z dx 
= or ar? Ox Ot ( ) 
"whence it follows 


(1.3.2) 


(1) That d*y/ae? + d*y/AxG is a function of ¢ + x, and that d?y/ar? - 
6*y/8xat is a function of t — x; 
(2) That consequently we have ... 


® sien emenn, 2 euen-m- 
a (t+ x) + A(t — x), Ax = o(f — x) — A(t — x)... 


therefore... y= [(ay/aat + (Oy/Ox)dx), or 
(1.3.3) ys ¥t+ x) + Tt - x)" 


"But it is easy," D’Alembert continues, "to see that this equation 
includes an infinite number of curves. To show this, consider here 
only a special case, namely y = 0 when ¢ = 0; that is, let us suppose 
that the string, when it starts to vibrate, is stretched out in a 
straight line" (D’Alembert, 1749a, pp. 216-7; trans. Truesdell, 1960, 
pp. 238-9), 

From (1.3.3), it follows that (x) + I(-x) = 0. In addition, the 
conditions y(t,0) = y(f,2) = 0 that express the fact that the string is 
fixed at its ends, give, for every ¢, 


(1.3.4) ¥(t) + Tir) = 0, 
and 


(1.3.5) 4+ 2) 4+ T(e- 2) =0, 
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respectively. The first equation, together with ¥(x) + I(-x) = 0, 
indicates that W(x) is an even function, while the second equation 
expresses the fact that ¥ is periodic with period 22. This reduces the 
solution (1.3.3) to y = ¥(f + x) — ¥(t — x). 

Since the initial velocity (Ay/0f),_, of the string is given by 


V = ¥'(x) — ¥'(-»), 


and since ¥ is even, ¥' will be odd and hence, D’Alembert concludes, 
"the expression for the initial velocity .. must be such that when 
reduced to a series it includes only odd powers of x. Otherwise ... 
the problem would be impossible, that is, one could not assign a 
function of ¢ and x such as to represent in general the value of the 
ordinate of the curve for any abscissa x and any time ¢" (1749a, pp. 
218-9; trans. Truesdell, 1960, p. 239), 

This paper was immediately followed by a second one on the same 
subject (D’Alembert, 1749b). Here, "in order to render the solution 
that we will give more extensive and more general" (ibid., p. 230), 
D’Alembert supposed the initial condition for the string to be y(0,x) 
= f(x), and the initial velocity to be v(0,x) = g(x). 

From these conditions he obtained the equations 


¥(x) — ¥(-x) = f(x), 


¥'(x) — ¥'(-x) = g(x), 
or 


(1.3.6) Y(x) + ¥(-x) = i} “(x)dx, 


"and thus the problem is impossible unless f(x) and g(x) are odd 
functions of x, that is, functions where only odd powers of x enter" 
(ibid., p. 231). 

If this condition is satisfied, we obtain from (1.3.6), 


1 ] 1 1 
Wx) = > Jelodx + 5M), Wx) = 5 Jaladdx — 5 SO), 


which completely solves the problem. 

In conclusion, D’Alembert says, “the general solution of the 
problem of the vibrating string is reduced to two things: (1) to 
determine the generating curve [i.e. the curve z = ¥(t)] in the most 
general way, (2) to find in any particular case the curve from the 
values of f(x) and g(x)" (ibid., p. 235; trans. Truesdell, 1960, p. 240), 

After discussing several cases of generating curves, D’Alembert 
asserts that “one must take heed that f and g may not be given at will, 
since they must satisfy certain other conditions, as has been seen above 
in this memoir" (1749b, p. 239; trans. Truesdell, 1960, p. 240). 

He then lists a long series of conditions, but, as Truesdell has 
observed (1960, p. 241), “the essential is that D’Alembert restricts the 
initial shape and initial velocity of the string to curves whose 
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‘equations’ are odd functions of period 28 (1960, p. 241). Finally, 
D’Alembert emphasizes the fact that f(x) is subject to the law of 
continuity, meaning by this that f(x) is given by a unique analytic 
expression, i.e., it is a ‘continuous’ function. Moreover, it should be 
twice differentiable, otherwise it could not satisfy (1.3.2). 

The following year Euler entered the debate with a paper entitled 
Sur la vibrations des cordes’® (Euler, 1750). Technically Euler’s 
solution is not very different from D’Alembert’s; Euler says simply 
that he wishes to add "a few fairly interesting observations on the 
application of the general formulas" (1749, p. 51; 1750, p. 64). He in 
fact considers the same equation studied by D’Alembert (1.3.2) and 
emphasizes the intention of seeking the maximum possible generality 
in the solution “so that the initial shape of the string can then be set 
arbitrarily" (1749, p. 55; 1750, p. 69). This can in fact be given by a 
curve that is "either regular and contained in a certain equation, or 
irregular and mechanical" (1749, p, 58; 1750, p. 72). He then shows 
how, beginning from such a curve, one can construct the solution at 
time ¢ geometrically. He writes this as 


1 1 
(1.3.7) y= 5 fl + x) + 5 ft — x). 


However, it is precisely over the character of f(x), that is, the 
function that describes the initial shape of the string, that 
D’Alembert and Euler’s positions substantially differ. 

The difference becomes clear in D’Alembert’s reply to Euler’s 
paper (D’Alembert, 1752b). The object of contention is essentially 
the concept of function, which one immediately faces whenever one 
tries to specify the nature of the mathematical objects that are the 
"solutions" of the differential equation (1.3.2). 


In effect, it seems to me that one cannot express y analytically 
in a more general manner than by supposing it to be a function 
of t and of s[— x]. But under this supposition one can only find 
the solution of the problem for the case where the different 
forms of the vibrating string can be written in a single equation 
[i.c. it forms a "continuous" curve]. In all the other cases it seems 
to me impossible to give y a more general form (1752b, p. 358). 


The idea of the continuity of curves to which D’Alembert refers 
was at that time dominant in analysis. Euler himself had given the 
authoritative statement of it some years before in his /ntroductio. In 
the second volume of this treatise, after having introduced a 
Cartesian reference system in the plane, he wrote, 


Although several curved lines can be described by the 
continuous mechanical motion of a point, which presents the 
entire curved line to the eye at one time, nevertheless here we 
will chiefly consider the origin of curved lines from functions, 
since this is more analytic, more widely accessible, and better 
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suited to calculation. Thus any function of x will give a line, 
whether straight or curved, whence it will be possible to recover 
curved lines from functions in turn. Consequently the nature of 
any curved line can be expressed by some function of x .., 

From this idea of curved lines immediately follows their 
division into continuous and discontinuous or mixed. A continuous 
curved line is so defined, that its nature is expressed by a single 
definite function of x [my emphasis]. But if a curved line is 
defined in such a way that its different parts BM, MD, DM, etc., 
are expressed by different functions of x, so that, when a part 
BM is defined by one function, a part MD is described by 
another function, we call curved lines of this kind discontinuous 
or mixed and irregular, because they are not formed according to 
any constant law and are composed from parts of different 
continuous curves. 

But in geometry the concern is chiefly with continuous curves 
and it will be shown below that curves described by uniform 
mechanical motion according to any constant rule are expressed 
by a single function and are consequently continuous (Euler, 
1748, vol. 9, pp. 11-12). 


Euler illustrates his argument thus. (Figure !) 


Figure 1 


The classification of curves that Euler gave remained standard for 
a long time and was still found at the beginning of the nineteenth 
century (see §2.3b). 

In the vague terminology of the epoch, in addition to that just 
given, mathematicians also spoke of “totally discontinuous" curves, 
curves "traced with a free movement of the hand," "absolutely 
arbitrary curves," curves that are "irregular or traced at will," and so 
on. 

The debate over vibrating strings thus furnished the occasion for a 
discussion over the concepts of curve and function and consequently 
over the functions admissible in analysis, on which depends the 
generality of the solutions found. As Burkhardt has observed 
(1901-8, p. 14), D’Alembert and Euler used the same word, "function," 
but meant different things by it. The first came to the conclusion 
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that the solution is valid when y is a "continuous" function, 
analytically given by a unique “equation” in x and ¢. "In every other 
case the problem cannot be resolved, even by my method, and I do 
not know but that it might surpass the capacity of known analysis" 
(D’Alembert, 1752b, p. 358). 

Euler, on the other hand, went beyond this, motivated by the 
physical nature of the problem. As he saw it, it is completely 
reasonable to suppose that the string, when placed in vibration, 
initially assumes an arbitrary shape. Thus, in stating the problem 
Euler wrote, 


the first vibration depends on our pleasure, since we can, before 
letting the string go, give it any shape whatsoever. This means 
that the vibratory movement of the same String can vary 
infinitely, according to whether we give the string such and such 
a shape at the beginning of the movement (1749, p. 51; 1750, p. 
64), 


Euler himself suggested considering as initial shapes any polygonal 
figures given by possible "discontinuous" curves. Consistent with 
this, he wrote in a later paper that 


the various similar parts of the curve are therefore not 
connected with each other by any law of continuity, and it is 
only by the description that they are joined together. For this 
reason it is impossible that all of this curve should be included 
in any equation (1755a, p. 250). 


The way in which Euler obtained the solution, beginning from the 
initial shape of the string, showed that "the simple consideration of 
the trace of the curve suffices to let us know the movement of the 
string, without subjecting it to calculation" (ibid). 

On the other hand, Euler’s repeated assertions over the course of 
the long debate that solutions with corners are also admissible and 
hence that (1.3.7) represents the complete solution even if the 
functions f(x + £) and f(x — f) are "discontinuous" -- ic. functions 
whose derivative is in general discontinuous in the modern sense -- 
were open to D’Alembert’s objections that the solution must be given 
by a twice differentiable function. 

Euler sought to justify his ideas by making an analogy with the 
definite integral!’ A more satisfactory explanation requires more 
refined mathematical instruments than those which were at the 
disposition of the eighteenth century, which are today common in 
the method of continuum physics. Euler consequently reasoned in a 
different way. As Truesdell notes, "Once he has (1.3.7), he discards 
the differential equation altogether. That is, Euler takes the 
functional equation (1.3.7) rather than the differential equation 
(1.3.2) as the complete mathematical statement of the physical principle 
of plane wave propagation, apart from boundary and _ initial 
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conditions" (1956, p. xiii) The behavior (and the eventual 
singularities) of the solution at the boundary points was a delicate 
question, one which neither Euler nor D’Alembert had any clear 
ideas about and whose study occupied mathematicians for many 
years, even in the nineteenth century. 

The difference of opinion between D’Alembert and Euler over the 
nature of the solutions of equation (1.3.2) corresponds to two 
different ways of integrating it. While D’Alembert obtains the 
solution that is today called "classic," Euler seems to move in the 
direction of considering "weak" or "generalized" solutions.!® 

Euler’s approach to the problem of vibrating strings had important 
consequences for the development of analysis. In fact, the functions 
that satisfy the functional equation (1.3.7) can only be piecewise 
smooth, and "it is clear from every one of the many examples and 
‘discussions given by Euler that for him a ‘function’ is what we now 
call a continuous function with piecewise continuous slope and curvature" 
(Truesdell, 1960, p. 247). 

Aware of the implications connected with his approach, Euler 
wrote to D’Alembert on December 20, 1763, that "the consideration 
of those functions which are not subject to any law of continuity 
opens to us an entirely new field of analysis, of which we already 
see a very remarkable example in the propagation of sound"! (Opera 
(4a) 5, p. 327). 

The difference of opinion between D’Alembert and Euler also 
implied a deeper philosophical difference over the general nature of 
physical laws. In fact, according to Leibniz, the law of continuity 
governs natural phenomena and is translated mathematically in 
terms of "continuous" functions, that is, in modern terms, analytic 
functions. These have the property of being completely determinate 
in their entire range by their value in an arbitrarily small domain. 

But Euler’s interpretation of (1.3.7) shows that the differential 
equation can admit solutions given by functions that do not obey the 
law of continuity, and which are possibly nonanalytic. 

As Speiser first noted, this constitutes “one of the most important 
discoveries of Euler, shaking the physical system of Leibniz to its 
foundations" (1952, p. xxiv), 

Agreeing with Speiser’s view, Truesdell wrote that, “Euler’s 
refutation of Leibniz’s law was the greatest advance in scientific 
methodology in the entire century" (1960, p. 248). According to 
him, the truest and deepest motive of the dispute lay in this: “Both 
Euler and D’Alembert realized immediately what was at issue in the 
otherwise rather tedious problem of the vibrating string. This is the 
only scientific reason for the sharpness of the controversy that Euler 
and D’Alembert were to carry on until their death at the end of the 
century" (ibid.). 

Je this is true, it is no less true that this "rather tedious problem" 
forced mathematicians to confront their various conceptions of 
analysis and of its fundamental concepts on the relatively new field 
of differential equations. Among these fundamental concepts were 
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those of function, continuity, and discontinuity. 

In 1753 Johann Bernoulli’s son, Daniel (1700-1782), entered the 
debate with a paper that was published as (1755a). His approach 
was shaped by his previous research into acoustics. Precisely on the 
basis of physical considerations (the superposition and composition 
of waves), he asserted that the movement of a vibrating string can 
in general be represented by an equation such as 

_ Ax Tict _ 27x 27ct 
y = a Sin — cos ——+ B sin 7 00s , 


R 
(1.3.8) _ 3x 37ct 
+ Y sin 7 cos 


Fossey 


which, however, he never actually wrote down in his paper. Euler 
had discussed the special case when ¢ = 0 at the end of (1750), but 
Bernoulli was convinced that one could set D’Alembert’s and Euler’s 
general solutions into this form. In a second paper which he wrote 
immediately afterwards (1755b), he took up his father’s argument by 
considering the vibrations of m weights ranged along a weightless 
string and then letting # increase without limit. In treating the 
special case of m = 2 he confirmed his opinion by determining the 
two fundamental vibrations. 

Daniel Bernoulli’s attention to the physical significance of the 
problem (and how little he estimated D’Alembert as a physicist) can 
also be seen in a letter he sent to Euler in January of 1750. "I hold 
Mr. D’Alembert to be a great mathematician in abstractis," he wrote, 
"but when he makes incursions into applied mathematics, I lose all 
of my esteem ,, and it would be better for the true physics if there 
were no mathematics on the earth" (Fuss, 1843, p. 650). 

However, Bernoulli did not argue his ideas in a mathematically 
precise way, and Euler’s and D’Alembert’s criticisms of his work 
rested precisely on this fact. 

In (1755a) Euler emphasized the importance of Bernoulli’s 
observations on the physical nature of the problem, but declared as 
mathematically unacceptable the conclusion that (1.3.8) can represent 
an arbitrary function (such as the required integration of (1.3.2)). In 
addition, he observed, a function given by a trigonometric series is 
periodic, and for the case where y does not have this property, 
something that happens more often than not, we certainly cannot 
represent it with a series of this type. 


But perhaps [Euler writes] one will reply that equation (1.3.8), 
because of the infinite number of undetermined coefficients, is 
so general that it includes all possible curves; and it must be 
acknowledged that if this were true, Mr. Bernoulli’s method 
would furnish a complete solution.2® But, apart from the fact 
that this great geometer had not made that objection, all the 
curves contained in this equation, even when we increase the 
number of terms to infinity, have certain characteristics which 
distinguish them from all other curves (1755a, pp. 236-7). 
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Among these characteristics Euler strongly emphasizes their 
periodicity, but, as Grattan-Guinness has written, "Euler’s preference 
for the periodicity argument is seen to be completely mistaken when 
we remember that the analysis has reference only to the portion AB 
of the x-axis over which the string is stretched; what happens 
outside AB is irrelevant to the vibrating string, and therefore to the 
mathematics used to describe it" (1970b, p. 10). 

We are here facing a misunderstanding that reveals one aspect of 
the contradictions between the old and new theory of functions, 
even though they are both present in the same man, Euler, the 
protagonist of this transformation. In fact, in the classical 
conception, a function is thought of as associated with the fofality of 
the domain in which it "exists," yet the distinction between 
"continuous" and "discontinuous" functions already foreshadows the 
idea of associating distinct intervals with the different "pieces" of a 
"discontinuous" function independently of the (algebraic) form of the 
function. This is a decisive step, if we consider that it anticipates, 
in its essentials, the modern idea of the "domain" of the function. 
Moreover, Euler’s remark shows that he "has no idea that what we 
now call a nonanalytic function may be represented in a finite range 
by a trigonometric series" (Truesdell, 1960, p. 261). 

Bernoulli’s reply is based in particular on the possibility of operating 
on the infinite number of constants ow B, y, .. present in (1.3.8) to 
determine the curve. Bernoulli indeed writes that "the resultant curve 
will enclose an infinite number of arbitrary quantities which one can 
use for making the final curve pass through as many given points as one 
wishes, and thus for identifying this curve with that proposed with as 
great a degree of precision as one wishes" (1758, p. 165). Yet he does 
not show how one can concretely determine the coefficients of the 
series. This was precisely the objection that Euler made on a later 
occasion when he asserted that determining the coefficients « B, 7, .. 
seemed to him to be "without doubt very difficult, not to say 
impossible" (1767c, p. 430). 

D’Alembert was also opposed to Bernoulli’s proposed solution and 
adopted Euler’s argument on the impossibility of representing 
arbitrary functions by means of sine series. He further denied the 
possibility of representing any periodic function by means of such 
series, 

In regards to this Lebesgue has written, 


If Bernoulli’s assertion were correct it would be necessary for a 
trigonometric series be equal to one linear function in one 
interval [as occurs in the case where a polygonal figure is taken 
as the initial position of the string] and to another linear 
function in another interval; or, if you wish, it would be 
necessary that two analytic expressions be equal in one interval 
and unequal in another, This seemed impossible (1906, p. 21). 


This was still believed for a long time (see §§2.3 and 6.2b). As 
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Lebesgue aptly remarks, "until Weierstrass, who showed that two 
analytic expressions of a complex variable can be equal in a domain 
without being equal everywhere (see §7.3), one generally admitted 
that this Eulerian continuity belonged to every function of a 
complex variable defined by an analytic procedure" (1906, p. 21 n. 
2). 

The debate was joined at this point by a young and at that time 
almost unknown Italian mathematician, J. L. Lagrange (1736-1813).7! 
In 1759 he published a paper on the nature and propagation of 
sound which shared D’Alembert’s opinion on the nature of the 
solution to the problem of a vibrating string, at least in part. 
Lagrange wrote, 


It seems unquestionable that the consequences which follow 
from the rules of the differential and integral calculus will 
always be illegitimate in all the cases where this law [of 
continuity] is not taken to occur. It follows from this that, since 
Euler’s construction is derived immediately from the integration 
of the given differential equation, this construction is by its 
very nature applicable only to continuous curves which can be 
expressed as any function whatever of the variables ¢ and x, I 
therefore conclude that all the proofs which one can provide to 
decide such a question, supposing at first that the ordinate of 
the curve y is a function of ¢ and x, as D’Alembert and Euler 
have done until now, are completely unsatisfactory, and that it 
is only by a calculus like that we have in view, in which one 
considers the movements of the points of the string individually, 
that one can hope to arrive at a conclusion which will be secure 
from all attacks (Lagrange, 1759, p. 68). 


Lagrange nevertheless believed that the solution D’Alembert had 
found was applicable to Euler’s "discontinuous" curves (and he 
thereby also aligned himself with Euler’s point of view). He sought 
to find the solution of (1.3.2), as indicated in the preceding passage, 
by considering the movement of every point "individually." As we 
have alrcady seen Johann Bernoulli do, he then studied the behavior 
of the discrete "model" of the loaded string by considering the 
oscillations of bodies fixed on an inextensible string fixed at the 
ends, and then obtained the solution for the homogeneous vibrating 
String by "passing to the limit" in the solution for the loaded string. 

This "passage to the limit" is anything but rigorous, and although it 
allows Lagrange to arrive at (1.3.7), from the point of view of rigor 
it does not justify the conclusions he claimed he had obtained from 
it. Lagrange himself wrote, "This construction is evidently the same 
one that Euler devised for the same hypothesis. Thus was the theory 
of this great geometer put beyond all doubt and based on clear and 
direct principles which do not rest in any way on the law of 
continuity that D’Alembert required" (1759, p. 107). 
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In fact, it was precisely the criticisms raised from the viewpoint of 
mathematical rigor, both by Daniel Bernoulli and by D’Alembert, the 
latter in a letter that was written to Lagrange on September 27, 
175977 and subsequently published as a response to Euler and 
Bernoulli, (1761b, p. 65) which pushed Lagrange towards the search 
for another method. He published this in his treatise on the nature 
and propagation of sound (1760-61). 

The starting point for integrating the equation 


@? 
1.3.9 —sT =F sa 
( ) ar? ax? 
is to multiply both members by a suitably determined function M(x), 
and then reduce it by integration to 
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Here y must vanish at x = 0 and x = &@, Lagrange requires the same 
condition for M(x). Then, from (1.3.10), he obtains 
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(where k is a constant) he obtains from (1.3.11) 
2 ay 9 
(1.3.13) J ap MUx)dx = -k f. y M dx. 
By introducing a new variable, 
(1.3.14) s= f yM dx, 
0 
this is transformed into 
(1.3.15) d's = ks, 
dt? 


Thus the integration of the partial differential equation (1.3.9) is 
reduced to the integration of the ordinary differential equation 
(1.3.12) and of a second equation of the same type (1.3.15), which are 
linked to each other by (1.3.14), 

Lagrange justifies using equation (1.3.13) in place of (1.3.9) in this 
way: 


I first imagine that in place of the simple general equation 
(@?y/at?) = (d*y/ax*), which belongs to all the moving points [of 
the string], there are an infinite number, each of which 
represents the movement of each point in particular; a movement 
that depends, however, on all the other [points], since the 
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differential d*y that one takes by allowing only x to vary, 
expresses the second difference of the values of y for three 
consecutive points. I therefore multiply each of these equations 
by an indeterminate coefficient M, or rather by the quantity M 
dx, taking M as a variable which one can apply to all equations 
in general, and I take the sum by an integration indicated in the 
usual manner. 

Now, Since it is necessary to join together the coefficients of 
each value of y which correspond to cach moving point, I 
transform my integral equation in such a way that the 
differentials of y which depend on x vanish (1760-61, p. 177). 


Lagrange’s approach is similar to the way in which one introduces 
"weak" solutions by means of an integral identity, even if Lagrange 
never talks of a new notion of solution (see note 18). On the 
contrary, he instead alternates between accepting D’Alembert’s point 
of view (taking a function that is at least twice differentiable for 
the initial shape of the string, as he suggested in a letter to 
D’Alembert in November, 1764) and that of Euler, which he 
defended here and in the second edition of the Mécanique analytique 
(1811) many years later, after the debate had completely ceased.?8 

There is a final observation to make on the first solution to the 
problem of vibrating strings which Lagrange proposed. After setting 
up the equation of finite differences for n bodies, 

ayy 
dt? 


he obtains, after a long and difficult analysis that occupies 20 
sections of the paper,?4 


a Oo ~ 2V_ + Vues) k = 1,2, wong 


2 . , FTX 8 PTL 
y(x,f) = sin — EX sin —%* dX 
a Oy R q=1 ] 4 
(1.3.16) 
cTtrt ] , crt 
Y_ cos + — V, sin ; 
4 tic 4 


where YQ and V_ give the initial position and velocity of the gth 
mass, X q/(n+}) and aX, = £/(nt+1). He then replaces ¥y and Vy 
with yh | and V(X) respectively in order to find the behavior of the 
homogeneous string. 

Lagrange also considers 


rx sad rILX 
r sin — y q(t *q and x sin —*V dX 
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to be integrals; that is, in place of (1.3.16) he takes (after 
interchanging the f and X% symbols) 
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(1.3.17) 

2 Oo rtMX | ortx | orttct 
+ — V(xyydxX X sin — sin — sin 
mi "0 r=1 Q R 


Many historians of mathematics have observed that, from this 
latter equation, Lagrange could have derived the representability of 
an arbitrary function (x) by means of a "Fourier" series (sce §2.3b). 
To do this it was only necessary to interchange the integral and 
series symbols and let ¢ = 0. Formally, Lagrange was only one step 
from Fourier’s result, but the fact that he did not take this step "is a 
very instructive example of how easily an author fails to draw a 
seemingly nearby conclusion when he has before his eyes an 
objective lying in a completely different direction" (Burkhardt, 
1901-8, pp. 32-3). Lagrange was in fact seeking to prove Euler’s 
conclusion about a physical problem and did not have in mind the 
(theoretical) analytical problem of representing an arbitrary function 
by means of series. Moreover, the equations (1.3.17) thus obtained 
introduced divergent series. For Lagrange it required long, 
exhausting (and less than rigorous) calculations to convert (1.3.17) 
into Euler’s solution (1.3.7). 


1.4. Changes in the Concept of a Function 


One of the most interesting results of the debate over vibrating 
strings was to center the attention of mathematicians on Euler’s 
definition of a function, and particularly on his notions of 
"continuous" and "discontinuous" functions, as they were given in his 
Introductio (1748). 

At an early stage of the debate, in the Jmstitutiones calculi 
dif ferentialis (1755b) Euler had given a fairly general definition of a 
function. In this work he wrote, 


If some quantities so depend on other quantities that if the latter 
are Changed the former undergo change, then the former quantities 
are called functions of the latter. This denomination is of the 
broadest nature and comprises every method by means of which one 
quantity could be determined by others. If, therefore, x denotes a 
variable quantity, then all quantities which depend upon x in any 
way or are determined by it are called functions of it (1755b, p. 4: 
trans, Yushkevich, 1976, p. 70). 


It seems quite reasonable to argue that the great generality of this 
definition was suggested to Euler by his research on vibrating 
strings. If the mathematical "objects" that satisfy equation (1.3.7) are 
functions, then it is certainly not the case, for Euler, to think of 
them as given by any “analytic expression." If, in (1755b) he limits 
himself to the latter (or at most to functions that are nonanalytic in 
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isolated points), it is because the most common functions reduce to this. 
Nevertheless, this does not imply an a priori limitation to them. 

Euler resumed his discussion of discontinuous functions which 
arise in the integration of partial differential equations in a paper 
that was presented to the St. Petersburg Academy in 1763 (1767b). 
Here he defined a continuous function in the above manner, adding 
however that the curve which represents it is such that "all the parts 
of the curve are firmly connected with each other in such a way as 
to make impossible any change in them without disturbing the 
connection of continuity" (Euler, 1767b, pp. 75-6; trans. Yushkevich, 
1976, p. 67). 

For Euler, discontinuous curves were those "traced by a free stroke 
of the hand" (ibid., p. 76), even if these curves extend without 
interruption [etiamsi continuo procedant], As Yushkevich has noted, 
"If we disregard the empirical fact that ideal geometrical figures 
cannot be traced, discontinuous functions thus correspond to our 
arbitrary piecewise continuous functions with piecewise continuous 
derivatives of both the first and the second order" (1976, p. 68). 

In the remainder of this paper Euler emphasizes the fact that such 
"discontinuous" functions arise in the integration of partial 
differential equations, This is one of the most notable results of 
this new field of research, to which Euler dedicated a large part of 
the third volume of his /nstitutiones calculi integralis (1770). 

Despite Euler’s numerous and fundamental contributions, the 
discussion over the character of the functions obtained by 
integrating partial differential equations remained open even after 
his death.’ Thus, in 1787 the Academy of St. Petersburg offered a 
prize for the best solution to the problem of determining “Whether 
the arbitrary functions which are obtained from the integration of 
equations with three or more variables represent any curves or 
surfaces whatsoever, either algebraic or transcendental, either 
mechanical, discontinuous, or produced by an arbitrary movement of 
the hand; or whether these functions include only continuous curves 
represented by an algebraic or transcendental equation" (Burkhardt, 
1901-8, p. 44). 

The prize was won by a paper written by L. F. Arbogast 
(1759-1803) (Arbogast, 1791). Among its most interesting aspects was 
the distinction made between discontinuous and _  discontiguous 
functions. According to Arbogast, 


The law of continuity consists in that a quantity cannot pass 
from one state to another without passing through all the 
intermediate states that are subject to the same law. Algebraic 
functions are regarded as continuous because the different 
values of these functions depend in the same manner on those of 
the variable; and, supposing that the variable increases 
continually, the function will receive corresponding variations; 
but it will not pass from one value to another without passing 
through all the intermediate values. Thus the ordinate y of an 


1.4. Changes in the Concept of a Function 35 


algebraic curve, when the abscissa x varies, cannot pass abruptly 
from one value to another; there cannot be a jump (saut) from 
one ordinate to another which differs from it by any assignable 
quantity; but all the successive values of y must be linked 
together by one and the same law which makes the extremities 
of these ordinates make up a regular and continuous curve. 

This continuity may be destroyed in two ways: 

(1) The function may change its form, that is to say, the law 
by which the function depends on the variable may change all at 
once. A curve formed by the assemblage of many portions of 
different curves is of this kind. ... It is not even necessary that 
the function y should be expressed by an equation for a certain 
interval of the variable; it may continually change its form, and 
the line representing it, instead of being an assemblage of 
regular curves, may be such that at each of its points it becomes 
a different curve; that is to say, it may be entirely irregular and 
not follow any law for any interval however small. 

Such would be a curve traced at hazard by the free movement 
of the hand. These kinds of curves can neither be represented 
by one nor by many algebraic or transcendental equations. ...28 

(2) The law of continuity is again broken when the different 
parts of a curve do not join with each other (Arbogast, 1791, pp. 
9-11; trans. Jourdain, 1913, pp. 675-676). 


The latter is what Arbogast called “discontiguous" curves, what in 
today’s terminology are called "discontinuous" curves. The arbitrary 
functions that appear in the integration of differential equations 
are, for Arbogast, of both types. For example, Arbogast says, in the 
equation of vibrating strings we can think of a "jump" in the values 
of &*y/8x*, provided that the same jump occurs in the values of 
O*y/ ar. 

Arbogast’s distinction between "discontinuous" and "discontiguous" 
curves tends to mirror the modern distinction between discontinuous 
and continuous curves, the latter being potentially defined in 
different intervals by different functional dependencies. 

The emergence of a concept of discontinuity closer to that of the 
modern was accompanied by a diffuse criticism of the traditional 
concept of a function as an analytic expression. Among those who 
first recognized the generality of Euler’s (1755b) definition of a 
function was M. A. Condorcet (1743-1794), the secretary of the 
Académie des sciences, but a man better known as a politician and 
educational reformer than as a scientist and mathematician. 

Condorcet was the author of a Traiteé du calcul intégral that was 
published in Paris in 1765, and of a second work of the same name 
which was presented to the Academy in 1778-82 but remained 
unpublished. It was in this second work, numerous printed pages of 
which circulated in Paris and became known to mathematicians, that 
Condorcet gave the following definition of a function. 
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I suppose that I have a certain number of quantities x, y, z,.. , F, 
and that for every determinate value of x, y, z,...,etc., F has one or 
more determinate values which correspond to them;I say that F isa 
function of x, y, z... Finally, if I know that when x, y, z are 
determinate, F will also be, even if I know neither the manner of 
expressing F in x, y,z,northe form of the equation between F, x, y, 
z, I will know that F isa function of x, y, z" (In: Yushkevich, 1974, 
p. 134). 


This is what Condorcet means by an "analytic function" -- a 
function that is completely arbitrary by nature, where the term 
"analytic" serves to indicate that the study of such quantities occurs 
within the context of analysis. In addition, Condorcet distinguishes 
three different types of functions: (1) functions for which the form 
is known, in other words, explicit functions; (2) functions introduced 
by equations between F and x, y, z, .. , that is to say, implicit 
functions; and (3) functions that are only given by means of certain 
conditions, such as differential equations. Moreover, Condorcet 
brought the concrete study of functions back to the Taylor series, 
which, as we will see, (§2.2) became the foundation for the 
differential calculus with Lagrange. The determination of the 
coefficients of series further led Condorcet to the concept of 
"differential functions," the analog of Lagrange’s "derivative 
functions."27 

Among those who saw the unpublished pages of Condorcet’s work 
was S. F, Lacroix (1765-1843), the author of numerous treatises, 
among which is his Traiteé (1797-1800), a work that enjoyed 
considerable popularity for the entire first half of the nineteenth 
century (see §2,2), 

In the preface to the second edition of this work in 1810, Lacroix 
gave a brief resume of Condorcet’s work and undertook to clarify 
what was meant by a function. After recalling such classical 
definitions of a function of a quantity as any power of this 
quantity, or any algebraic expression containing this quantity, 
Lacroix wrote, 


And finally new ideas introduced by the progress of analysis 
have given rise to the following definition of functions. 

Every quantity whose value depends on one or more other 
quantities is called a function of these latter, whether one knows or 
is ignorant of what operations it is necessary to use to arrive from 
the latter to the first (Lacroix, 1810, p. 1). 


This definition clearly recalls those of Euler (1755b) and 
Condorcet. Nevertheless, it is necessary to emphasize the nominal 
aspect of this definition, in the sense that those functions which 
were then being used in practice were basically the algebraic and 
elementary transcendental functions. 
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These reflections on the concept of a function in the second half 
of the eighteenth century were necessarily accompanied by an 
attempt to give a rigorous form to the foundations of the calculus. 
Even though mathematicians like D’Alembert and Euler did not feel 
this was an urgent issue, just as the need for the rigorous definitions 
to which we are accustomed today was not felt to be generally 
necessary, they did express their conceptions of limits and 
differentials on many occasions,?® 

Thus, for example, D’Alembert, in an article on "limit" in the 
Encyclopédie, wrote that: “One magnitude is said to be the limit of 
another magnitude when the second may approach the first within 
any given magnitude, however small, though the first magnitude 
may never exceed the magnitude it approaches." He then further 
claimed that in the concept of limit there lies the "true metaphysics" 
of the calculus. 

As is well known, Euler believed the contrary. He thought that in 
the calculus we are dealing with quantities that are actually zero. 
For example, he wrote, "There is no doubt that every quantity can be 
diminished to such an extent that it vanishes completely and 
disappears. But an infinitely small quantity is nothing other than a 
vanishing quantity and therefore the thing itself equals 0, It is in 
harmony also with that definition of infinitely small things, by 
which the things are said to be less than any assignable quantity; it 
certainly would have to be nothing; for unless it is equal to 0, an 
equal quantity can be assigned to it, which is contrary to the 
hypothesis" (Euler, 1755b, p. 69; trans. Kline, 1972, p. 429). 

If on the continent there was substantial insensitivity to the 
foundations of the calculus, the lively debate in England that had 
been generated by Berkeley’s criticism of Newton’s fluxions had not 
led to more satisfactory results. 

In a 1772 paper presented to the Berlin academy Lagrange sketched 
the first attempt at founding the calculus in a “rigorously 
algebraical" manner. In Lagrange’s work of the period this paper 
appears isolated, without immediate successors, but the theme must 
have stood particularly near to the heart of the Turin mathematician 
if he convinced the scientific section of the Berlin academy, where 
he was secretary at the time, to offer a prize in 1784 "for a clear 
and precise theory of what is called the infinite in mathematics." 

"We know," continues the text of the prize announcement, "that 
higher geometry makes continual use of the infinitely large and the 
infinitely small. Nevertheless, the geometers and even the ancient 
analysts carefully avoided any use of the infinite, and the great 
modern analysts assert that the terms infinite magnitude are 
contradictory" (Nouv. Mem., 1784, pp. 12-3). 

The Academy then requested an explanation of "how so many true 
theorems have been derived from a contradictory supposition" and 
asked that the paper "provide a certain, clear, in a word, a truly 
mathematical principle capable of being substituted for the infinite" 
(ibid.). 
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Notwithstanding the requirement that the argument be treated 
“with all generality, and with all the rigor, clarity and simplicity 
possible," the papers that were received were far from satisfying 
these conditions, "They are all more or less lacking the clarity, the 
simplicity, and above all the rigor that we required," the Academy 
(i.e. with all probability, Lagrange) observed (Nouv. Mem. 1786, p. 8). 

The outcome of the competition was therefore disappointing. 
Among the twenty or more papers that were presented the prize was 
awarded with little enthusiasm to that of 8. L’Huillier (1750-1840), a 
young Swiss mathematician who took up D’Alembert’s theory of 
limits and presented the old argument on the compensation of the 
errors as an explanation of the correctness of the results obtained 
with the calculus. 

Some time after the conclusion of this competition Lagrange moved 
to Paris, accepting the repeated invitations that had been made to 
him by the Académie des sciences. 

The problem of the foundations of the calculus thus remained 
open. As we will see in the next chapter, a more coherent attempt to 
establish a theory of functions, and at the same time to found the 
infinitesimal calculus in an incontestable manner, was achieved by 
Lagrange with a treatise that in a certain sense symbolizes the state 
of analysis and its foundations at the end of the eighteenth century. 


Notes to Chapter I 


1The difficult problem of the influence of medieval thinkers on 
the birth of modern science in the seventeenth century has been the 
subject of numerous studies. See for example the volumes of 
Crombie (1959-61) and Clagett (1959). For a more detailed study of 
the history of the concept of function, see the discussion in 
Yushkevich (1976). 


2C. B. Boyer (1959) is still the primary work on the history of the 
calculus. Following the appearance of Boyer’s work there was an 
imposing number of additional works on this subject, among which 
must be mentioned in the first place the edition of the Mathematical 
Papers of Isaac Newton by D. T. Whiteside. See also Whiteside (1961) 
and Hofmann (1949). 


3Leibniz used the term "function" as early as 1673 in a manuscript 
titled Methodus tangentium inversa seu de functionibus. Some years 
later, in a manuscript of 1679 he introduced the distinction between 
algebraic curves (called "analytic curves") and transcendent ones, 
while in 1684 and 1686 he called “algebraic curves" those represented 
by an equation of a certain finite degree and "transcendent" ones the 
curves represented by equations of an infinite degree. See also 
Yushkevich (1976, p. 59). 
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4See Leibnizs mathematische Schriften, C. I. Gerhardt (ed.). 
(Berlin/Halle, 7 vols., 1849-63), vol. 5, pp. 268 and 306. Also vol, 3, 
pp. 506-7. 


50p cit. (note 4), vol. 3, p. 150; also pp. 324, 526, 527. For a 
discussion of this topic see Yushkevich (1976, pp. 57-60). 


SAs is well known, the development of the calculus followed 
different paths in England and on the continent. Chained to the 
Newtonian tradition and _ its fluxional symbolism, English 
mathematicians in the eighteenth century were unable to produce the 
extraordinary quantity of new results and techniques that the 
greater flexibility and fecundity of the Leibnizian approach 
permitted continental mathematicians to make. The English 
remained more or less faithful to the geometrical conception of the 
calculus, supported by the authority of Newton and his Principia, 
and obtained respectable results in the field of synthetic geometry. 
Chasles (1837) was particularly appreciative of the latter. This 
situation continued until the end of the century and the beginning 
of the nineteenth century. 

The turning point in English mathematics is traditionally dated 
from the founding of the Analytical Society at Cambridge in 1813. 
Formed by Herschel, Peacock, Babbage, and others, this society had 
among is aims making the continental developments in infinitesimal 
analysis known to the English mathematical community. An 
important issue in this struggle was the polemic against the 
advocates of "dot-age," ic. Newton’s point notation, and in favor of 
Leibniz’ differential notation. 

This traditional interpretation of the Analytical Society has, 
however, been recently questioned by Enros (1983). According to 
him, the Society "actually played no real part in the movement to 
reform Cambridge mathematics" (1983, p. 26). At that time, "much 
more was involved in the transformation of mathematics at 
Cambridge than simply a switch in notation and methods" (idid.). 
Enros also stresses "the three related features" of the Society: "debate 
over the methods of analytical versus synthetical mathematics, ideas 
about the purposes of higher education, and expectations concerning 
mathematics and science indicative of the growing professionalism" 
(ibid.). 

However this may be, the English mathematicians of the time in 
large part adhered to the algebraic methods of Lagrange even while 
these methods were being subjected to radical criticisms in France 
(see §§2.2 and 3.3). In fact, in the first half of the nineteenth 
century, English mathematics took on a strongly algebraic character 
with the development of important branches of modern algebra, such 
as the theory of forms, the theory of invariants, and symbolic logic. 
This was apart from the principal currents in the development of 
analysis. This is the primary reason why we will hardly encounter 
any English mathematicians in the course of our story, with the 
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exceptions of Green, Stokes, and Thompson. 


"Equally vast is the bibliography relative to Euler’s scientific 
work. For an overview of Euler’s life and his various fields of 
research, as well as a virtually complete bibliography, see the 
volume, Leonhard Euler, 1707-1783: Beitrdge zu Leben und Werk. 
Gedankband des Kantons Basel-Stadt (Basel: Birkhauser, 1983). 


8"Since all numbers which it is possible to conceive are either 
greater or less than 0, or are O itself, it is evident that we cannot 
rank the square root of a negative number amongst possible 
numbers, and we must therefore say that it is an impossible quantity. 
In this manner, we are led to the idea of numbers, which from their 
nature are impossible; and therefore they are usually called 
imaginary quantities, because they exist merely in the imagination." 
This is the way Euler expressed it in Part I, Chapter XIII, §143 of 
his Finleitung (Euler, Opera (1) 1; trans. J, Hewlett, Elements of 
algebra (London, 1840), p. 43; repr. Springer, 1984), 


°The mathematician, philosopher, and “encyclopedist" Jean le Rond 
D’Alembert was one of the most influential figures in the science 
and culture of the eighteenth century. For a biography see Hankins 
(1970). 


10The essential content of these two papers is summarized by 
Yushkevich and Taton in their preface to (Euler, Opera (4a) 5, pp. 
17-18). This offers a useful guide to the reading of Euler’s 
correspondence with Clairaut, D’Alembert, and Lagrange. It is, at 
the same time, an excellent summary of the principal themes of 
eighteenth-century mathematics. 


MThis is what D’Alembert says at the beginning of a long article 
in which he explained in detail his (unfounded) considerations, 
which were based on the following definition of logarithms: "One 
calls logarithms a sequence of numbers in amy arithmetic progression 
which corresponds to a sequence of numbers in any geometric 
progression," where, for convenience, one sets log I = 0 (D’Alembert, 
176la, p. 181). Yushkevich and Taton are certainly correct in 
saying that, "He completely lacks a good definition of logarithms" 
(In: Euler, Opera (4a) 5, p. 19). 


124’Alembert’s demonstration is often cited but rarely presented in 
the history books, D’Alembert’s reasoning is usually translated in 
modern terms in the following way: 

Given the algebraic equation 


(1) y — P.(z)=0 where P,(z) = E a2 (a, € R), 


let z) and yy satisfy (1). 
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Then in the neighborhood of a point (zp), y)) Puiseux’s expansion is 
valid: 


(2) Z7- 2) ayy - yp) where r, € Q and Me > May 
Consequently, every y near enough to y, is the image of some z for 
(2). It is then necessary to further show that y = 0 is an image of 
some z. From the expansion of (2) it follows that for lv4l < lvl there 
exists a z, such that y, — P.(z,) = 0. The demonstration of the 
theorem follows immediately by reduction to the absurd, utilizing a 
compactness argument that was certainly unknown to D’Alembert. 

The latter is certainly to our eyes a weak point in D’Alembert’s 
original demonstration, as is the assumption without demonstration 
of the expansion of (2), Nevertheless, D’Alembert had hit on a 
fundamental idea which would be clarified in the successive 
development of the theory of algebraic functions, In fact, 
considering equation (1) and the expansion in series (2), by means of 
analytic continuation one obtains a function z(y) that satisfies (1) 
for real and complex values, Such a function is not in general 
single-valued and will have a finite number of singular points . The 
expansion of (2) then represents locally one of the branches of the 
algebraic function defined by (1) (see §4.6 below), For a discussion 
of D’Alembert’s demonstration see Petrova (1974) and Gigli (1924-27, 
pp. 189-192). 


13Contrary to the paper of 1747b, on this occasion D’Alembert’s 
work was not awarded the prize. With all probability Euler’s 
Opposition was responsible for this. The awards committee, of which 
Euler was a member, declared that the papers which had been 
presented did not satisfactorily meet the requirements set by the 
Academy and the question was again posed in 1752. D’Alembert, 
offended by this check, immediately had his paper published in 
Paris and refused to compete for the new prize. 

This affair caused a deep break in the relations between Euler and 
D’Alembert, which was aggravated by the dispute over vibrating 
strings that also broke out at the same time. The correspondence 
between the two mathematicians did not resume until a decade later, 
in 1763. For the details of this intricate story, see Yushkevich and 
Taton (In: Euler, Opera (4a) 5, pp. 312-314). 


14For an historical account of fluid mechanics at that time, see 
Truesdell ($954). On D’Alembert’s paper in particular, see pp. I[-Iviii. 


18Mfany historical works have been devoted to this affair. In 
addition to sections in works of a general character, such as Kline 
(1972), see for example Burkhardt (1901-8), Jourdain (1913), 
Truesdell (1960), Grattan-Guinness (1970b), and Yushkevich (1976). 


16Fuler must have been particularly interested in this subject, for, 
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contary to his usual habit, he published both a Latin version of this 
article (1749) and a French translation of it (1750). In reality, the 
latter had been written in 1748, but was published only two years 
later. This had also happened with the papers of D’Alem bert 
(1749a and 1749b). In the references in this book, as far as the 
works of D’Alembert, Euler, and Daniel Bernoulli are concerned, I 
have not used the official dates given in the memoirs of the 
academy but the actual year of publication. 


17This is, for example, how Euler stated it in a letter to Lagrange 
on February 16, 1765 (Opera (4a) 5, pp. 452-454). 


18The classical solution is obtained from the initial conditions 


y(0,t) = F(x) 
Oy) 8 
At {t-o | O) 


from which it follows 

F(x -— at) + F(x + at) 1 xtat 
2 * 2a Jat 

The weak solutions can be thought of as introduced in two ways: 


y(t,x) = G(z)dz. 


(a) as the limit of a series of functions (fr,j(0)} (the classical 
solutions of (1.3.2)) uniformly convergent in the domain D: {t > 
0, x - at > 0, x + at < £}; where every fy(x) is a function that 
is twice differentiable in [0,2] and is obtained from 
D’Alembert’s formula; - 

(b) by means of an integral identity obtained from the integral 
extended to D: 


a*y 
2 
=p a Te | 2(x,t)dxdt = 0, 
I, 2 ar? Get) 

where z(x,t) is a function twice differentiable in D, equal to 
zero on the boundary. Integrating by parts we obtain 


ii (S ar i=0 
aD 7 ay |dxdt = 
p> lar ax? 

which satisfies, other than every classical solution, also a large 
class of functions called "weak solutions." See also Euler’s 
solution for the problem of a nonuniform vibrating string 
(Opera (3) 11), 


1°sometime later Euler himself gave a convincing confirmation in 
an article on the subject (Euler, 1767a), In particular, in the study 
of the solutions of functional cquations that describe the 
propagation of sound in a finite tube open at each end, he was led 
to consider functions that have the value zero everywhere except at 
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one point. He then showed that by means of these "pulse functions" 
-- which are obviously discontinuous in the modern sense -- it is 
possible to give an elegant description in geometrical terms of the 
propagation and reflection of plane waves. For a detailed discussion 
of this matter, see Truesdell (1956, pp. Ixi-Ixii). 


2°In this connection, however, Riemann, in his lectures on partial 
differential equations given at Gottingen in 1854-55, observed that, 
"Daniel Bernoulli’s argument, that he had infinitely many 
coefficients and only needed to find them, was in general a priori 
incorrect. Instead he should have indicated that every coefficient 
continually approaches a given value" (Riemann, 1869, p. 50). 


1Beginning in 1754, at the age of 18, Lagrange was in contact 
with Euler by letter. The following year he sent him his research on 
the method de maximis et minimis, which marked the beginning of 
the modern calculus of variations. For a detailed analysis of 
Lagrange’s contributions to this field see Fraser (1985). A biography 
of Lagrange (which is, however, weak in the mathematical aspects) 
can be found in Burzio (1942). 


22y'Alembert wrote, "In regard to the method by which you can 
pass from an indefinite number of vibrating bodies to an infinite 
number, it does not seem obvious to me as to you, but it would take 
too long to tell you all my difficulties on this subject ... Ten years 
ago I also had a dispute by letters with Euler on this subject" (In: 
Lagrange, Oeuvres 13, p. 4). 


*2For the development of this discussion, see the letters between 
Lagrange and D’Alembert (In: Lagrange, Oeuvres 13, pp. 13-17). 


*4For the mathematical details, see Burkhardt (1901-8, pp. 27-34). 
See also Truesdell (1960, pp, 269-70), 


25At the very end of his life, even D’Alembert (1780) changed his 
mind and admitted the possibility of considering "discontinuous" 
functions in the integration of partial differential equations of any 
order. See Yushkevich (1976, p. 71). 


*6This is nothing but a detailed exegesis of Euler’s repeated 
statements on "discontinuous" functions. 


27 A study of Condorcet’s manuscript Traité is found in Yushkevich 
(1974). 


*8The argument has been fully studied in numerous works. A 
rapid allusion is sufficient here. Further references can be found in 
Boyer (1959). See also Bos (1974) and Grabiner (1981, Chap. 2). 


Chapter 2 


THE LAGRANGIAN CALCULUS AND 
FOURIER SERIES | 


2.1. Mathematics in France after the Revolution 


The passage from the eighteenth to the nineteenth century was 
marked by a profound rupture in the political, social, and economic 
fabric of Europe, This was a result of the French revolution, an 
event that also had a decisive impact on the history of mathematics. 
In fact, mathematics emerged from the radical transformations 
caused by the revolution profoundly changed. The role of 
mathematicians in society and the orientations of their research had 
been completely altered. 

In the eighteenth century mathematicians had pursued their 
activities primarily within the confines of the academies, freed from 
all obligations to teach and assured of their livings by the patronage 
of princes and sovereigns. Examples of these were the Academy of 
Berlin, where Euler worked for many years, as did Lagrange before 
he left Germany for Paris; and the Academy of St. Petersburg, where 
Euler again and Daniel Bernoulli were active. 

It was often questions of prestige that spurred the academies to 
seek out the best mathematicians. Since research mathematics was 
essentially nonexistent in the universities, it was to the academies 
that the true development of mathematics was entrusted, and it was 
to their actes and mémoires that the dissemination of new results was 
committed. At least this was formally true. In fact, papers were 
often published with considerable delay and direct correspondence 
between mathematicians was common enough. The letters of Euler, 
D’Alembert, Lagrange, and Bernoulli, to name only a few, are virtual 
mines of information about the state of mathematics at the time, 
usually far more interesting and stimulating than the papers that 
were published in the official journals. 

After the revolution this situation changed radically, at first in 
France and then in the rest of Europe. The first significant 
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upheaval in the status of science in revolutionary France occurred in 
1793, when the Convention decreed the suppression of the Académie 
des Sciences. In a scourging pamphlet, Marat had called the 
academicians "modern charlatans" while in the eyes of the Jacobins 
the Academy was a nest of intrigues and personal self-interests, of 
corruption and servitude to the ancien régime. Thus the members of 
the Academy were deprived of their privileges, and the Academy 
was closed. 

In place of the "corrupt" academician who was subservient to the 
monarchy, the revolutionaries sought to substitute a new kind of 
scientist, one who would be sensitive to the needs of the new society 
and the political choices of the new state. The scientists were also 
called to defend their nation in its time of danger, besieged, as it 
then was, by the other European powers, 

In order to support the scientific and cultural renewal of the 
nation, new institutions of research and teaching were established, 
such as the Musée d'histoire naturelle, the Collége de France, the Lycée 
des arts, and the Bureau des longitudes. Many of the most eminent 
scientists of the day continued to participate in the Commission on 
Weights and Measures, which had first been organized in 1790, while 
many former members of the Academy were appointed to the 
Commission on the Arts, which was set up by the Convention in the 
same year the Academy was suppressed. 

In the complex political intrigues surrounding the place of science 
during this period, it was important that the powerful Committee for 
Public Safety included scientists like Prieur de la Cote d’Or and 
Lazare Carnot (1753-1823), the “organizer of the victory" won in 
1794. A general and mathematician, Carnot had published a treatise 
on machines and participated in the prize problem offered by the 
Academy of Berlin on the infinite in mathematics (see §1.5), though 
without success. His paper, much expanded and extended, was 
published as a pamphlet a few yers later, in 1797, when he was 
forced into political exile in Switzerland after his expulsion from 
the Directory (Yushkevich, 1971). His Réflexions sur la métaphysique 
du caleul infinitésimal, while not particularly original, had a certain 
success with many reeditions and foreign translations, 

Alongside the official institutions, numerous independent scientific 
societies also sprang up during this period, such as the Réunion des 
sciences under the initiation of Lalande, the Société philomatique, a 
club of young scientists, and, a few years later, the famous Société 
d’Arcueil, whose principal organizer was Laplace (1749-1827). 

In 1795 the Convention created the J/nstitut national des arts et 
Sciences, which was designed to take up a role similar to that of the 
recently disbanded Academy. Organized according to a model 
proposed by the chemist Fourcroy, the Institute signaled the 
predominance of the scientific world over the literary in a way that 
clearly distinguished it from the traditions of the old Academy. 
This began a tendency that endured for a long time in the 
organization of French culture. Moreover, the influence of the 
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mathematicians within the community of French scientists was 
particularly great. In 1799, at the beginning of the Napoleonic 
period, the number of mathematicians (including, as was then usual, 
astronomers and mathematical physicists) who were members of the 
Institute was comparable only to that of the engineers and 
technicians, the men who had been trained in the new schools, the 
"grandes écoles" created by the revolution (Dhombres, 1981), 

The first of these grandes écoles was established in 1794 under the 
political inspiration of Carnot and the scientific direction of 
Gaspard Monge (1746-1818), the "genial geometer" and inventor of 
descriptive geometry. Significantly, it was given the name of Ecole 
centrale des travaux publiques, but this was changed the following 
year to Ecole polytechnique. Along with it was also set up the Ecole 
normale, while the Ecole des ponts et chausees and the Ecole des 
mines were reorganized. 

The French écoles were founded with the specific objective of 
creating a large class of engineers and technicians which could serve 
the military and economic needs of revolutionary France (and later 
Bonapartist France as well, since Napoleon favored and protected 
the development of science in France, and it was certainly not only 
for his love of knowledge). The most prestigious mathematicians of 
the day were called to become teachers in these schools: Monge 
himself, Legendre (1752-1833), Lacroix, Lagrange, and Laplace, who 
easily converted from the politics of the Directory to those of 
Napoleon, Lagrange was also assigned to direct the commission for 
the reform of weights and measures, whose work was completed in 
1799 with the adoption of the metric system and the relative 
unification of measurement. 

The type of instruction adopted in these schools, all of which were 
infused with a severe military spirit, was based on mathematics, both 
"pure" and “applied.” Thus courses on analysis were found alongside 
those on mechanics and descriptive geometry, the new discipline 
created by Monge which proved to be of great strategic and military 
interest. The plan of studies demanded a severe effort on the part 
of both teachers and students... The former were required not only 
to give lectures (and the number of hours of instruction was quite 
high), but to participate in seminars, give exams, and more 
importantly, to write textbooks for their respective courses. For their 
part, the students were required to follow the predetermined path of 
a rigid educational program. 

With the foundation of the grandes écoles the former academicians 
became the new professors, a change that caused an irreversible shift 
in the way of viewing and exercising the role of the mathematician, 
From this time on the activity of teaching became a fundamental 
component of the mathematicians’ work (with the exception of 
Gauss, who was in many ways an eighteenth-century mathematician). 
Many new methods and results first appeared in the pages of 
textbooks that collected the lessons given at the ecoles, or later at the 
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universities (which was more common in Italy and Germany), rather 
then in specialized treatises, as had formerly been the case, 

Since the most important French mathematicians were called to 
teach in these schools, it is not surprising that the level of their 
instruction rose almost immediately to a high level. This is reflected 
in the large number of treatises on higher mathematics written in 
the first decades of the century, which were basically motivated by 
the teaching requirements of the French écoles, 

In connection with the teaching programs of the French schools, 
there waS an enormous production of manuals and treatises on 
mathematics in Paris at the beginning of the nineteenth century, 
which perhaps has no equal in the history of mathematics. Indeed, 
the French capital became home to a thriving literary industry of 
bookshops, printers, and publishers who specialized in scientific 
texts, all of whom could count on selling large numbers of copies. 
The manuals of Lacroix and Legendre were perhaps the most 
famous. They went through an incredibly large number of 
reprintings and reeditions in the first half of the century. 

In addition to the manuals and the Mémoires of the Institute, 
mathematical papers began to appear in specialized journals 
associated with schools, such as the Journal de l’Ecole polytechnique, 
or with a society, like the Bulletin de la Société philomatique. These 
provided means for the more rapid diffusion of mathematical 
results, 

Thus, in the course of a few decades, France attained a position of 
leadership in the field of physico-mathematical research.! It could 
boast an impressive number of scientists of the highest level, to the 
degree that Paris became the fundamental point of reference for 
every mathematician. As examples of this we can recall the trip 
that Abel made to Paris in 1826, precisely in order to make contact 
with the most advanced center of research; and the formative period 
in the life of his contemporary, Lejeune-Dirichlet, which resulted 
from his contact with Fourier, at that time the secrétaire perpétuel of 
the Académie des sciences and one of the most prestigious figures in 
French science. 

The fact that, after the beginning of the nineteenth century, 
mathematicians also became professors, was to have important results 
on the character of mathematics, particularly as regards the rigorous 
organization of theory for didactic purposes. Above all, the 
"polytechnic" character of the instruction, with its considerable 
attention to the "applied" aspects of the subject, was to remain a 
distinctive feature of French mathematics for a long time. It also 
helped to assure for analysis a privileged role among the various 
branches of mathematics, 
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22. The "Algebraicization® of Analysis 


Teaching in the Ecole polytechnique led Lagrange to reflect again on 
the foundations of the calculus, and the need to provide his 
students with a textbook spurred him to publish his lectures as. the 
Théorie des fonctions analytiques in 1797. 

In this work Lagrange took up the considerations he had briefly 
treated in an earlier work (1772) concerning the ability to present 
the principles of the calculus in a systematic manner without making 
any reference to infinitesimals, evanescent quantities, differentials 
or limits. He instead stressed the need to reduce the calculus to 
simple algebraic manipulations of finite quantities. 

The object of the Théorie, as he declared in the subtitle to the 
work; was thus to present the theory of functions and the principles 
of. the differential calculus "freed from every consideration of 
infinitesimals, of vanishing quantities, of limits and fluxions, and 
reduced to the algebraic analysis of finite quantities." 

The volume begins with the following definition of a function: "We 
call a function of one or more quantities every expression of the 
calculus in which these quantities enter in any way whatsoever, 
mixed or not with other quantities that one takes as having given 
and invariable values, while the quantities of the function can have 
all possible values" (Lagrange, 1797, p. 1; 1813, p. 15). 

This definition recalls the one Euler had given in the Imtroductio in 
analysin infinitorum about forty years earlier, which Lagrange asserts 
was directly inspired by Leibniz and Johann Bernoulli. They "were 
the first to use it with this general meaning," he says, "and it has 
today been generally adopted" (1797, p. 2; 1813, p. 15). In the 
Introductio Euler had based the expansion of elementary functions 
into series on it. For Lagrange, as for Euler, this definition became 
the indispensable starting point for his entire theory. But Lagrange 
used it with even greater generality, since his next step is to show 
that any given function can be expanded as a series, 

He in fact writes, 


We therefore consider a function f(x) of any variable x. If in 
place of x we put x + i, i? being any indeterminate quantity 
whatever, it becomes f(x + 7) and, by the theory of series [my 
emphasis] we can expand it as a series of this form 


f(x) + pit qt rBe one, 


in which the quantities p, g, r, .., the coefficients of the powers 
of i, will be new functions of x, derived from the primitive 
function x and independent of the [indeterminate] quantity 7 ... 
(1797, p. 2; 1813, pp, 21-2), 

The formation and calculation of these different functions are, 
to tell the truth, the true object of the new calculus, that is to 
say, the calculus called differential or fluxional (1797, p. 2). 
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In seeking to base the infinitestmal calculus on an algebraic 
foundation, Lagrange first discusses the inadequacy of the earlier 
conceptions of the principles of the calculus. He concludes that "the 
true metaphysics" of the calculus lies in the fact that the errors 
resulting from neglecting infinitesimals of higher degrees were 
"corrected or compensated" by the procedures of the calculus 
themselves, when they were limited to infinitesimals of the same 
degree. 

This 1s also what we find in Euler and D’Alembert, Lagrange says, 
notwithstanding their attempt to confront the fundamental fault "by 
showing, through particular applications, that the differences one 
takes to be infinitely small must be absolutely zero and that their 
ratios, the only quantities that really enter into the calculus, are 
nothing other than the limits of the ratios of finite or indefinite 
differences" (1797, p. 3; 1813, p. 16). 

As for Newton, his idea of considering mathematical quantities to 
be generated by motion "to avoid the supposition of infinitesimals" 
seems much clearer to many, Lagrange says, 


because everybody has or believes he has an idea of velocity. 
But, on the one hand, to introduce movement into a calculus that 
only has algebraic quantities as its object is to introduce a 
foreign idea which obligates one to think of these quantities as 
the lines traversed by a moving body. On the other hand, it 
must be granted that we do not even have a really clear idea of 
what the velocity of a point is at every instant when this 
velocity is variable (1797, pp. 3-4; 1813, p. 17). 


Maclaurin’s Treatise on Fluxions (1742), Lagrange adds, shows very 
well how difficult it is to render this method rigorous. This is why 
in the Principia Newton preferred to substitute for fluxions the 
method of ultimate ratios between evanescent quantities, a method 
that, according to Lagrange, has the same defects of obscurity and 
imprecision as that of limits. 

From Lagrange’s point of view, attempts in the right direction 
were made by Landen (1719-1790) in 1764 and by Arbogast in a 
1789 paper that remained unpublished. Now, the aim of his work, 
Lagrange says, is to "consider the functions that arise from the 
expansion of any function whatsoever" (1797, p. 6) and to apply 
these "derived" functions to the resolution of the problems of 
analysis, of geometry, and of mechanics in which the differential 
calculus is involved. By freeing it from "every illicit supposition" 
and "all metaphysics" and basing it on the method of primitive 
functions and derivatives, Lagrange declares he is able to give to the 
solution of these problems "the rigor of the ancient demonstrations" 
(ibid.). Nevertheless, the crucial point in his entire construction is 
his assertion that it is possible to expand any function in a serics of 
ascending powers of an indeterminate increment /. 
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But, so as not to put anything forward without proof, we will 
begin by considering the form of the series that must represent 
the expansion of every function f(x) when one substitutes x + i 
in place of x, and which we have supposed must contain only 
integral and positive powers of i. 

This supposition is in effect verified for the expansion of the 
various known functions, but no one that I know has sought to 
demonstrate it @ priori, which to me seems nevertheless to be 
even more necessary, in that there are particular cases where it 
cannot occur (1797, p. 7; 1813, p. 22). 


In order to assure himself of the generality of his assumption 
about the expansion of a function f{x) in series, Lagrange shows 
that, when x and 7 remain indeterminate, the series cannot contain 
fractional or negative powers of i. Nevertheless, and this is the 
decisive point, there is not in fact any proof of the existence of such 
an expansion for any given function; there is only the fact that the 
series contains only positive powers of i, after which, "being thus 
certain of the general form of the expansion of the function f(x + 
i)" (1797, p. 8; 1813, p. 23), we see what each of its terms mean. In 
the first place we have 


f(x +f) = fx + IP, 


where P is a new function of x and i, 
f(x + i) — fx 
; . 


Separating P in so far as it is independent of i (which does not 
vanish when j = 0), and calling it p, he shows that 


P 


P=p+iQd 
and hence 
f(x +2) = fx + iP 
P=p+tid 
Q=qtiR 
ete. 


By repeating with Q the reasoning made on P and substituting, we 
have 
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f(x +i) = fx + iP 


=fx+ip+?0O 
(2.2.1) 
fx + ip + 2g + iR 


for which, Lagrange says, we can take 7 so small that any given term 
of the series will be larger than the sum of all the following terms. 
For Lagrange this proposition must be included among the main 
principles of the theory. 

There are questions about the procedure followed, Lagrange is 
quick to recognize, but these will fall to the wayside when the 
general form of the remainder of the series is given. He then makes 
a significant addition. 


Moreover, it is easy to see that the method which we have just 
given for successively finding the terms of the series that 
represents a function of x + i, expanded according to the powers 
of i, can only be applied, in general, to the expansion of a 
function of x and of 7 as long as this function can be reduced to 
a series that proceeds according to the positive and integral 
powers of 7; for the reasoning .. by which we have proved that 
every function of x + 7 is, generally speaking, capable of this 
form, cannot be applied to any function whatever of x and i. 
But, in the cases where this reduction is possible, [my emphasis] 
one can always apply to the series resulting from the expansion 
of the increasing powers of / the consequence that we have 
drawn ... (1797, pp. 12-3; 1813, pp. 29-30), 


This conclusion is certainly true, but clearly reveals the vicious 
circle in which Lagrange was moving. 

At this point in the Théorie Lagrange takes the crucial step, that of 
identifying the functions p, g, r,.. of the expansion by /f'x, (f"x/2), 
(f'''x/3), .., respectively, where f'x, f'x, f'''x, etc, are the 
successive derivatives of the function fx. 

The technique used is purely algebraic. In the series (2.2.1) he 
supposes that x becomes x + 0, where o is a quantity independent of 
i and indeterminate otherwise. When we proceed to calculuate f(x + 
i + 0), we obtain the same result when we substitute ij + o for ij as 
when we put x + 0 in place of x. 

In the first place we obtain, 


fx + pitoltaitovrtritort---, 


or, by expanding according to the powers of (i + 0), 
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3 


fx + pit q+ rid --- 


+ po + 2gio + 3ri7a0 + ++: 


In the second case, if we indicate by fx + f'xo + ---, p+ plo + 
‘+, @q@ +q'to+ +--+ the results of substituting x + o for x in the 
functions fx, p, g, .., we have, 


fx + pit qi tri + --. 
+ fixo+ pliotqior.--, 
Then by identifying the corresponding terms, we obtain 
p=f'x, 2q=p', 3re=q',.. 


From this Lagrange can deduce without difficulty, 


t pid 
p= f'x, g = , pee , 


where f'x, f'x, f'''x, etc. indicate the first, second, third, etc. 
derivatives of fx. This is the means by which Lagrange formally 
obtains the Taylor series of a function. In fact, by substituting into 
the expansion of the function f(x + i), we obtain 


(2.2,2) foe tive fx tifixs 2 ce; 


This new expression [Lagrange writes] has the advantage of 
showing how the terms of the series depend upon each other, 
and above all how, when one knows how to form the first 
derivative from any primitive function whatever, one can form 
all the derivative functions that the series contains (1797, p. 14; 
1813, p. 33). 


etc., 


toe ae 


There is no doubt that this is true if the function has the right 
properties,” but the delicate point consists precisely of supposing that 
every function is expandable as a series of the type (2.2.1), since the 
criteria for this expansion presuppose the existence of the 
derivatives of fx, which is what Lagrange instead secks to 
demonstrate, Moreover, as had already been known since the origins 
of the infinitesimal calculus, the crucial point is precisely to obtain 
f'x. 

The weakness of Lagrange’s argument did not escape the author 
himself, In the second edition of the Théorie (1813) he commented 
on this point, "Furthermore, for as far as one knows the differential 
calculus, one must see that the derivative functions y', y", y'!!, .., 
relative to x, coincide with the expressions df/dx, d’f/dx*, d3f/dx?, 
vw" (1813, p. 33), These words recall the tone that Leibniz had used 
to present the calculus of differentials in 1684. Whoever knows a 
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little geometry will know how to operate with the new calculus, 
Leibniz had then said. Whoever knows the first concepts of the 
calculus will immediately know what the derivative functions f'x, 
fix, . are, Lagrange now affirmed, with an air of certainty that 
was basically unfounded. 

Finally, in conformance with the spirit of the epoch, we do not 
find in Lagrange any attempt to assure himself of the convergence 
of the series (2.2.1). Moreover, Lagrange himself had commented on 
the use of series in analysis several years before, at the time of his 
solution to the problem of vibrating strings. In discussing the 
solution in trigonometric series that had been proposed by Daniel 
Bernoulli, he wrote, 


Now I ask if, every time that an algebraic formula is found 
for example in an infinite geometric series, such that 1 + x + x? 
+ x? + ---, one will not have the right to substitute 1/(1-x), 
although [my emphasis] this quantity is only equal to the sum of 
the proposed series by supposing that the last term x is zero. It 
seems to me that one cannot challenge the exactitude of such a 
substitution without overturning the most common principles of 
analysis (1760-61, p, 323). 


But, as would become clear to mathematicians at the beginning of 
the nineteenth century, the substitution is valid only when |x| < 1, 
which is what Lagrange meant when he said in the language of his 
time that x° is zero. 

The Théorie is presented, in Lagrange’s style, as a work of grand 
scope, an organic and rational systematization of both the knowledge 
of analysis obtained until then and original results. One of its most 
Significant new results is surely the remainder theorem, a "theorem, 
new and remarkable for its simplicity and generality” (1797, p. 49; 
1813, p, 83), according to which, in Lagrange’s symbolism, fx = f + 
xf! + (x7/2)f" + (x3/2.3)f'''u and, in particular, fx = f + xf'u, 
where f indicates the value assumed by the function at 0 and uw is 
any value included between 0 and x. 

At the time of its appearance the Théorie was accepted with 
general favor. It clearly inspired Arbogast, in his Calcul des 
derivations, and the young "polytechnicians" like Francoeur, Francais, 
and Servois to elaborate Lagrange’s ideas in a purely formal 
direction by developing an original calculus of operators, In 
England Babbage, Herschel, and Peacock, the organizers of the 
Cambridge Analytical Society, found Lagrange’s work to be an ideal 
point of reference for their critique of the Newtonian tradition in 
the calculus and for the development of purely analytical techniques 
for calculating with formal series and operators. 

Of course, there was no absence of criticism, as the numerous 
attempts to “give a rigorous demonstration of Taylor’s theorem" in 
France in the early years of the century implicitly testify (see also 
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§3.6). This theorem, as we have seen, constituted the keystone of 
Lagrange’s entire theoretical edifice. 

Notwithstanding the authority and the prestige of “the first 
geometer of the Empire," as Lagrange was called during the 
Napoleonic period, it was nevertheless clear that his attempt to give 
a rigorous and definitive systematization to the foundations of the 
calculus required further work. 

In addition, at the beginning of the century Lagrange’s theory of 
derived functions coexisted with the Leibnizian/Eulerian practice of 
using infinitesimals and differentials, which had never been 
abandoned. We can obtain an idea of the variety of views adopted 
at this time with respect to the principles of the calculus by 
studying the manuals that were then being used for teaching in the 
French schools. One of the most important of these, which was 
widely used for decades, was the summary edition of Lacroix’s 
monumental, three volume Traite’ du calcul différentiel et du calcul 
integral, the first edition of which appeared in 1797-1800. 

In this work, Lacroix presented both the Leibnizian/Eulerian 
method of differentials, the method of limits that had been given by 
D’Alembert in the Encyclopédie, which proclaimed that the "true 
metaphysics" of the calculus lay in the concept of limit, and 
Lagrange’s method of derived functions. Certainly the latter was 
much more rigorous in Lacroix’s eyes, but there is no doubt that in 
the practice of teaching and the calculus itself infinitesimals and 
differentials were more flexible and fruitful instruments, This is in 
substance what Lacroix again affirmed concerning the principles of 
the calculus in the 1810 edition of the Traité? 

But the very next year the Lagrangian theory was the object of a 
determined attack by Hoéne Wronski (1778-1853), a bizarre figure in 
mathematics and the founder of a philosophical movement called 
"messianism,” which took on the character of a religious sect. It was 
based on a revelation of the universal and rational "Absolute," whose 
manifestation was supposed to be Wronski himself. Although 
Wronski’s "philosophy" may seem peculiar to us, it seems to reflect 
the ideas that had been put forth by the Cult of the Absolute and 
the Cult of Reason during the Jacobin period. 

Wronski’s first attempt to apply his ideas to mathematics was set 
out in his Introduction a@ la philosophie de la math€matique et technie 
de l’algorithmie, which was presented to the Institute in 1811. The 
commissioners gave it a lukewarm approval, combined with an 
invitation to better clarify its arguments. 

In this work, after more than two hundred pages of philosophical 
and mathematical reflections, Wronski arrives at the statement that 
every function can be given in the form 


F(x) = ApQ(x) + A, Q(x) + AQ (x) tire, 


where the Q(x) are any functions of x and the determination of the 
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coefficients A, of the series depend on the determinants that are 
today called "Wronskian." The Introduction to this work contained 
an unveiled although attenuated criticism of Lagrange’s theory, 
which Wronski took up with considerably more vigor the following 
year in a work bearing the unequivocal title, Réfutation de la théorie 
des fonctions analytiques de Lagrange. 

Even though the "philosophical" arguments that Wronski adopted 
were nebulous and scarcely convincing, the criticisms that he 
brought against Lagrange’s ideas were penetrating. Lagrange’s 
theory, Wronski observed, is based on the following two assumptions: 


(22.3) f(x+i)=AtiB+PCr+.-. 
(2.2.4) f(x + i) = f(x) + iP. 


But, Wronski asks, from where do we obtain our knowledge of 
(2.2.3)? What allows us to suppose that such an expression is 
possible? And again: Lagrange asserts that (2.2.4) is true because it 
is verified for i = 0. But what can we say when / # 0? In the 
Théorie Lagrange writes that f'(x) is defined as the coefficient of 
the second term of the expansion (2.2.3), Wronski observes, "but this 
clearly does not mean anything; the nature of functions is not 
immediately given by their position in the series." 

In the face of these criticisms, it is certainly not surprising that 
the Réfutation was rejected by the two commissioners, Lacroix and 
Arago, who were assigned to review it. In response to Wronski’s 
impertinent work, Poisson (1781-1840), the brilliant and successful 
student of Lagrange at the Ecole polytechnique, hastened to publish a 
new "rigorous demonstration of the Taylor series and Taylor’s 
theorem" in number 3 of the Correspondence de l’Ecole polytechnique. 
This supposed that 


(2.2.5) f(x +h) = f(x) + ph? + gh> + rao t+ .-- 


where a, 5, c, ... are positive numbers and p, q, r, .. are functions of 
x. He then sought to prove that the series (2.2.5) is actually that of 
Taylor. 

But Poisson’s supposition "is only a petitio principti, "Wronski 
promptly objected, and his "demonstration" does not escape the same 
difficulties that encumbered Lagrange’s. 

Although Wronski’s critique was prompt and convincing, the 
solution that he proposed was vague and nebulous, Enmeshed in the 
obscure language of his "algorithmie," it was destined to be quickly 
forgotten with the rapid fall in the “philosophical” fortunes of its 
inventor. 

But rejecting Wronski’s arguments certainly did not mean adopting 
Lagrange’s point of view. As Wronski himself maliciously pointed 
out, a paper on generating functions and their applications to 
probability which Laplace read to the Institute in person in April, 
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1811 reviewed the recent advances in the calculus without devoting 
even one word to the theory of his illustrious colleague! 

At the same time, as we will see below, the adequacy of Lagrange’s 
entire theoretical framework was being questioned by Fourier 
(1768-1830), the prefect of the departement of Isére at Grenoble. In 
his works on the propagation of heat, Fourier had in fact asserted 
that a trigonometric series, and not a series of integral powers, could 
represent any function in a given interval. This, however, raised 
doubts on Lagrange’s part, as we read in the report on Fourier’s 
paper he prepared for the Institute (see below, §2.3b). 

The favor shown towards Lagrange’s theory of derived functions 
declined rapidly in the face of ever more specific and convincing 
criticisms of the use of infinite series in the absence of sufficient 
criteria to assure their convergence. The search for such criteria 
was the task to which the mathematicians of the nineteenth century, 
beginning with Abel and Cauchy, set themselves. 

The fortune of the Théorie is further shown by Serret’s preface to 
the third edition of 1847, where he lamented the fact that 
Lagrange’s work was "unfortunately little read in our days." But the 
demand for rigor in analysis, which was led above all by Cauchy, 
had in fact shown that the "algebraic analysis" of Lagrange was 
insufficiently rigorous in the eyes of mathematicians and an 
inadequate foundation for the infinitesimal calculus. 

Nevertheless, there is an element that Lagrange emphasized on 
various occasions which strongly characterizes the development of 
analysis in the nineteenth century -- its increasing independence 
from geometrical references and the consequent need to frame 
autonomous and coherent logical criteria, 

In the Traité de mécanique analytique, which remained a 
fundamental text for more than a generation of mathematicians, 
Lagrange emphasized, not without satisfaction, that 


You will not find any figures in this work. The methods that I 
present do not require cither constructions, nor geometrical or 
mechanical reasonings, but only algebraic operations [my 
emphasis], .. Those who love analysis will view with pleasure 
mechanics becoming a new branch of it, and will wish me well 
for having thus extended its domain (1788, pp. xi-xii). 


Lagrange retained the same point of view when he treated the 
foundations of the calculus and the theory of functions. His 
discussion remained on a purely algebraic plane, making no recourse 
to geometrical intuitions, as, for example, in order to "clarify" the 
meaning of the derivative. 

In this Lagrange can therefore be considered a coherent and 
knowing pioneer of a tendency that would become prevalent from 
the time of Cauchy. Even though the foundation he set out, the 
algebraic analysis of finite quantities, was found to be inadequate, 
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he was nevertheless moving on the same road, far from any 
reference to geometrical evidence, and directed towards finding in 
the framework of analysis, and exclusively in it, the deepest 
foundations, the "metaphysics" of the infinitesimal calculus. 


2.3. Fourier Series 


Lagrange’s Théorie des fonctions analytiques was, in a certain sense, a 
synthesis of cighteenth-century analysis, in the same way that his 
Mécanique analytique and Laplace’s Mécanique céleste had served as 
syntheses of their fields. Towards the end of the century there was 
a widespread conviction that mathematics was moving towards a 
kind of dead end, with no exit in sight. The many theories that had 
arisen in the course of the century had been extensively developed 
and the difficulties posed by the extreme complexity of the 
calculations seemed to be insurmountable. The dominant opinion 
was that everything there was to discover had already been 
discovered, that one could not go beyond the point reached by the 
Bernoullis, Euler, Clairaut, D’Alembert, Laplace, and Lagrange. 

Lagrange himself, for example, had written to D’Alembert on 
September 21, 1781, saying that, 


It seems to me that the mine [of mathematics] has already gone 
too deep, and that unless someone discovers new veins it will be 
necessary sooner or later to abandon it. Physics and chemistry 
now offer more brilliant riches and are more easily exploited; 
even the taste of the century seems to have entirely turned in 
this direction, and it is not impossible that the place of geometry 
in the academies will one day become like that which is 
currently occupied by the chairs of Arabic in the universities 
(Lagrange, Oeuvres 13, p. 368). 


This opinion was taken up with even more authority by J. B. 
Delambre (1749-1822), the secrétaire perpétuel of the section on 
mathematics and physics of the Institut de France. In his Rapport 
historique sur le progrés des sciences mathématiques depuis 1789 et leur 
état actuel, which he read to the Institute in February, 1808, he 
asserted that 


It would be difficult and rash to analyze the chances which 
the future offers to the advancement of mathematics; in almost 
all its branches one is blocked by insurmountable difficulties; 
perfection of detail seems to be the only thing which remains to 
be done. All of these difficulties appear to announce that the 
power of our analysis is practically exhausted (In: Kline, 1972, p. 
623), : 
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Among the "details" that remained to be perfected were two that 
only a man with Delambre’s optimism could consider as such. The 
first was the foundations of the calculus, a question that remained 
opened and current, even after the publication of Lagrange’s Théorie. 
The second was the related problem of the foundation of mechanics, 
and in particular the role of the "principle of virtual velocities," 
which Lagrange had used as "a kind of axiom" in the Mécanique 
analytique. 

In this work Lagrange had expressed his principle of "virtual 
velocities" as follows. If any system of material points or bodies 
subject to "any forces whatever" (puissances quelconques) is in 
equilibrium, and if we then subject the system to "any infinitesimal 
movement whatever" so that every point traverses an infinitesimal 
space, then the sum of the “forces" multiplied by the space the point 
traverses in the direction of the force is equal to zero, taking this 
direction as positive and that opposed to the "forces" as negative. 

Apart from the ambiguity in the use of the words "power" and 
"force" and the implicit use of the concept of "work," the problem 
here is the nature of the "principle" expressed in Lagrange’s 
statement. In addition, he uses the intuitive idea of an infinitesimal 
quantity, something that he had sought to banish from mathematics 
in the Theorie. 

In 1798, in an article that appeared in the Journal de I’Ecole 
polytechnique, Lagrange sought to explain his "principle" by using the 
principle of pulleys. In the same issue of the Journal R. de Prony 
(1755-1839), a professor of mechanics at the Ecole, gave a 
demonstration of it by applying the decomposition of circular 
movement (De Prony, !798). For his part, Fourier suggested using 
some other "principle" whose nature was more immediately intuitive 
and clearer as the foundation of mechanics, such as the principle of 
the composition of forces. 

Carnot also joined in the discussion with his work on the Principes 
foundamentaux de Véquilibre et du mouvement of 1803. A few years 
later Poinsot (1777-1859) and Ampére (1775-1836) also called attention 
to the principle, the first in the context of a long paper on the general 
theory of equilibrium and the movement of rigid systems (Poinsot, 
1806), the second with a "demonstration" of the principle that did not 
make any use of infinitesimals (Ampere, 1806).4 

This lively discussion over the principles of mechanics in the early 
years of the century thus ended by entwining itself with the 
question over the foundations of the calculus, which was no less 
challenging and in many respects more important. This is a 
fundamental point if we want to fully understand the nature of the 
debate over the foundations of analysis that took place at this time, 

It is customary in presenting the history of the infinitesimal 
calculus during the early years of the nineteenth century to omit any 
reference to the problems involved in the debate over the "principle 
of virtual velocities." In my view, this is a serious historical error, 
It is wrong to introduce interpretative categories that are common 
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today, such as the distinction between "pure" and “applied” mathematics, 
into periods of mathematics where they do not apply. This distinction 
did not exist at this time, and would not do so for several decades to 
come. In addition, the "polytechnical" training of the French 
mathematicians pushed them towards a unified conception of science. 

This conception also seems to animate the exhortation with which 
Delambre concludes his report. Notwithstanding the "insurmountable 
difficulties” which the future seems to hold for mathematics, "the 
spectacle of analysis and mechanics in our time" convinced Delambre 
to express the hope that "the generations to come will not see 
anything impossible in what remains to be done." This wish was to 
be splendidly realized in the extraordinary development of 
mathematics during the immediately following years. 


2.3.a. Fourier’s Equation for Heat Diffusion 


A little less than two months before Delambre read his report to the 
Institute, Fourier had presented it with a long paper that sought to 
confront one of the things "that remained to be done” -- to study in 
a mathematical way the propagation of heat in bodies. This was a 
problem of great theoretical and practical interest, which had 
attracted the interest of many physicists, mathematicians, and 
practical "technicians" toward the end of the eighteenth century. 

There is no doubt that at this time heat was coming to be seen 
ever more clearly as a form of energy which could be used as an aid 
in production. For confirmation we need only look to the increasing 
use of steam engines in industrial processes, especially in England 
and France. But if it is the practical interests that are best 
expressed in the English textile mills, it is the theoretical aspect that 
particularly engaged the French scientists. 

In 1784 Laplace and Lavoisier (1743-1794) published a joint paper 
containing the results of the experiments they had conducted to 
determine the specific heat of various substances. Some time later, in 
1804, J. B. Biot (1774-1862), a student of Laplace, published his Mémoire 
sur la propagation de la chaleur in the Journal des Mines. At the same 
time Fourier began to occupy himself with the question, but in a 
completely original manner. His researches were to become a source of 
discussions and results in analysis for several decades through the 
works of men like Dirichlet, Riemann, Heine, Cantor, and Lebesgue. 

The studies undertaken by Fourier thus seemed, in a certain sense, to 
confirm the prophetic words which Condorcet had written in 1781. 
Objecting to Lagrange’s view that it would soon be necessary to 
abandon mathematics as a mine whose riches had been exhausted and 
search out new paths for the advancement of knowledge, he wrote, 


we are far from having exhausted all the applications of 
analysis to geometry, and instead of believing that we have 
approached the end where these sciences must stop because they 
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have reached the limit of the forces of the human spirit, we 
Ought to avow rather we are only at the first steps of an 
immense career. These new [practical] applications, 
independently of the utility which they may have in themselves, 
are necessary to the progress of analysis in general; they give 
birth to questions which one would not think to propose; they 
demand that one create new methods. Technical processes are 
the children of need; one can say the same for the methods of 
the most abstract sciences. But we owe the latter to the needs of 
a more noble kind, the need to discover the new truths or to 
know better the laws of nature (In: Kline, 1972, pp. 623-4), 


A similar view of the development of mathematics animated 
Fourier. His point of view is clearly expressed in the Discours 
préliminaire that opens his Théorie analytique de la chaleur. “Primary 
causes are unknown to us," he writes, "but are subject to simple and 
constant laws, which may be discovered by observation, the study of 
them being the object of natural philosophy" (1822, p. xv). 

Through the works of Newton, he continues, we have found the 
laws that regulate the entire system of the universe. But these laws, 
in spite of their vast applications, do not explain phenomena "of a 
special order" that are observed in "the effects of heat." 

Fourier wrote that, following a prolonged and attentive study, 


I have concluded that to determine numerically the most varied 
movements of heat, it is sufficient to submit cach substance to 
three fundamental observations. Different bodies in fact do not 
possess in the same degree the power to contain heat, to receive or 
transmit tt across their surfaces, nor to conduct it through the 
interior of their masses. These are the three specific qualities 
which our theory clearly distinguishes and shows how to measure 
(1822, p. xvi f.). 


Fourier is well aware of the practical applications of his results 
and writes, "It is easy to judge how much these researches concern 
the physical sciences and civil economy, and what may be their 
influence on the progress of the arts which require the employment 
and distribution of fire" (1822, p. xvii), where the word "arts" here 
has the meaning generally associated with the phrase “arts et 
métiers," which originated in the sixteenth century. 

These researches, moreover, have a "necessary connection with the 
system of the world," but the object of a true and proper theory is 
analytic by nature. This point is fundamental to Fourier’s entire 
theoretical approach: once a certain number of observations have 
been obtained by means of experimental observations, it is necessary 
to translate the relations between them into a mathematical form, and 
more precisely, into differential equations. This is the path that 
must be followed in order to advance our knowledge of nature. 
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The differential equations of the propagation of heat [Fourier 
writes] express the most general conditions, and reduce the 
physical questions to problems of pure analysis, which is the 
proper object of theory. .. 

After having established these differential equations their 
integrals must be obtained; this process consists in passing from 
a common expression to a particular solution subject to all the 
given conditions. This difficult investigation requires a special 
analysis founded on new theorems. .. The method which is 
derived from them leaves nothing vague and indeterminate in 
the solutions, it leads them up to the final numerical 
applications, @ mecessary condition of every investigation, 
without which we should only arrive at useless transformations... 

The profound study of nature is the most fertile source of 
mathematical discoveries. Not only has this study, in offering a 
determinate object to investigation, the advantage of excluding 
vague questions and calculations without issue; it is in addition 
a sure method of forming analysis itself, and of discovering the 
elements which it concerns us to know, and which natural 
science ought always to preserve: these are the fundamental 
elements which are reproduced in all natural effects (1822, p. 
xxi f.), 


From this follows the conclusion that retains a certain interest 
even today, when mathematics seems to venture into regions ever 
farther removed from reality: "Considered from this point of view, 
mathematical analysis is as extensive as nature itself" (1822, p. xxiii). 

In the first chapter Fourier takes up these same themes, writing in 
the very first lines, 


The effects of heat are subject to constant laws which cannot 
be discovered without the aid of mathematical analysis. The 
theory that we are about to explain has as its object the 
demonstration of these laws; it reduces all physical researches on 
the propagation of heat to problems of the integral calculus 
whose elements are given by experiment. No subject has more 
extensive relations with the progress of industry and the natural 
sciences [My emphasis] (1822, p. 1). 


The Théorie analytique appeared in 1822 when Fourier was the 
secrétaire perpétuel of the reestablished Académie des sciences. In 
reality it constitutes the extension and completion of an earlier 
memoir that Fourier had presented to the /ustitut de France in 1807, 
which remained in manuscript and has only recently been published 
(Grattan-Guinness, 1972), 

The object of this investigation, Fourier writes, is the propagation 
of heat, concerning whose nature we can only advance "uncertain 
hypotheses" consistent with the philosophical approach outlined in 
the Discours préliminaire. But "the knowledge of the mathematical 
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laws to which its effect are subject is independent of every hypothesis" 
(1822, p. 15) and requires only the accurate examination of 
experimental facts, Fourier’s researches, nevertheless, are rich in 
implications and results that go well beyond the theme proposed, They 
constitute a substantial amplification of the physico-mathematical 
domain that ever since Newton’s time had been coextensive with 
rational and celestial mechanics. 

In the introduction to his edition of Fourier’s manuscript, 
Grattan-Guinness writes, 


By Fourier’s time, the mathematical analysis of physical 
problems was largely based on the construction of a partial 
differential equation representing the phenomena under 
investigation together with initial and boundary conditions, 
Fourier enriched and modified this procedure in a variety of 
ways that have been important ever since. Firstly, he 
distinguished between two kinds of physical behavior -- action 
at an "interior" point and action on a “surface” boundary of the 
material involved -- and formulated separate equations for them. 
Secondly, he expressed these equations in a coordinate system 
appropriate to the geometrical and physical symmetry of the 
problem at hand... . Thirdly, he added to the interior and 
surface equations explicit statements of initial conditions which 
would allow the calculation of the unknown constants of the 
solution and hence give a complete description of the 
phenomenon under analysis. (Grattan-Guinness, 1972, p. vii) 


In integrating the differential equations he obtains, Fourier makes 
considerable use of trigonometric series, opportunely determining the 
coefficients (the "Fourier series"). Series of this type had already 
been known in mathematics, as we have already seen, but "without 
the background of the physical phenomenon, these questions would 
have remained mathematical curiosities; .. in Fourier’s work, 
advances in mathematical physics and advances in mathematical 
analysis were intimately connected, providing mutual stimulus and 
reinforcement" (Grattan-Guinness, 1972, p. viii), 

But the mathematical part of Fourier’s 1807 paper, and in 
particular his use of trigonometric series, provoked objections from 
the members of the Institute who had been appointed to judge it 
(Lagrange, Laplace, Monge, and Lacroix).® 

Fourier replied to these objections in an article on the convergence 
of trigonometric series that he sent to Lagrange himself,® as well as 
in a note on the same argument that he sent to the Institute in 1808. 

The question of the propagation of heat still remained open. In 
accordance with the customs of the period, in 1811 the Jnstitut de 
France announced a prize for the following problem: "Provide a 
mathematical theory of the laws of the propagation of heat and 
compare the results of this theory with exact experiments" (In: 
Fourier, Oeuvres 1, p. vii). 
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Fourier participated in the competition and was awarded the prize, 
but he again encountered objections from the viewpoint of rigor, as 
we read in the report the judges presented to the Institute: 


This work contains the true differential equations of the 
transmission of heat, both in the interior of bodies and at their 
surface; and the novelty of the subject, combined with its 
importance, has caused the Class [of mathematical and physical 
sciences of the Institute] to award it the prize, observing, 
however, that the manner in which the author arrives at his 
equations is not without difficulties, and that his analysis, to 
integrate them, still leaves something to be desired both as 
regards generality and rigor (In: Fourier, Oeuyres 1, p. vii). 


This is probably the reason why the prize-winning paper, contrary 
to custom, was not published and appeared in print only in 1824 and 
1826 when, as had been said, Fourier was himself the secrétaire 
perpétuel of the Académie des sciences.’ A brief note on his initial 
researches in the memoir of 1807 was published by Poisson in the 
Bulletin de la Société philomatique, but it was not particularly 
enthusiastic. 

Fourier’s first approach to the problem of the propagation of heat 
between discrete bodies dates from the early years of the century 
and is represented in a series of papers that culminated in the 
published volume of the Théorie. His first model was very simple, 
consisting of two bodies of equal masses and different initial 
temperatures that exchange heat at infinitely small distances, This 
model was then extended to nm bodies. Fourier resolved the problem 
without any particular difficulties, both for when the n bodies are 
arranged in a straight line and when they are on the circumference 
of a circle, 

Using the theoretical approach common at the time (which we have 
already seen Lagrange use for the vibrating string) the next step 
would have been that of taking n to infinity to find the solution for 
the corresponding continuous bodies, in this case a rectilinear bar or 
a ring, 

But in his initial research, apparently about 1802-3, Fourier 
stopped at this point, and did not consider the extension to 
continuous bodies. Instead, he seemed to completely abandon the 
question until he was stimulated to take it up again by a work J. B, 
Biot sent him in 1805. 

Biot had obtained certain experimental results on the propagation 
of heat and had sought a mathematical theory for organizing them. 
Adopting a Newtonian approach,® in which the loss of heat from a 
body to its surroundings is proportional to their difference in 
temperature, Biot introduced two _ different coefficients of 
conductivity, one for the conduction of heat within the body and 
one for that with the external environment. 

Biot considered the case of a bar heated at one of its extremities, 
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Every point in the bar then receives heat from every "preceding" 
point and transmits it to those "following," while at the same time 
losing heat to the exterior, In a situation of thermal equilibrium the 
phenomenon could be represented by an ordinary differential 
equation of the second degree, but when the temperature is variable 
there is a net difference between the interior and the exterior that 
can be expressed by a partial differential equation. 

This is Biot’s reasoning, but he did not actually present an equation as 
such. In seeking to explain his motives, Grattan-Guinness suggests that 
"the reasons are traceable to his philosophical views on physics, where 
he followed Laplace in regarding all physical phenomena as the 
products of Newtonian actions between nearby, but not necessarily 
ad jacent, molecules" (Grattan-Guinness, 1972, p. 84). 

This was the view that Laplace had presented in his Exposition du 
systeme du monde (1794) and again in vol. 4 of his Mécanique céleste 
(1804). Laplacian physics was of course dominant in France at this 
time.® On the other hand, Biot himself clarified his approach ten years 
later, explaining that in his earlier work he had given only "the 
structure of the formulae without proof" because of his dissatisfaction 
with "the difficulty of analysis regarding homogeneity." 

Biot again clarified what he meant by this, saying, "When we come to 
form this equation, we find that the laws of homogeneity which govern 
differentials cannot be satisfied if we suppose that cach material and 
infinitesimally small point of the bar receives heat only by contact with 
the point which precedes it and transmits it only to the point which 
follows it. This difficulty can be set aside only by assuming, as M. 
Laplace did, that a particular point is influenced not only by those that 
touch it but also by those that are only a small distance away from it, ahead 
and behind [my emphasis]. Then homogeneity is reestablished, and all 
the rules of the differential calculus are observed" (Biot, 1816, IV, pp. 
667-8; trans, Truesdell, 1980, p. 50). 

Biot wrote this long after Fourier had presented his prize-winning 
paper to the Institute. Biot limited himself to remembering this in a 
note, writing that Fourier "reproduced the partial differential 
equation” [my emphasis]. On the other hand, when Biot published 
his Traite, the discussion over the nature and propagation of heat 
was as lively as ever. 

In 1815, inspired by Laplace’s ideas, Poisson presented a long paper 
to the Institute on the propagation of heat in solids. This was 
followed by the publication of articles and notes in the Journal de 
physique and the Bulletin de la Société philomatique. For his part, 
Fourier expounded his ideas of heat as a fluid in various articles 
that appeared in the Annales de chemie et de physique, and claimed 
his own priority in the most polemical fashion by writing, “Poisson 
has too much talent to apply it to the work of others, or to use it to 
discover what is already known to others." The rivalry between 
Poisson and Fourier was more or less latent, but never lessened. 
Whereas Fourier collected his own results in a systematic manner in 
the Théorie, Poisson’s research culminated in his Théorie 
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mathématique de la chaleur of 1835, which was enriched by a large 
supplement in 1837.30 . 

In this climate, it is difficult to competently evaluate Biot’s 
justifications for his initial uncertainties, or the influence of his 
early work on Fourier. However, it is highly probable that Fourier 
took the idea of internal and external conductivity and of different 
coefficients of conductivity for each from Biot’s article of 1805. But 
unlike Biot, Fourier considered a transverse section of the bar, of 
width dx, whose temperature was influenced only by the sections 
adjacent to it and by the atmosphere in contact with the exterior 
surface of the section. Using these hypotheses, and indicating the 
external and internal coefficients of conductivity with # and k 
respectively, he obtained 

k a h 0 
dx a 


an equation that is still dishomogeneous, but which becomes 
homogeneous with the simple substitution of k/dx in place of k. 
The motivation for this lies in the fact that the ability to conduct 
heat increases when the size of the section is decreased. Thus 
. ut ht =0 
dx? 7 


whose integral is 


t= Mehl 4 Nexvb/k , 


where Mf and N are arbitrary constants. 

From the physical nature of the problem (the propagation of heat 
along an infinite bar), ¢ must become infinitely small as x increases 
(and therefore N = 0). If we set as the initial conditions, x = 0, ¢ = 
A, then the solution is given by 


t = AenxVh/k, 


In presenting this result, Fourier only mentions Biot’s research. 
Taking up the question of the change in temperature over time 
(which Biot had simply stated and not actually studied), and 
indicating the temperature with yv, Fourier obtained in a like 
manner 


This is the equation that Fourier had found for the case of the 
infinite bar in his manuscript of 1805, while for the plate the 
equation of the propagation of heat is 


F (= Q2y dy 
——_ + ——_ —_ =e 
ax? aye) ar? 
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and for a solid body, 
ay a2y = ap dy 

2.3.1 koa t ort S| -hy=—. 

( ) Ox* ay? @z? Ot 

But in both the memoir of 1807 and in the edition of the Theorie 
the term — Ay is (correctly) omitted. What is the significance of this 
omission? 

Fourier took into account the fact that the dispersion of the heat 
of the body (on which the factor — hy depends) involves only the 
molecules at the surface of the body and not those in the interior. 
In fact, as a comment to (2.3.1) Fourier adds the following note: 


When we better know from the results of experiments what -this 
property is that all bodies have to spontaneously dissipate a part 
of their heat, we will know whether the last term hy should 
enter into the equations relative to the interior of the body or 
only into the equations that relate to their surfaces (Grattan- 
Guinness, 1972, p. 111 n, 6). 


This distinction was to become of great importance in physics. 
Through it, Fourier was in a position to obtain the general equation 
for the propagation of heat within a body, reserving for a later time 
the study of the conditions relating to the surface. In article 27 of 
the 1807 paper, relative to the general equation for the movement of 
heat, we read: 


The equation just obtained represents the successive states of 
any solid whose different points are constantly changing 
temperature. The coefficient 4, which is the measure of the 
exterior conductivity, does not enter into this equation at all, 
But it remains to express the situation relative to the surface, 
which will be explained in the rest of the paper. It is in this 
part of the calculation that the coefficient 4 is introduced. The 
general equation for the propagation of heat in solids is thus the 
following: 

Op K a2y ap Qty 

a CD [a * ay? * a 
where v is a function of the three coordinates x, y, z and the 
time ¢, K is the measure of the conductivity of the substance of 
which the solid is formed, and D is its density. The true 
meaning of this equation lies in the fact that the function y 
must satisfy the general condition that is expressed by it. But 
independently of this general condition, in all cases there are 
many other special conditions that depend on the shape of the 
body, the nature and state of the surface, the action of one or 
more souces of heat (foyers), and of various other circumstances 
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that can present themselves in individual questions (Grattan- 
Guinness, 1972, p. 126-7). 


2.3.b. The Introduction of Trigonomctric Series 


In seeking to integrate equation (2.3.2) Fourier begins by treating 
the case of a rectangular lamina of infinite length (which is why 
the term 67y/@z? is missing in (2.3.2)). He initially considers the case 
of "stationary temperature," that is, the situation of thermal 
equilibrium (which implies 0v/df = 0), As a boundary condition he 
simply requires that the temperature be 1 at the extremities of the 
lamina and O at its two sides. Thus we have to first integrate the 
equation 


ay = ay 
a2 tT a2 
Ox ay 
which Fourier does by using the method of the separation of 
variables. That is, he supposes that 


v= Oxy), 


from which, by differentiating, 


(2.3.3) = 0, 


O'(x)Oy) + OCx)¥"(Y) = 9, 


or, 


x) Wy) 


g(x) WO)” 
where A is a constant. 
We see from this [Fourier writes] that we can take for $(x) a 


quantity of the form e™ and for ~(y) the quantity cos(my). Then 
by supposing 


y = ae™cos(ny), 


and substituting into the proposed, we will have the equation of 
condition 


. [which] will always be satisfied if we take for the value of v 
the quantity ae™*cos(ny) or ae™*cos(ny) (Grattan-Guinness, 1972, 
p. 137-8). 


Discarding the first for physical motives relative to the nature of 
the problem (vy would become infinitely large as x increases), 
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we then reduce the preceding solution to vy = ae™*cos(ny), n 
being any positive number whatever and a an indeterminate 
constant. We will then form the general solution by writing 


nx “Ny as 
v= aye cos My tae “cosnyyt +--+ (ibid. p. 138). 


In order to completely determine the solution it is consequently 
necessary for Fourier to determine the pair of infinite arbitrary 
constants 


By, Ags wry Ayy om 


Myy Mos ony My ves 


To find the n,, Fourier uses the condition that on both sides of the 
lamina the temperature be zero. He further supposes that it is 
possible to "cut" the lamina longitudinally along the x axis into two 
equal parts, and in addition requires that half the width of the 
lamina be 1. This, for every value of x, must make y = 0 when y = 
1 and y = —-l, which implies that the constants Hys Moy wey Myy ns are 
equal to the odd multiples of a fourth of the circumference, that is, 
AM, = 1/2, ny = 31/2, ..., ete. 

In order to find the constants a,, Fourier utilizes the remaining 
condition, that is, that » = 1 for x = 0 for any whatever y. This 
leads to the equation 


Tt 37 ST 
(2.3.4) 1 = a,cos > y + a,cos > y + a,cos 5 tires, 


which, by setting $my = u, can be written 
(2.3.5) ] = a,cos u + a,cos 3u + a,cos Su + --: 


with uw included between —m/2 and 7/2. 

In order to determine the coefficients, Fourier considers the series 
(2.3.5) and its derivatives, obtained by differentiating the series term 
by term, and sets wu = 0. This leads to the equations 


ao 


l= Ef 
ker Ok 

O= f — 1)? 
wey O* yay 

O= © (2k-1)4 
we, "a, 


aa) 


that is, to a system of infinite linear equations in infinite unknowns 
(the coefficients a,). This is how Fourier intends to resolve the 
system: 
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The indeterminate ay, for example, will have one value for the 
case of two unknowns, another for the case of three unknowns, 
and so on for four, etc. It will be the same for the 
indeterminate a,, which will have as many different values as 
many times as one makes the elimination. All of the other 
indeterminates are likewise susceptible to an infinity of 
different values, Now, the value of one of these unknowns, for 
the case where their number is infinite, is the limit towards 
which the different values that arise from the successive 
eliminations continually tend (Grattan-Guinness, 1972, p. 149), 


In other words, Fourier proposes to consider only the first k 
equations in k unknowns, for finite k. For example, to determine 
the value of the coefficient a,, he resolves the system by successively 
eliminating the unknowns day, ... , a, and consequently obtaining the 
values of the remaining k — 1 unknowns, Ay, «. , dy, relative to the 
first kK equations, Finally, passing to the limit as & tends to infinity, 
he obtains the "true" values of the coefficients,!! 

In this way he finds the following expression for the coefficient ay 

3-3-5-5.-7-7-9.9. J). 11-13-13. 
1°24 -4-6-6-8-8- 10-10-12. 12-14, 
which, from Wallis, is known to be equal to 4/7. 

Substituting the values obtained for a, into the system and 
obtaining the values of a,, a,, etc. by a similar procedure, Fourier 
finds the following expressions for the coefficients: 


2. 2/n 2/T 
ap= 2-75 aga 2S ag= 2 3 
2/1 
a,= 72 - 2/m ete. 
7 
from which, finally, we find, 


1 1 1 
(2.3.6) A = COS u — 3 08 3u + 5 0S Su +e. 


Fourier continues, 


Since these results seem to stray from the ordinary 
consequences of the calculus, it is necessary to examine them 
with care and to interpret them in their true sense. 

We consider the equation 


1 1 1 
= cos u—- — cos 34 + — cos 54 -— cos 7u + -:- 
¥ 3 5 7 


as that of a line where u is the abscissa and y the ordinate. We 
have already scen from the preceding remarks that this line must 
be composed of the separate parts aa, bb, cc, dd, .. where each 
one is parallel to the axis [of the abscissa] and equal to half the 
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circumference. These parallels are placed alternately above and 
below the axis at a distance of 1 and joined by the perpendiculars 
ab, cb, cd, ed, .. , etc., which are themselves part of the line [my 
emphasis]. 

In order to form an exact idea of the nature of this line, ‘it is 
necessary to suppose that the number of terms of the function 


l ! ] l 
cos u — 7 cos 3u + © cos Su = 7 cos Tu + 5 cos 9u tee 


has at first a determinate value. In this case, the equation 


] 1 l ] 
(2.3.7) y= cos u —-—cos 3u + 5 008 Su - 7 cos 7u + 9 cos 9u --- 


belongs to a curved line that passes alternately above and below 
the axis, cutting it every time that the abscissa'u becomes equal 
to one of the quantities + $ Qt. + 3 t.. + 5 t.. ete. AS 
the number of terms of the equation increases, the curve which 
it represents tends more and more to approximate the preceding 
line composed of parallel straight lines and perpendicular 
straight lines (ibid., pp. 158-9). 


The figure which Fourier has in mind, but which he does not 
draw, is the following (Figure 2): 


Figure 2 


From the modern point of view, this drawing certainly does not 
represent a function, unless one thinks of it as a discontinuous curve, 
that is, without the perpendicular segments ad, cd, ed,..., which Fourier 
himself expressly considers to be integral parts of the curve. 

This leads to the delicate and difficult question of the continuity 
of a function, a concept about which the ideas of mathematicians at 
the beginning of the nineteenth century became very confused. 

Even Fourier’s own approach oscillates between that of the 
classical, Leibnizian acceptance of continuity and a position closer to 
the "modern" view. The so-called "genetic" description which he 
gives of the function (2.3.7) clarifies what his initial point of view 
was: that y is considered to be-a function of u and m (the number of 
terms taken in the expansion of the series) and therefore that the 
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curve of Figure 2 is thought of as the "limit", as m increases 
indefinitely, of a succession of continuous curves, each one 
corresponding to 


] 1 
y = cos X — — cos 3x + +--+ — —— cos(2m — 1)x 
3 2m — | 
for every integral value of m, 
The same observations, Fourier says, apply, for example, to the 
graph of the function given by the series 


1 1 
(2.3.8) sin x — 5 sin 2x + 3 sin 3x — eee 
which, from Euler, is known to converge to x/2. 


In general [Fourier writes], these series present themselves, and 
it is easy to form them by various means; but the essential point 
[my emphasis] is to identify the limits within which one can 
take the value of the variable. For example, the equation given 
by Euler [2.3.8] occurs only so long as the value of x is within 0 
and m@ or within 0 and —7. For all the other values of x the 
second term has a determinate value very different from x/2., 

One must use considerable care in the calculations that produce 
these series if the limits beyond which the equation ceases to 
exist are not known, In fact, since these [limits] are not the 
same for all equations, one can obtain very erroncous results by 
combining different series. It is this observation that explains 
the contradictory consequences that arise in combining different 
series of sines and cosines (Grattan-Guinness, 1972, p. 169). 


This was one of the points about which Lagrange raised objections. 
In reply, Fourier wrote him a private communication showing that, 
by substituting m — x for x, the convergence of the series 


t-x 1. 1. 
(2.3.9) — =sinx+-sin2x+-sin3x+--- 
2 2 3 


follows from that of (2.3.8). Lagrange must have objected that, by 
differentiating (2.3.9) you obtain the series 


J 


= cos x + cos 2x + cos 3x +:-:-, 


and then by integrating it 
] ] i 
C--x=sin x +—-sin 2x +7-sin 3x +-+--., 
2 2 3 
Then setting x = 0 (which implies C = 0), you have the series 
] l 1 
—-x=sin x +—-sin 2x + -sin 3x +--:, 
2 2 3 


which disproves Fourier’s result. 
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Fourier, however, observed that the value x = 0 does not render 
(2.3.9) valid, as is easily verified by a substitution, and this answers 
Lagrange’s observation. 

This is the way in which Fourier treats infinite series. He does 
not have at his disposition any sufficient criterion to guaranteé the 
convergence of a series and therefore calculates the first m terms 
directly, using the tricks of elementary trigonometry or the 
techniques of the infinitesimal calculus, and then takes it to the 
limit as m grows to infinity. 

In its substance, this approach is radically different from that of 
the eighteenth century. Fourier utilizes the enormous body of results 
on numerical series obtained by sixteenth- and seventeenth-century 
mathematicians to find confirmation of general results in particular 
cases, but he pioneers in the care with which he poses the question 
of the convergence of infinite series, and consequently also the way 
he defines its sum. 

What distinguishes Fourier’s approach from that later used by 
Cauchy, which is now standard, is the absence of existence criteria 
for the limit that gives the sum of the series. In order to know if 
a series converges, Fourier has no other way than to show concretely 
what the sum is by using a suitable process of calculation. The 
physical nature of the problems he treats assures him of "excluding 
vague questions and calculations without aim," as he writes in the 
Discours préliminaire to the Théorie (1822). 

Thus equation (2.3.7) presents itself to him in the search for 
integrating the differential equation that gives the propagation of heat 
inalamina. But the study of the nature of this equation and of others 
like it appears to him to be "the true core of the question." 

"It follows from my research on this subject," Fourier writes, "that 
even discontinuous arbitrary functions can always be represented by 
expansions into sines or cosines of multiple arcs [ie. a sine or 
cosine series] .. A conclusion that the celebrated Euler always 
rejected" (Grattan- Guinness, 1972, p. 183). 

"The expansions in question thus have this in common with partial 
differential equations," Fourier adds, "that they can express the 
properties of completely arbitrary and discontinuous functions. It is 
for this reason that they arise naturally in the integration of these 
latter equations" (ibid., p, 185). 

What does Fourier mean here by the "discontinuity" of a function? 
Surprisingly, the first example of a "discontinuous line" is that of 
the line aa, bb, cc, .. of Figure 2 without reference to the 
perpendicular segments ab, bc, cd, .. . This corresponds to the 
"modern" definition of continuity (and of discontinuity) that Cauchy 
gave in 1821, 

We could certainly understand the. contrasting conceptions of 
continuity that are found within the space of, a few pages if, as 
Fourier states in a note at the end of this section of the manuscript, 
his work had been "frequently interrupted and the calculations made 
at various times." But the great ambiguity and theoretical oscillation 
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between the old and new conceptions remain when he immediately 
afterwards declares that a "discontinuous" line is "composed of arcs 
of parabolas and segments of a line." This is entirely consistent with 
Euler’s old definition. The approach presented in the definitive 
version of the Théorie is no different. 

Thus, for example, in studying the propagation of heat in a bar, 
when he obtains the expression 


2 f COS qx 
nt 
for the initial state ¢ = 0, he commenis: 


ol4+q@ 4 


It follows that the line whose equation is 


m’o 1+ q? 

is composed of two symmetrical branches which are formed by 
repeating to the left of the axis of y the part of the logarithmic 
curve that is on the right of the axis [of y], and whose equation 
is y = e*, We see here a second example of a discontinuous 
function expressed by a definite integral. This function, 
(2/m) [5(cos gx)/(1 + q*)dq, is equivalent to e* when x is positive, 
but it 1s e* when x is negative (1822, pp. 395-6). 


At this point Darboux, the editor of Fourier’s Oeuvres, justly 
comments: "This is not a truly discontinuous function, but rather a 
function expressed by two different laws according to whether the 
variable is positive or negative" (Fourier, Oeuvres 1, p. 396 n. 1). 

Within the margins of this ambiguity we can place Fourier’s claim 
to be able to expand “entirely arbitrary and discontinuous functions" 
into series of sines and cosines of multiple arcs, In order to 
accomplish this, he first expands a function that contains only the 
odd powers of the variable and that can consequently be thought of 
as expandable into a series of odd powers of x. If we indicate this 
function with (x), the problem consists of finding the coefficients 
a, b, c, d,.. of the expansion 


O(x) = asin x + bsin 2x +esin 3x +d sin4x +... 


After a long and complicated analysis, he finally arrives at the 
"remarkable result" given by the equation 


1 
5 mo(x) = sin x fsin xO(x)d x 
(2.3.10) + sin 2x f sin 2xO(x)dx + --- 
+ sin ix f sin IxP(x)dx t+, 


where the integrals of the second member are taken between x = 0 
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and x = 7. In this case, Fourier concludes, the series always gives 
the required expansion for the function (x). 

Having based his construction of the representation by a sine 
series on a process of elimination obtained by confronting two 
series, that of the expansion of (x) into a Taylor series and the 
series a sin x + b sin 2x + ¢ sin 3x + ---, it can appear, Fourier 
says, that the result is limited to odd functions. 

To show that this is not the case he immediately shows that (2.3.10) 
is valid for any function (x). 

He therefore sets 


(2.3.11) (x) = 2S a, sin ix 
i= 


and finds the coefficients a,. 

To do this he multiplies both members of (2.3.11) by sin nx and 
tacitly assumes, as was then usual, that the series is integrable term 
by term. Integrating from 0 to 7 he obtains: 


Tt . re 
f d{(x)sin nx dx = E a, f sin ix sin nx dx. 
0 i=l 0 


It can be easily shown, Fourier says, that!” 


Tt 
(1) the integral J sin ix sin nx dx = 0 fori #n, 
(2) the value of the integral is m/2 for i =n. 


It follows that the coefficient a; is given by the integral 
Tt Tt 
5 4 J (x) sin ix dx 


in accordance with (2.3.10). 

By using a similar analysis Fourier proves that one can also 
expand any function whatever into a series of cosines of multiple 
arcs. In fact, taking 


(2.3.12) dx) = 2 a, COs ix 
i= 


to determine the coefficients a. he proceeds in a similar manner to 
that just seen, multiplying both members by cos nx and integrating 
from 0 to m. Since 


1 0, for i#n 
i) cos ix cosnx dx = 4 m/2, for i=n #0 
0 
Tl, for i=n=0 


he obtains for a, (i # 0) 


n n . 
5 a= J, d(x) cos ix dx, 
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and for a, the value 
HT 
May = J, $(x)d x, 
and finally for the function ¢(x) the representation in series, 
HT 1.7 oo alt 
(2.3.13) 5 d(x) = J, d(x)dx + QL cos ix J, d(x) cos ix dx. 


At this point in the 1807 manuscript Fourier limits himself to 
considering a number of special cases that illustrate some of the 
expansions obtained in series. In the Théorie of 1822 (Art. 231), 
however, he moves towards more general considerations by trying to 
demonstrate that by means of similar expansions in series we can 
represent “arbitrary" functions of a variable. 

"The two general equations that express the expansion of any 
function whatever, in cosines or sines of multiple arcs, give rise to 
several remarks that explain the true meaning of these theorems, and 
the direct application of them," Fourier writes (1822, p. 224). In 
fact, if in the series 


L a; cos ix, 


x is included between 0 and —n, the series remains the same, as it 
also does if we augment the variable by any integral multiple of 27. 
Then in (2.3.13) ¢(x) is periodic and represents a curve composed of 
equal arcs, each of which corresponds to an interval of 27 on the x 
axis, 

For example, suppose we draw an arbitrary line that corresponds to 
an interval equal to m Then, if we substitute any value X for x 
between 0 and 7, the value of $(XY) is completely determined (Figure 3), 
The integrals that appear in the coefficients in the expansion (2.3.13) 
are always determinate, Fourier says, and have a value like "that of the 
total area of [o(x)ax between the curve $(x) and the x axis." The arc 
o¢a is completely arbitrary, but the same thing cannot be said for the 
other parts of the line, which, on the contrary, are determinate. "The 
arc ¢a, which corresponds to the interval from0O to—w7, is the same as the 
arc dda, and the whole arc adda is repeated on consecutive parts of the 
axis at intervals of 27." 


—T 0 x T 27 3n 


Figure 3 
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Figure 4 


In a similar manner, if we have a function whose graph is given in 
the above manner (Figure 4), we can utilize the expression (2.3.10) 
and take as the limits of integration for the integral in the second 
member —n, 7, in place of 0, m, provided that we write m(x) instead 
of (n/2) Q(x). 


Then in the first case the equality of the function entails 
$(x) = o(-x), 
and in the second 
W(x) = —Y(-x). 


Now, Fourier says, "Any function whatever F(x), represented by a 
line traced arbitrarily between —# and +7, may always be divided 
into two functions such as $(x) and ~(x)." The argument on which 
he bases this assertion is by nature geometrical (Figure 5). 

On the basis of evident geometrical symmetry, Fourier concludes 
that 


F(x) = O(x) + W(x) and f(x) = $(x) — ox) = F(-x); 


Figure 5 
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hence 
1 ] 1 1 
d(x) = 5) + 5 F(-x) and g(x) = 5 FO) — 5 F(-x), 
from which it follows that 
$(x) = o(-x) and ¥(x) = —Y(—-~x). 


Thus the two functions (x) and ¢(x), whose sum is equal to F(x), 
can be expanded, the first in cosines of multiple arcs, the second in 
sines. 

By then applying (2.3.10) to the first and (2.3.13) to the second and 
taking the integral from —f to m, we have 


1 
mx) + Wx)] = MF(x) = > f ox)dx 
+ E cos tx d(x) cos ix dx 
i=1 =. 
+ E sin ix (x) sin ix dx. 
i=l 


It is not difficult, given the particular properties of ¢(x) and ¢(x), 
to see that in the preceding formula we can substitute F(x)sin ix 
dx for | ¢(x)cos ix dx (and similarly | F(x)sin ix dx for I (2)sin 
ix dx) in order to obtain 


1 
nF(x) = = [ F(x)dx + Ecos ix f F(x) cos ix dx 
2 i=1 
(2.3.14) 
+ a sin ix F(x)sin ix dx, 
i= 


which is the complete "Fourier series" for the function F(x). Readily 
assuming an exchange of the ¥ and symbols, it is only a question 
of trigonometrical conversions to then show, as Fourier does in Art. 
235, that it can be written in the more compact form 


(2.3.15) F(x) = : | Fl@de {; + a cos i(x — «)}. 


At this point Fourier interposes the old question of the vibrating 
string, one that nevertheless had not ceased to _ interest 
mathematicians, Secure in the results obtained, Fourier writes: 


If we apply the principles that we have just established to the 
question of the movement of vibrating strings, we can resolve all 
the difficulties that the analysis employed by Daniel Bernoulli 
presented. In fact, the solution proposed by this great geometer 
does not seem at all applicable to the case where the initial 
figure of the string is that of a triangle or a trapezoid, or is 
such that only one part of the string is set in motion while the 
other parts blend with the axis. The inventors of the analysis of 
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partial differential equations even took this application to be 
impossible (Grattan-Guinness, 1972, pp. 250-1). 


The objections D’Alembert and Euler raised to Bernoulli’s proposed 
solution, Fourier adds, 


Show how necessary it is to demonstrate that any function can 
always be expanded as a series of sines or cosines of multiple 
ares. Of all the proofs of this proposition, the most complete is 
that which consists of actually resolving an arbitrary function 
into such a series and assigning the values of the coefficients 
(ibid., p. 252). 


Bernoulli’s mistake, Fourier says, lay in not concretely demonstrating 
how one can determine the coefficients, but in simply affirming that it 
was possible to do so. "But the geometers," Fourier observes, "only 
admit that which they can’t dispute." 

Finally Fourier concludes this brief note on vibrating strings with 
an observation that is extremely significant from a methodological 
point of view. 


In order to usefully apply these equations, it is necessary to 
give their integrals a form appropriate to the exact nature of the 
question one is treating, and restrain or extend the generality of 
the integrals so that they correspond perfectly to that of the 
question, In the theory with which we are occupied, the form of 
the integrals is determined by the nature of the physical 
conditions, as we will see in the rest of this paper. All research 
into other integrals would be entirely unfruitful here, but it was 
necessary to make the results coincide with a given initial state. 
The resolution of the following question is based on the 
expansion of an arbitrary function into sines and cosines of 
multiple arcs. We will carry the results to the most general level 
when the nature of the question requires it! (‘bid., p. 253), 


2.4, Fouricr’s ‘Program’ 


In the Théorie analytigue, Fourier went on to consider the problem of 
the propagation of heat in solid homogenous bodies, such as rings, 
spheres, cylinders, cubes, and so on. By studying the propagation 
along an infinite line, he showed how a function can also be 
represented in the following manner:!5 


+0 +° 
(2.4.1) mO(x) = [7 dedla) f°” dq cos(gx — ae). 
This representation of @¢(x) by means of integrals, as Fourier 


himself admitted, had been unknown to him in 1807 when he 
presented his first paper on the propagation of heat to the Institute. 
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He first found it two years later, in a paper that Laplace published 
in the Journal de l’Ecole polytechnique (1809). With respect to the 
memoir of 1807, the element of greatest novelty and interest in the 
Théorie is found in Chapter IX. Here Fourier uses (2.4.1) with 
considerable lack of restraint, presenting it in different forms and 
showing how it can be obtained from (2.3.15). 

In regards to this Fourier comments, "When, in the convergent 
series which this analysis furnishes, we give to the quantities which 
denote the dimensions infinite values; cach of the terms becomes 
infinitely small, and the sum of the series is nothing but an integral. 
We might pass directly in the same manner and without any physical 
considerations from the different trigonometrical series which we 
have employed ... to definite integrals" (1822, p. 345). 

Fourier’s study of the representation of "arbitrary" functions by 
means of integrals intertwines with Poisson’s simultaneous work on 
the "Poisson integral" (see §5.1). It inaugurates one of the most 
interesting chapters in the mathematical analysis of the nineteenth 
century.?® 

But for Fourier, as he himself repeatedly stressed, this research 
was not spurred by a drive towards the ever greater generalization 
of results. Instead, generality was an issue raised by the problems 
he faced, and he was pushed in this direction only in so far as it 
was needed to completely resolve these problems. For Fourier, 
analysis remained a very concrete science. 

This approach to mathematics remained more or less dominant in 
French mathematics during the last century. The impulse that 
Fourier gave with his Discours préliminaire and the whole of the 
Théorie analytique can be seen as the enunciation and first 
achievement of a "research program" towards whose fulfillment 
many generations of French mathematicians worked, more or less 
consciously. The distinctive elements of this program can be seen 
in the strong physical motivations that drove mathematical research, 
in the rejection of Lagrangian formalism, and, more generally, in 
the conception of science as an element of civil progress. 

The first argument was certainly not new. The greater part of 
eighteenth-century mathematics was initially motivated by questions 
of a physical nature, from the origins of the calculus in Newton to 
the problem of vibrating strings, the theory of gravitational 
potential, and the propagation of waves. But what was new and 
conscious was the role played by physics in the development of 
mathematics. 

The context in which Fourier worked lay outside the framework of 
Newtonian theory. This explains the initial uncertainty in the 
statement of the problem both by Biot and by Fourier himself, In 
addition to stimulating research, physics also acted as a "control" on 
its results. 

Thus the claims for representation in series that seem to unfold on 
an entirely analytic level, are for Fourier motivated precisely by the 
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necessity of resolving physical problems. Without these, he says, we 
could not take a single step forward in our research. From this it 
also follows that these techniques are "legitimized" by the physical 
nature of the problems being resolved. 

This final argument also clarifies the character of the mathematics 
used by Fourier, and of its complete novelty with respect to the 
"algebraic" form of Lagrange’s Théorie analytique, for example. It 
seems to me that there is a fundamental contrast between. the two 
that emerges in a specific problem, that of the representation of 
functions by trigonometric series, 

Even if we do not find in Fourier a definition of a function (and 
to be fair, the Théorie was not meant to be a treatise on analysis), it 
is clear that his conception of a function was not forced into the 
straightjacket imposed by Lagrange. Nor was his idea of "analysis" 
that of Lagrange’s algebraic study of finite quantities, In the place 
of Lagrange’s "rigor," for which Fourier was accused of exercising 
insufficient care, he substituted a different, non-formal conception. 

Particularly interesting in this regard is his insistence on the fact 
that a function can be defined "by parts" or represented in a certain 
interval by a series that is divergent elsewhere or converges to 
another function. Let us take for example the case of series, which 
was a crucial issue in mathematics at the beginning of the 
nineteenth century. For Fourier, it is not so rigorous to treat 
functions by means of the Taylor series (even if this is formally 
unexceptionable), as to make an actual calculation of the first n 
terms, which shows what the limit for infinite » must be, and then 
to verify the results on the basis of the mathematical or physical 
data from which it began. 

He uses the Taylor series in the first steps of his research on the 
representation of arbitrary functions by trigonometric series, but he 
soon frees himself from this and instead is not satisfied until he 
succeeds in directly exhibiting the expansion he seeks. In the process 
he glimpses, among other things, the property that trigonometric 
functions are, in modern terminology, an orthonormal base of a 
suitable Hilbert space of functions. 

Mathematics must find its stimulus and verification, and therefore 
its proper criteria of rigor, in external physical reality. This is the 
message that clearly emerges from Fourier’s work, 

Mathematics is an integral part of "natural philosophy" and this in 
turn is the instrument we have at our disposal to understand nature. 
This is the "philosophy" that rests at the foundation of Fourier’s 
research and which shapes his concept of science. He does not see it 
as an abstract and formal theory, but as a branch of knowledge that 
has strong practical interests. The concreteness of Fourier’s 
conception of science is the element that distinguishes mathematics 
and analysis in France in the first decades of the nineteenth century 
from the ideas found elsewhere, In Germany, for example, apart 
from Gauss we can compare the ideas put forward by men like 
Jacobi (1804-1851) and F. E, Neumann (1798-1895), 
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The mathematical faculties in the German universities grew up in 
the shadow of the faculties of philosophy and philology 
(mathematicus non est collega!), As a result, for a long time they 
preserved a strongly "abstract" idea of "pure mathematics." Far from 
the English industrial revolution and the French political 
revolution, German mathematicians elaborated a conception of 
mathematics separate from practice, dedicated in the Kantian 
manner to "the honor of the human spirit."?” ; 

In the 1820’s Fourier was the secretaire perpetuel of the Academie 
des Sciences, and there formed around him a circle of young 
intellectuals and mathematicians which included men like Liouville 
(1809-1882), Sturm (1803-1855), and Dirichlet, as well as Auguste 
Comte, the philosopher of Positivism. 

Indeed it was the latter who, in his inaugural lecture of 1829, 
dedicated his Cours de philosophie to Fourier, the author of the 
Theorie. In Comte’s opinion, this work was a paradigm for scientific 
research, 
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1The history of mathematical physics in France at this time is 
extremely interesting and covers a wide range of topics, many 
aspects of which have not yet been fully studied, For an 
introductory survey which gives an initial, schematic picture of the 
complexity of the subject, accompanied by an ample bibliography, 
see Grattan-Guinness (1981). 


7A function f(x) is expandable as a Taylor series (2.2.2) if it is 
holomorphic in a finite domain that includes x. In particular, the 
expansion is valid in every circle with center x in which f is 
holomorphic. 


3On the other hand, Lagrange himself, in the preface to the second 
edition of the Mécanique analytique (1811) wrote, "When one fully 
understands the spirit of this system and one is convinced of the 
exactitude of his result by the geometrical method of first and last 
reasons, or by the analytical method of derived functions, one can 
use infinitesimals as a sure and handy instrument to shorten and 
simplify the demonstrations" (1811, p. xiv). For a stimulating 
discussion of Euler’s and Lagrange’s influence on analysis and 
mechanics in France at the beginning of the nineteenth century, see 
Grattan-Guinness (1983). 


4For a history of the principle of virtual velocities, see Lindt 
(1904). 
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*With all probability, Monge judged Fourier’s work favorably. He 
had been his protector since the time of the Ecole polytechnique and 
the Egyptian expedition. (Fourier owed his part in the expedition 
to Monge and became one of the most influential persons in the 
affair.) We can say the same thing for Lacroix and Laplace, but not 
for Lagrange, whose opinion was markedly different and apparently 
decisive. 


SAccording to Grattan-Guinness (1972, p. 172), the manuscript is in 
the library of the J/nstitut de France in Paris, among Lagrange’s 
papers. 


"For a complete bibliography of Fourier’s works, including his 
manuscipts and unedited papers, see Grattan-Guinness (1972). 


8A detailed study of the origins and development of Newton’s 
researches on this subject can be found in Ruffner (1966). 


°An exhaustive picture of the fortunes of Laplacian physics is 
given by Fox (1974). 


10A5 far as integrating the equation of heat is concerned, Poisson 
preferred the solutions in terms of integrals in Laplace’s manner, 
criticizing the use of trigonometric series that we will see Fourier 
propose later (§5.1), For a discussion of the works of Biot, Poisson, 
and Fourier in the context of the history of thermodynamics, see 
Truesdell! (1980). For the person and works of Poisson, see the 
volume of contributions edited by Metivier, Costabel, and Dugac 
(1981). For a biography of Fourier see Herivel (1975). 


1IvThis point is by no means evident and will have need of 
demonstration," Darboux justly adds in a note on Fourier’s procedure 
(Fourier, Oeuvres 1, p, 150, n,. 1), In fact, it is not said that such a 
limit exists in general. This method of resolving a linear system of 
infinite equations in infinite unknowns, forgotten for almost a 
century, was taken up and used by Riesz (1880-1956) in his book of 
1913. For a discussion of the systems of infinite linear equations in 
the context of functional analysis, see Monna (1973a, pp. 7-21). 


The following identities had already been noted by Euler in 1777. 


137¢ is in these circumstances that Fourier introduces and explains 
the meaning of the symbol fe that has since become standard, 


14Tt is perhaps useful to remember that the origins of the research 
in question lie in the integration of equation (2.3.3) with given 
initial conditions. 
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15As Darboux observes, this "celebrated equation," which has ever 
since remained linked with Fourier’s name, has a rigorous meaning 
only under special conditions. 

"The double integral 


J(A,B,h) = - i (exhale f. cos g(x — adg 


=! Pag ff de) cos ax = ee 
mn °o B 


where ft is a positive number and B < A, tends towards a determinate 
limit J(A,B,*) when, for A and B fixed, A increases without limit" 
and the function ¢(x) remains limited and has a finite number of 
discontinuities and of maxima and minima when x varies from — to 
+° along the x axis. "It follows from this," Darboux continues, "that 
J(A,B,*) has a determinate limit J,(x) when B and A tend 
respectively towards —~ and + and that this determinate limit is 
equal to 4¢(x + 0) + (x — 0)] or to ¢(x) when (x) is continuous for 
the value of x being considered. 

"The preceding propositions stand even when the function (x) 
becomes infinite for certain values of x, limited in number, provided 
that the integral ¢(x)dx remains finite for the values of x that 
render $(x) infinite" (In: Fourier, Oeuvres 1, p. 409 n. 1). 


16To obtain an idea of these developments, consult the work of 
Dini (1880), which offers a rigorous and exhaustive panorama of the 
results obtained at the time. 


17¥n a letter to Legendre, Jacobi wrote: “It is true that M. Fourier 
was of the opinion that the principal aim of mathematics was its 
public utility and the explanation of natural phenomena; but a 
philosopher such as himself should have known that the unique aim 
of science is the honor of the human spirit, and that in this regard, 
a question concerning numbers is worth as much as a question about 
the system of the world" (Werke 1, pp. 454-5). 

The foundation of the "mathematical and physical seminar" at 
Konigsberg in 1835 by Jacobi and F. E. Neumann, together with the 
formation of the so-called "school of Konigsberg," can be seen as the 
definitive moment of takeoff for German mathematics to a 
European level. 

The turning point can be seen in the foundation of Crelle’s Journal 
fiir die reine und angewandte Mathematik in 1826. 

The state of mathematical research at this time was described by 
Abel at the beginning of his study trip through Europe thus: "[Crelle] 
also speaks a great deal of the feeble level of mathematics in 
Germany, and says that the knowledge of the majority of 
mathematicians amounts to a little geometry and to something that 
they call analysis, but which is nothing other than the theory of 


84 2, The Lagrangian Calculus and Fourier Series 


combinations. Nevertheless, it seems to him that a very happy 
period is now going to begin for mathematics in Germany. ..." 

"It is extraordinary in this regard how the young mathematicians 
here in Berlin and, from what I hear, everywhere in Germany, lift 
Gauss to the skies, so to speak. For them he is the substance of all 
mathematical perfection ..." (Abel, 1902, Correspondence, pp. 10-11). 

And yet Gauss’ direct influence was not very great, as appears 
from what Abel writes a little later in the same letter, Anticipating 
his trip to Gottingen, where Gauss worked at the observatory, he 
writes, "Gottingen has a good library, it is true, but that is all; 
because Gauss is the only one who knows anything, [a somewhat 
rash and unfair judgement on Abel’s part!] and he is absolutely 
unapproachable" (ibid., p. 12). 


Chapter 3 
NEW TRENDS IN RIGOR 


3.1. Problems with the Foundations of Analysis 


In October of 1826 Abel (1802-29) was in Paris, the next stop after 
Berlin on his study trip through Europe. He wrote to his old teacher 
Holmboe (1795-1850) in Christiania [Oslo]. 


Although I am in the noisiest city on the continent, I feel as 
if I were in a desert. 

I know hardly anybody. This is due to the fact that during 
the summer everybody lives in the country, and is consequently 
invisible, 

Up to now I have only made the acquaintance of Legendre, 
Cauchy, and Hachette, plus a few secondary but very able 
mathematicians, M. Saigey, the director of the Bulletin des 
sciences [mathématiques],| and Herr Lejeune Dirichlet, a Prussian, 
who came to see me the other day taking me for a compatriot. He 
is a very acute mathematician. He demonstrated at the same time 
as Legendre the impossibility of resolving in whole numbers the 
equation x° + y® = 25 and other nice things. 

Legendre is an extremely amiable man, but unfortunately "as 
old as the stones." Cauchy is crazy and there is nothing to be 
done with him, even though at the moment he is the 
mathematician who knows how mathematics must be done. His 
works are excellent, but he writes in a very confusing way. At 
first I understood virtually nothing of what he wrote, but now it 
goes better. He is currently publishing a series of papers with 
the title, "Exercises des mathématiques." I buy them and read 
them assiduously. Nine fascicules have appeared since the 
beginning of the year. Cauchy is intensely Catholic and bigoted. 
A strange thing for a mathematician. He is moreover the only 
one today working in pure mathematics. Poisson, Fourier, 
Ampére, etc. etc. occupy themselves with nothing other than 
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magnetism and other physical matters. Laplace hardly writes 
any more. The last thing he did was a supplement to the Théorie 
des probabilités. .. Everyone works by himself without interesting 
himself in others. Everyone wants to teach and no one wants to 
Jearn. The most absolute egoism reigns everywhere (Abel, 1902, 
Correspondence, pp. 45-6). 


The picture that Abel described to his friend and the first-hand 
information he provided him about the Parisian scene offer an 
excellent insight into the men and ideas that animated the city that 
was, at the beginning of the last century, the most active center of 
scientific research in Europe. 

Perhaps Abel was a bit cavalier in describing the activities of the 
Parisian mathematicians, but his approach to mathematics was 
substantially different from the "polytechnic" spirit of the French 
scientists and their "physical matters;" his research themes belonged 
to the domain of pure analysis. He had just finished "a long paper 
on a certain class of transcendental functions,"* and was then 
working on the theory of equations, his "favorite subject." In 
addition, he was occupied with "imaginary quantities, for which 
there is much to do, the integral calculus, and most of all the theory 
of infinite series whose base is so little established" (ibid., p. 47). 

His natural point of reference was therefore the works of Cauchy 
(1789-1857), the man who, in his opinion, was the only pure 
mathematician worthy of the name. His judgement may have been a 
bit severe, but it well expresses the new orientations in the field of 
mathematics, and in analysis in particular. 

Indeed (and this was the thing that most impressed the young 
Abel), for some time Cauchy had been working on a critical revision 
of the principles of analysis, whose manifesto was the publication of 
the Cours d’analyse in 182], the lectures that Cauchy had given at 
the Ecole Polytechnique, From it Abel had accepted the need for a 
new rigor in analysis. It was a problem that worried the Norwegian 
mathematician and appears frequently in his letters. "I want to 
dedicate all my efforts to bring a little more clarity into the 
prodigious obscurity that one incontestably finds today in analysis," 
he had earlier written to his professor Hansteen in Christiania [Oslo] 
(ibid., p. 23). 


It lacks at this point such plan and unity that it is really 
amazing that it can be studied by so many people. The worst is 
that it has not at all been treated with rigor. There are only a 
few propositions in higher analysis that have been demonstrated 
with complete rigor. Everywhere one finds the unfortunate 
manner of reasoning from the particular to the general, and it is 
very unusual that with such a method one finds, in spite of 
everything, only a few of what may be called paradoxes. It is 
really very interesting to seek the reason. 


3.1. Problems with the Foundations of Analysis 


In my Opinion that arises from the fact that the functions with 
which analysis has until now been occupied can, for the most 
part, be expressed by means of powers. As soon as others 
appear, something that, it is true, does not often happen, this no 
longer works and from false conclusions there flow a mass of 
incorrect propositions that link together. .. 

Until one uses a general method, this will continue to be true; 
but I must be extremely careful, because propositions once 
admitted without rigorous demonstration (which means, without 
demonstration) become so strongly rooted in me, that I am at 
every instant exposed to using them without looking more closely 
(ibid., p. 23). 
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An example of this approach is provided by the study of infinite 


series, one of the most crucial questions in analysis at the time. 
January 16, 1826, Abel wrote to Holmboe, 


On 


Another problem that has greatly concerned me is the 
summation of the series ’ 


m(m — J) 


cos mx + m cos(m — 2)x + > cos(m —4)x + ---. 


If m is a positive integer, the sum of this series, as you know, 
is (2 cos x)™, but if m is not an integer, this is no longer the 
case unless x is smaller than 7/2. 

There is no other problem that has occupied mathematicians as 
much as this in the recent past. Poisson, Poinsot, Plana, Crelle, 
and many others have sought to resolve it, and Poinsot is the 
first who has found an exact sum, but his reasoning is 
completely false, and no one as yet has been able to find out 
why. I have succeeded with complete rigor. ... 

_ I have found that 


cos mx + m cos(m — 2)x + --- = (2+ 2 cos 2x)"/2. cos mkn 
sin mx + m sin(m — 2)x + --. = (2 + 2 sin 2x)™/? .sin mkt, 


where m is a quantity lying between —l and +, k is an integer, 
and x is a quantity lying between (k — 1/2)m and (k + 1/2)n. If 
you let k = 0 in the second formula, you have the curious 
formula: 


. ; mm-1) . 
sin mx + m sin(m — 2)x + a sinfm —4)x + --- =0 


for all the values of x lying between —m/2 and +7/2. If m lies 
between ~l and -™~ the two series are divergent, and 
consequently have no sum. Divergent series are in their entirety 
an invention of the devil and it is a disgrace to base the 
slightest demonstration on them, You can take out whatever you 
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want when you use them, and they are what has produced so 
many failures and paradoxes. Can one think of anything more 
hideous than to say that 


Q0O=] —27 + 37 — 4" + ete. 


where n is a positive integer? Risum teneatis amici, [Let us hold 
our laughter friends.] I have become extremely sensitive to all 
this because, except for cases of the most extreme simplicity, for 
example geometric series, there is hardly anywhere in the whole 
of mathematics a single infinite series whose sum is determined 
in a rigorous manner. In other words, that which is the most 
important in mathematics is without foundation. Most things are 
exact, this is true; and it is extremely surprising. I strain myself 
to find the reason. An exceedingly interesting subject. 

I do not think you can show me many propositions where 
infinite series appear, where I cannot make fundamental 
objections against their demonstration. Do it, I reply. Even the 
binomial formula is not yet rigorously demonstrated. 

I have found that 


mm—1) 4 
2 


for all values of m when x is smaller than 1. If x is equal to 
+1, one obtains the same formula in the case where m is > —l, 
and only then, but if x = —], the formula is invalid, unless m is 
positive. For all the other values of x and m the series 1 + mx + 
etc. is divergent.? The Taylor theorem, the basis of all of higher 
mathematics, is also poorly founded. I have found only one 
rigorous demonstration, that of Cauchy in his Résumé des lecons 
sur le calcul infinitesimal. He there demonstrates that 
2 
Ox + a) = Ox + adlx + SOlx 4 wae 


(lh+x)™=1+4+mx+ 


whenever the series is convergent (but one would sooner use it in 
all cases). In order to show by a general example (sit venia 
verbo) how poorly one can reason and how it is necessary to be 
prudent, I will choose the following example: 

Let 


Ay + a, t+ apt +: 


be any infinite series. You know that a very common manner of 
finding the sum is to take the sum of 


2 


and then to let x = ] in the result. This is OK, but it seems to 
me that we cannot accept it without demonstration, because if 
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we prove that 
- 2 
P(X) = dy + AyX + Agx" + 


for all values of x smaller than 1, it does not follow that one 
can say the same for x = 1. It is very possible that the series ay 


+ a,x + a,x” + --+ approaches a completely different value of 
ay + ay + Gy t+ ++> AS X approaches J]. This is clear in the 
general case where the series a) + a, + ay + +++ is divergent, 


because then it does not have any sum. I have demonstrated 
that this is exact when the series is convergent. The following 
example shows how one can err. One can rigorously demonstrate 
that 


x ; 1, 1, 
—-=sin x —-— Sin 2x + -sin 3x —:-> 
2 2 3 


for all values of x smaller than 7m. It seems that consequently 
the same formula must be true for x = 7; but this will give 


Hi ; 1, 1, 
— =sin 2 ~-—sin 27 + —sin 37 — etc. = 0, 
2 2 3 


One can find innumerable examples of this kind. 

In general the theory of infinite series, up to the present, is 
very poorly established, One performs every kind of operation 
on infinite series, as if they were finite, but is it permissible? 
Never at all. Where has it been demonstrated that one can 
obtain the derivative of an infinite series by taking the 
derivative of cach term? It is easy to cite examples where this 
is not right, for example 


x . I e ] e 
— =gs1n xX ——sin 2x + —sin 3x — - 
2 3 


2 
By taking the derivatives, one has: 
1 
5 = cos x — cos 2x + cos 3x — etc. 


A completely false result, because this series is divergent. 

It is the same for the multiplication, division, etc. of infinite 
series. 

I have begun to review the most important rules that are 
(today) admitted under this relation, and to show in which cases 
they are correct and which not (Abel, 1902, Correspondence, pp. 
15-19). 


Abel’s long letter provides vivid evidence of the unease 
mathematicians were beginning to feel about the foundations of 
their science in the 1820s: its precariousness was becoming ever more 
clear. Abel spent a great deal of time with problems involving 
infinite series because these were the essential instrument of analysis 
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as it had been constructed in the eighteenth century, when Lagrange 
had made them the foundation of the infinitesimal calculus. In the 
Théorie de la chaleur Fourier had begun to treat the issue of 
convergence with greater precision, but it was far from being 
completely clear. Nor were the observations of Legendre in his 
Exercices (1811-17) any more iUluminating, or those of Laplace, who 
added a Remarque generale sur la convergence des séries to the end of 
Book I of his Théorie des probabilites. 

In opposition to the common opinion, Abel maintained that, in 
order to differentiate a function given by a Series, it is in general 
not permissible to differentiate the series term by term, thinking 
that in this way one can obtain the derivative of the function 
represented by the initial series, something that we have seen 
Fourier do repeatedly and without difficulties when he determined 
the coefficients of his series. But Abel did not follow out his 
intuitions; he instead limited himself to showing the need for 
further research by means of a counter-example. Although 
penetrating, the assertions of the Norwegian mathematician do not 
seem to justify the claims of those who sce here the idea of the 
uniform convergence of a series of functions (see §3.5 below), 

Abel’s arguments concerning the need for rigor in mathematics 
were becoming ever more widely diffused at the time and were 
accepted by many mathematicians, But in order to fully understand 
the motives for and the strength of this new attitude towards the 
foundations of mathematics, it is necessary to ask ourselves how and 
why the methods of doing mathematics, and consequently the 
accepted criteria of mathematical rigor, were seen to be inadequate 
in the eyes of mathematicians at the beginning of the century, an 
opinion that Abel stated most clearly. 

It is difficult and probably impossible to find a single answer. 
There were many factors both internal and external to mathematics 
that came together to form the new point of view. One of them was 
forcefully emphasized by Abel himself -- working mathematicians 
encountered errors and paradoxes when they held to the point of 
view that had been accepted until then. 

On one side there was the old and unresolved problem of the 
infinitesimal calculus, which, despite its universal application and 
the immense quantity of results that it had produced, remained 
problematic in its principles. On the other hand, there was the fact 
that new researches, like those of Fourier, had shown clearly that 
not even the fundamental concepts, such as that of a function, 
seemed to be adequately defined, 

For example, one did not know what happened to a function that 
was the sum of an infinite series of functions, If these are all 
continuous at a point x,, will the sum also be so, and under what 
conditions? Furthermore, one did not know precisely what was 
meant, beyond the intuitive visual image, by continuity. Problems 
like these arose almost immediately when one faced, as Fourier did, 
concrete phenomena and not simply “abstract” questions of rigor. 
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Consequently, from practice there arose specific indications that 
there were open questions whose current formulation was 
unsatisfactory, 

Other factors then entered into play. The first, which might be 
called philosophical in nature, was made clear by Bolzano 
(1781-1848), even though it was already implicit in the "metaphysics" 
of analysis put forth by Lagrange. It is essentially this: analysis 
must not seek its fundamental principles and its proper criteria of 
rigor in other sciences or in other branches of mathematics, and 
specifically not in physics and geometry. This is the road that 
would lead, after about fifty years, to the so-called "arithmetization 
of analysis," the formation of analysis on the foundations provided 
by the arithmetic of the natural numbers. This tendency was 
accompanied by an increasing specialization and division of labor 
within mathematics itself. In the place of the "geometers" of the 
eighteenth century, the nineteenth century substituted the cultivators 
of pure analysis, geometry, or algebra. Men who were capable of 
wholly dominating the diverse and varied fields of mathematics 
became ever more rare. 

The second factor, which is more strictly tied to the problem of 
rigor, has motives more clearly external to mathematics proper. This 
is the fact that, at the beginning of the century, the great majority 
of "militant" mathematicians, that is, with the exception of Gauss 
and a few others, almost the totality of French mathematicians, were 
engaged in teaching in the grandes ecoles. This is to say that they 
were involved in reorganizing mathematical theory for didactic 
purposes. 

This meant isolating the fundamental principles of theory (in 
analysis typically the concepts of function, continuity, derivative, 
etc.) and from these deriving theorems in a deductive fashion, one 
that shows clearly how the various propositions are connected with 
each other, This can be seen in the large number of textbooks 
written for students at that time. 

There is certainly a sense in which it can be said that, from 
Cauchy on, the decisive step in the conceptualization of rigor and 
the organization of theory that became dominant in the nineteenth 
century originated with didactic questions, or at least were present 
in them. 

The case of the real numbers is representative, as Dedekind 
himself testified when he recalled the unease he had felt as he 
sought to explain continuity in his course on analysis at the Zurich 
polytechnic. Weierstrass’ lectures were also celebrated in this 
regard. In them Weierstrass presented the definitions of real 
number, continuity, limit, derivative, etc, that are standard today 
(see §7.2 and 3 below). 

All of these factors, inextricably connected, came together in 
various ways at this time. They are still frequently to be found 
today, although with different "philosophies" and purposes, helping 
to form a new point of view in analysis. 
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3.2. Gauss’ *"Gcomctrical Rigor” 


During his stay in Berlin Abel had learned that Gauss (1777-1855), 
who was then the director of the Gottingcn observatory, was 
working on a large treatise of astronomical physics, a topic that lay 
far from the interests of the young Norwegian mathematician, But 
Gauss’ research actually embraced far more diverse fields of 
mathematics, from theoretical astronomy to analysis; higher 
arithmetic, and geometry. In fact, for many years Gauss had been 
developing a conception of rigor that was not unlike what we have 
seen Abel express to Holmboe. 

Even before the age of twenty, during the years he was studying 
at Brunswick and Gottingen, Gauss had begun to record his 
discoveries in his scientific diary. The first entry was that of 
March 30, 1796, "The principles on which the division of a circle is 
based, and its geometric divisibility into 17 parts, etc." (Gauss, 198], 
p. 41), which anticipated the contents of the last section of his 
master work, the Disquisitiones arithmeticae (1801). 

Mingled with theorems of higher arithmetic, the topic Gauss most 
preferred at that time, there are numerous remarks on the theory of 
series. For example, in August of 1796 Gauss wrote, "The sum of the 
infinite series 1 + (x®/nl) + (x?9/2n!) + ---," (1981, p. 44) while in 
December he noted, "Trigonometric formulae expressed by series," 
(ibid., p. 46) and in April, 1800, "That the series a cos A + a'cos(A + 
¢) + a'cos(A + 26) + etc. converges to a limit if a, a', a", etc. forma 
progression converging continuously to 0 without changing sign has 
been demonstrated" (Gauss, 198], p. 54). At the same time he also 
discovered the expansion in series of the elliptic integral 

1 iM es 

nm *o (1 — k2cos2¢)!/2 
and the relations between this and the theory of the arithmetic- 
geometric mean, a subject that Gauss claimed he had studied since 
the age of 14 (see Cox, 1984), 

Gauss did not limit himself to committing his ideas on series to the 
pages of his diary; he also gave some glimpses of them in the 
dissertation which concluded his university studies (Gauss, 1799) (see 
§4.1 below). Criticizing D’Alembert’s demonstration of the 
fundamental theorem of algebra "with geometrical rigor," Gauss in 
fact accused the French mathematician of “not correctly handling 
infinite series." In a note he added, "I here note in passing that there 
is a large number of these series which at first sight seem especially 
convergent" (Gauss, 1799, p. 10). Among these, he observed, were 
many of those which Euler had used in ‘his Jmstitutiones calculi 
differentialis "in order to determine the sum of other series as 
closely as possible .. which, as far as I know, nobody has heretofore 
seen. Wherefore," Gauss continued, probably with the problem of 
asymptotic expansions in mind, "it is highly desirable that it be 
clearly and rigorously shown why series of this kind, which at first 
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converge very rapidly and then ever more slowly, and at length 
diverge more and more, nevertheless give a sum close to the true one 
if not too many terms are taken, and to what degree such a sum can 
safely be considered as exact" (ibid.). 

In the early years of the century, during the period of his most 
intense and imaginative research activity, Gauss began to search for 
the answer to this question by dedicating himself to the study of 
hypergeometric series, This time too Euler provided his starting 
point. Euler had in fact considered the linear differential equation 
of the second order, 


(3.2.1) xl —x)y" + [¥ —(a+ B+ I]y' + oBy = 0, 
one of whose integrals is the hypergeometric series 


(3.2.2) F(«,8,7,x) =] + ao + ofa + BB + 1) 2 + 

lly 2'9(7 + 1) 
He had found several transformations for it and had shown how one 
could express it in the form of an integral.® 

Gauss began to work on the problem of the convergence of the 
series F(a,B,y¥,x) about 1805 and in 1812 presented a paper on it to 
the Society of GOttingen, a work that marks the beginning of the 
study of series with a modern sense of rigor. 

"The transcendental functions always have their true sources in the 
infinite, openly or hidden," he wrote in the notice of this work. "The 
operations of integrating, of summing infinite series, of expanding 
infinite products in infinite continued fractions, or even the 
Operation of approaching to a limit which can be continued 
according to particular laws without end -- this is the true ground 
on which the transcendental functions will be raised" (In: Werke 3, p. 
198), 

This had also been Euler’s opinion (§1.1), but Gauss worked with 
these objects with a different sense of rigor and a different concern 
for the study of operations repeated an infinite number of times. 

The series in question was one of the greatest generality, Gauss 
observed, since by varying the parameters «, B, ¥ it could represent 
algebraic functions, like the sum of the binomial series, or 
transcendental ones, like the logarithmic, trigonometric, and higher 
transcendental functions. But an indispensable and prerequisite 
condition, Gauss added, was “the restriction to these cases where the 
series converges" (fbid.). 

To this end he considered the ratio of the coefficients of x™ and 
xml (where x € €) and, from D’Alembert’s criterion, concluded that 
the series was convergent for |x| < 1 and divergent for |x| > 1, "so 
that its sum cannot be expressed.” From the moment that the 
function is defined by the series, he added, "the inquiry by its 
nature is limited to those cases where the series actually converges. 
Consequently it is foolish to ask which value of the series 
corresponds to a value of x greater than one" (Gauss, 1813, p. 126). 
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A few months later he wrote to Bessel to say that, "a series that 
does not always converge, like mine above, can also be taken as a 
definition only within the limits where it converges" (In; Werke 
10(1), p. 363). 

Gauss left for a later section the discussion of the case x = 1 and 
began with the observation that deriving (3.2.2) term by term "leads 
to a similar function, which is clearly 


adF 


ax 


In order to find which functions can be represented by a 
hypergeometric series, Gauss began to study the "related series" that 
can be obtained by varying each one of the three parameters by one. 
For every series F(«,8,7,x), one then obtains the six series: F(a + 1, B, 
y, x), F(a — 1, B, ¥, x), P(e B+ 1, 7, x), P(e, 8-1, ¥, x) Fla, By + 
1, x) F(e 8, ¥ -— 1, x). Together with F(o%68,y,x), these satisfy a 
linear equation two by two, something that Riemann would later 
make the basis of his study of Gauss’ series and of the differential 
equation that it satisfies (see §6.2c). 

Gauss then went on to consider the expansions in continued 
fractions that allow one to obtain the quotients of hypergeometric 
Series, showing for example that for suitable values of the 
parameters one can obtain the expansions in continued fractions of 
the power of a binomial, of log(] + x), and of other elementary 
transcendentals. 

For the case of |x| = 1, Gauss then demonstrates "with geometrical 
rigor" that the series will converge if and only if y-a—-—B>O, To 
do this he introduces the so-called "Gauss criterion" by considering a 
series Lu; in which the ratio u,,,/u; can be given in the form 


B 
- "aAG 41,841,741, x)" (1813, p. 126). 


m> tam 4 bm»? + e+. +H 
eee nes i a Wl " 
m1 + Anl4 Bm? 4 ...4N 


and shows that the series is convergent if and only if 1 + A -a>Q, 
He finds the desired condition for the hypergeometric series by 
noting that this can be obtained by setting } = 2, A= a+ B, B = ef, 
a=y7+ 1, and 6 = ¥ (Knopp, 1947, pp. 297-8). Gauss then expresses 
F(a,8,Y,x), as the quotient 

my —1) - Wy-«—-B8B-1) 

ny ~a—1)-My-B-1) 
where the transcendental function Mz (expressed as an infinite 
product) "is basically nothing other than Euler’s inexplicable 
function" T(z + 1) = zl. 

But Euler’s function T(z), in Gauss’ view, had "a clear meaning" 

only for integers, while his own way of introducing the function 


was “generally practicable" and had a meaning that was as clear for 
real values of z as for imaginary ones. 
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The rest of Gauss’ paper was devoted to studying the properties of 
mz.. He showed how one could easily convert the integral 
1yd- 1(1-x)“dx to such a function and how all the transformations 
of the integral found with such difficulty by Euler could be easily 
obtained from the properties of the functions Mz. He finally 
considered the derivative 


d log Miz ad Miz 


az liz dz 
and established several "remarkable properties," as, for example, the 
fact that fiz — 10 if z € @ can be expressed by means of logarithms 
and trigonometric functions, 

While he did not see any particular problem in the possibility of 
deriving a Series term by term, in regards to the convergence of the 
series ¥Yz Gauss noted that, "This example shows the care that is 
necessary when one deals with infinite quantities. In our view, 
these can be admitted in mathematical researches only in so far as 
they can be reduced to the theory of limits” (1813, p. 159). 

The paper finally concludes by showing that —¥0 is the Euler- 
Mascheroni constant 0.5772156649 .., for which Gauss here calculated 
the first 23 decimals. 

The 1813 paper represented only the first part of an extensive 
research program on this subject. Gauss pursued it with unpublished 
studies on the determination of hypergeometric series by means of 
the differential equation of the second order (3.2.1), as Euler had 
suggested. The second part of his program was to include a general 
treatment of differential equations with coefficients given by 
rational functions in x, while the third part was to be devoted to the 
theory of elliptic and modular functions. 

In April of 1816 Gauss told his friend Schumacher that he 
intended to publish the results of his studies, together with parts of 
his research on the arithmetic-geometric mean (Werke 10(1), p. 248). 
But, as so often happened, he did not pursue his plans. Thus his 
ideas on the fundamental concepts of the theory of series remained 
in manuscript, (Werke 10(1), pp. 390-395) together with two papers 
devoted to determining the convergence conditions of series (idid., 
pp. 407-419). 

In the first paper, after defining a sequence in a completely 
modern manner as an application f: N 7 R, Gauss introduces the 
concept of the upper and lower bounds of a bounded sequence. If 
one then considers a number < \ and “allows \ to take continuously 
all intermediate values, then one must necessarily arrive at the least 
upper bound L!'" (Werke 10(1), p. 391). From this Gauss identifies 
the essential property -- in the sequence there are always terms "that 
are larger than any other quantity, that is smaller than Z'." He 
characterizes the greatest lower bound in a similar manner, Gauss 
finally gives the definitions of lim sup u, and lim inf u, of a 
sequence and calls the "absolute limit" of a sequence the common 
limit when lim sup uw, = lim inf u.. 
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Equally interesting is his second paper on the series that give the 
expansion of periodic functions, which contains among other things 
the definition of the definite integral as a limit of sums® that we 
will see Cauchy set out in his Résumé of 1823 (see §4.4 below). 

Aware of the importance of his results, Gauss wrote to Laplace in 
1812, "I have in my papers many things for which I could perhaps 
lose the priority of publication, but you know, I prefer to let things 
ripen" (Werke 10(1), p. 374). 

This was in fact what happened with the theory of elliptic 
functions and non-Euclidean geometry. It was this reticence towards 
publishing his discoveries that eventually led to various priority 
disputes with Legendre. 

On the other hand, Gauss had a conception of the role of the 
mathematician that was radically different from that of the French 
"polytechnicians." In the quiet of the G0dttingen observatory he 
could follow the course of his thoughts, occasionally confiding them 
in letters to his friends but making them public only when they had 
attained the necessary perfection and systematization. He did not 
feel the burning necessity for publication and the sense of 
professional competition that we have seen Abel describe as 
dominating the Parisian mathematicians. 

Thus, in the end, many new and important concepts of analysis 
that had been first discovered by Gauss were eventually accepted by 
mathematicians only through the works of Cauchy. 


3.3. Bernhard Bolzano 


The new conceptions of analytical rigor that we have seen Gauss 
express are also found in the works of a Bohemian monk, Bernhard 
Bolzano, a man who lived and worked far from the principal 
currents of scientific thought at the time.’ In a forgotten work that 
appeared in Prague in 1816, Bolzano in fact demonstrated the 
binomial theorem, "one of the most important theorems of all 
analysis." Although many mathematicians, including Euler and 
Lagrange, had given demonstrations of this theorem, from Bolzano’s 
point of view these were all unsatisfactory from the point of view 
of rigor.® In this 1816 paper, which passed almost unnoticed by his 
contemporaries and was only brought to light a half century later by 
Hankel (1871), Bolzano presented a detailed study of the behavior of 
(1 + x)" where ne Z%, Q, R He left aside the case where x and x 
are imaginary and where n is an irrational power of a negative 
number, justifying these omissions by saying that "these are those 
conditions where we cannot attain our objectives until various 
concepts have been clarified more precisely than they have been up 
to now" (1816, p. 144). 

Bolzano’s observations on the differential calculus were also 
interesting. This "is based on the weakest arguments," he said, "for 
example, on the self-contradictory concepts of infinitely small 
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quantities, on the assumption that even zeros could have a ratio to 
each other," or on the theory of series (1816, pp. x-xi). The latter 
appeared in the discussion of his theorem when n ¢ NN. In regard to 
this he observed that "the difference 


nn-1) , n(n—-1)-+-(n—r+]) 
XE OO x 


can be made smaller than any given quantity, when one takes the 
number of terms in the series large enough" (1816, p. vi), with the 
condition, however, that |x| < 1. 

Bolzano published a more complete analysis of the convergence of 
series the following year in a work that had as its object the 
demonstration, in purely analytic terms, of a theorem that was 
already well known to mathematicians, Indeed, its initial 
formulation dates to the sixteenth century, 

If a real function of a real variable, continuous in an interval {«,B}, 
has values of opposite signs at the two points « and B, then there exists 
at least one real root of the equation f(x) = 0 between « and B. 

The natural reference for this theorem is clearly geometrical: a 
continuous curve cannot pass from one side of the x axis to the 
other without cutting it in at least one point. It is a proposition that 
had always been held to be true and which Lagrange himself had 
stated by saying that this curve, "will, little by little, approach the 
axis before cutting it, and approach it, consequently within a 
quantity less than any given quantity" (1813, p. 28). Bolzano did not 
deny this. Nevertheless, he asserted that in order to accept it it is 
necessary to have a rigorous demonstration, by which he meant one 
expressed in analytic terms, which does not rely on the geometrical 
evidence of the problem. 

The arguments that Bolzano brought to his demonstration and the 
motives that he brought to his method of reasoning were completely 
unusual in the context of mathematics at the time. Conscious of the 
novelty of his point of view, he hoped that it would be adopted by 
the most influential mathematicians and thence become current in 
mathematics, an end that was in fact realized, although apparently 
Without any direct influence from Bolzano’s work. Abel did know 
of Bolzano, as we see from his notes,? and Lobachevski (1793-1856) 
as well. Although the latter is known primarily for his work on 
non-Euclidean geometry, he also worked on various problems of 
analysis. Unfortunately his papers, many of which were written in 
Russian, had no influence whatsoever on his contemporary 
mathematicians. 

There is no evidence that Bolzano’s paper, which was published in 
the Acts of the Royal Bohemian Society of Science, was read by 
Cauchy. Nor do we find any reference to the Prague mathematician 
in Cauchy’s works or surviving papers. The remarkable fact that 
similar ideas on continuity and the convergence of series are found 
almost simultaneously in Bolzano and Cauchy, as we will see, does 
not provide sufficient grounds for speaking of a direct influence of 


(1 +x)" -1l-—nx - 


98 3. New Trends in Rigor 


the first on the second and even less for a charge of plagiarism on 
Cauchy’s part. Continuity and the convergence of Series were 
problems of great interest at the time, and this would not be the 
first or the only time in which two mathematicians who were 
working on the same problem arrived at similar conclusions, 
unknown to each other.!° 

Bolzano opens his paper with the words, "There are two theorems 
in the theory of equations for which one could until recently say 
that a completely correct proof was unknown" (Bolzano, 1817, p. 3). 
The first is the intermediate value theorem, which is the subject of 
this work. The second is the fundamental theorem of algebra, for 
which Gauss had first given a proof in 1799 (see §4.1). According to 
Bolzano, however, this proof contained a fault, namely, "that this 
purely analytic truth is founded on a geometric consideration" (ibid, 
pp. 3-4), a defect which he says is absent from Gauss’ two more 
recent demonstrations of this theorem (Gauss, 1816a and b). 

Bolzano’s aim is thus to prove the first of these theorems. The 
demonstration is preceded by a critical analysis of the earlier 
attempts, which had been based primarily on the geometric evidence 
of the proposition. 

Now, Bolzano says, "We cannot raise any objections at all against 
either the correctness or the evidence of this geometrical 
proposition." His point is otherwise. 


But it is just as clear that it is an insufferable offense against 
right method to want to derive the truths of pure (or general) 
mathematics (that is, arithmetic, algebra, or analysis) from 
considerations that belong to a purely applied (or special) part of 
it, namely to geometry (1817, pp. 4-5) [my emphasis]. 


To say this much means that he must therefore undertake to 
clarify what we mean by a mathematical demonstration. 

Bolzano maintains that in science demonstrations cannot be simple 
procedures for fabricating evidence, but rather foundations, in other 
words, "presentations of every objective reason which the truth to be 
proved has" (ibid., p. 5). 

In this view a geometrical demonstration of the proposition in 
question creates a vicious circle. This proposition therefore does not 
require a demonstration that fabricates evidence but instead has 
need of a foundation. 

Bolzano’s second argument is against demonstrations based on the 
concept of the continuity of a function in which the concepts of 
time and motion are allowed to enter. If there are two functions 
such that f(a) < $(«) for x = « and f(8) > $8) for x = B, and the 
functions obey the law of continuity, then the first inequality is 
valid at the beginning of x’s variation and the second at the end. 
Consequently there is an intermediary inStant, etc. 

"No one will deny that the concept of time, and even more that of 
motion, is just as foreign to general mathematics as that of space," 


3.3, Bernhard Bolzano 99 


Bolzano asserts, (1817, p. 6) quoting Lagrange’s words almost literally 
(see §2.2), Their use is at most legitimate as a means of providing 
examples. But it must be completely clear that we cannot accept 
examples in place of demonstrations, and that the substance of a 
demonstration can never be based on improperly used linguistic 
expressions and on the secondary images that they evoke. 

Consistent with these premises, Bolzano gave the following definition 
of continuity: "A function f(x) changes according to the law of 
continuity for all values of x which lie within or outside certain 
limits?! if, when x is any such value, the difference f(x +) — f(x) can 
be made smaller than any given value when w can be taken as small as 
one wishes"! (1817, pp. 7-8) Now, it is certainly clear that a 
continuous function cannot assume a certain value without having first 
taken all the values that "precede" it, Bolzano says. For example, f(x + 
nAx) can assume all values between f(x) and f(x + Ax) when n is taken 
arbitrarily between 0 and 1, inclusive, but this "cannot be seen as an 
explanation of the concept of continuity, rather, it is much more a 
theorem about it" (1817, p. 8). 

In order to arrive at a demonstration of the proposed proposition, 
Bolzano first makes some considerations on series, introducing a 
criterion of convergence. 

After having set 


A+ Bx + Cx? 4 +6. + Rx? = F(x) 
and 
A+ Bx + Cx? + 01+ + RxT 4 0-0 + Sx = F(x), 


he states the following: 
Theorem. When a sequence of quantities 
P(X), Fo(X), nn FOE), os Fug (*) 


[i.e. a sequence of partial sums] has the character that the difference 
between its nth member F (x) and every later Fal), no matter how 
far distant if may be, remains smaller than every given quantity when n 
is taken large enough, then there is always a certain constant quantity, 
and only one, which the terms of this sequence always approach and can 
come as near to it as one wishes when the sequence is extended far 
enough (1817, p. 21). 


This is the famous "Cauchy criterion" (see §3.4b below) which, 
however, Bolzano formulates in terms of a sequence of functions 
instead of numbers, which he will nevertheless use in his 
demonstration of the intermediate value theorem. He in fact states 
what is today known as the property of uniform convergence (see 
§5.4). 

As will also be the case for Cauchy, the absence of a rigorous 
theory of the real numbers traps Bolzano’s demonstration in a 
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vicious circle, something that he himself seemed to recognize 
afterwards (Rychlik, 1961). The basis of Bolzano’s argument was in 
fact that "there is certainly nothing impossible in assuming the 
existence of the quantity ¥ which the terms of the series approach 
arbitrarily closely" and then to demonstrate the unicity of X, 

The next step is to introduce the idea of a least upper bound of a 
set of real numbers. Bolzano writes, 


In researches in applied mathematics it often happens that one 
finds that there is a particular property M which belongs to all 
the values of a variable quantity x that are smaller than a 
certain wu; without at the same time discovering that this 
property no longer belongs to values that are larger than uw. In 
such cases there can perhaps still be some u, that > uw for which 
it is true, in the same way as for u, that all the values of x 
standing below it possess the property M; indeed this property 
can perhaps belong to all x without exception, However, when 
one discovers only this one, that M is definitely not a property 
of all x, then from the combination of these two results one can 
correctly conclude that there is a certain quantity U which is the 
larger of those for which it can be true that all smaller x possess 
the property M (1817, pp. 24-5). 


Bolzano proves this conclusion with the following theorem. 


Theorem. /f a property M does not belong to all values of a variable 
quantity x, but to all that are smaller than a certain u, then there 
always is a quantity U which is the largest of those for which it can be 
said that all smaller x have the property M (1817, p. 25), 


This is the way in which the theorem on the existence of the least 
upper bound of an infinite upperly bounded set of real numbers 
is stated,!% 

In his demonstration, Bolzano uses the property of series he had 
demonstated earlier. Since M is valid for all x smaller than u, but 
not for all x, then, Bolzano says, there exists a quantity V = u + D 
(D > 0) for which it can be said that M does not belong to all x < V. 
He now considers the quantity u + D/2™ with me NN. 

If M belongs to all x smaller than u + D/2™ for all m, then this u 
is the largest value for which it is true that all x < uw possess the 
property M. 

If, on the contrary, this is not the case, Bolzano, by means of 
reasoning based on reiterations of the argument, constructs the 
convergent series 

D D 


ut om t+ >men to 


If U is its sum, then M is true for all x < U. He shows without 
difficulty that M is not true forx<U+e, 
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Both of these conclusions are found with purely analytic reasoning 
and the theorem is thus fully demonstrated. 

"The preceding theorem is of the greatest importance and will be 
used in all branches of mathematics," both pure and applied, Bolzano 
comments (1817, p. 29). He further shows the difference between the 
least upper bound and the maximum of a set of variables by 
asserting that the existence of U does not in fact imply the existence 
of any largest x for which the property M is true. 

At this point he can demonstrate the proposition given in the title 
of his paper. He states it in this way: 


Theorem. /f two functions of x, f(x) and $(x) vary according to the 
law of continuity for all yalues of x or at least for all that lie between 
aand B, and further if f(x) < $(«) and f(B) > $(B), then there is always 
a certain value of x lying between « and B for which f(x) = $(x) (1817, 


p. 31). 


Bolzano initially supposes that « and B are both positive (although 
the demonstration can be extended to other possible cases, as Bolzano 
indeed does without difficulty) and that « < B, or B = « + i, for 
positive 7. Since f(a) < ¢$(a), then also f(« + Ww) < O(« + W), with w 
arbitrarily small (for the continuity of the function), 

"We can then assert for all w that are smaller than a certain one, 
that the two functions f(a + w) and $(« + w) stand in the ratio of a 
smaller quantity to a larger" (i.e. one is smaller than the other) (1817, 
p. 31). 

Bolzano indicates this property with M, a property that obviously 
does not belong to all w (for example it is not true for w = /), Then, 
on the basis of the theorem of the least upper bound which he has 
just demonstrated, there is "a certain quantity U which is the largest 
of those for which it is possible to assert, that all w which are < U 
have the property M" (1817, p. 32). U is included between 0 and J, 
and is such that f(a + U) = $(« + U), it not being possible, from the 
property of U, that either f(a + U) < d(«+ U) or f(a+ U) > g(a + UV). 

The theorem is completely demonstrated, and to have it in the 
usual form it is enough to set $(x) = 0. 


3.4. Cauchy’s Cours d’analyse 


In response to requests from men like Laplace and Poisson and "for 
the greater use of the students," in 1821 Cauchy decided to write 
down and publish the series of lectures on mathematical analysis 
that he had given at the Ecole Polytechnique. Cauchy had himself 
formerly been a student at the Ecole, where he had attended the 
lectures of Poisson, Lacroix, and Amptre. Afterwards he had 
worked for a time as an engineer at Cherbourg before returning to 
Paris to devote himself to a scientific career. In the Parisian 
mathematical environment Cauchy gained early recognition. He 
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was first called to substitute for Biot, and subsequently asked to 
teach at the Ecole Polytechnique, the Sorbonne, and the Collége de 
France. 

In 1816, following the restoration of the Bourbon kings, the 
Academy was reestablished. However, many members of the 
Institute were excluded because of their Bonapartist leanings, 
including Carnot and Monge. Cauchy was nominated to take the 
place of the latter, but this was accompanied by violent arguments 
and protests that did not question Cauchy’s scientific qualifications 
but rather his good sense in occupying in this way the post of a man 
whose exclusion, in Biot’s view, constituted an act of "political 
inhumanity and a deathtoll for the Academy" (Valson, 1868, I, p. 
58). 

Although Cauchy’s volume was animated by a conception of 
analysis and rigor not unlike that found in Bolzano, it found a much 
different reception in the mathematical world than Bolzano’s 
pamphlet. The Cours d'analyse became the manifesto of the "new" 
analysis, a book that, as Abel wrote, "must be read by every analyst 
who likes rigor in mathematical researches" (1826, p, 221), 

The introduction to the Cours d’analyse expresses Cauchy’s 
conception of analytical rigor with considerable vigor. 


As for methods, I have sought to give them all the rigor that 
one demands in geometry, in such a way aS never to revert to 
reasoning drawn from the generality of algebra. Reasoning of 
this kind, although commonly admitted, particularly in the 
passage from convergent to divergent series and from real 
quantities to imaginary expressions, can, it seems to me, only 
occasionally be considered as inductions suitable for presenting 
the truth, since they accord so little with the precision so 
esteemed in the mathematical sciences. We must at the same 
time observe that they tend to attribute an indefinite extension 
to algebraic formulas, whereas in reality the larger part of these 
formulas exist only under certain conditions and for certain 
values of the quantities that they contain. In determining these 
conditions and these values, I have abolished all uncertainty. ... 
It is true that, in order to remain continually faithful to these 
principles, I was forced to admit many propositions that perhaps 
seem a bit severe at first sight" (1821, p. ii-iv). 


The first of these propositions that were "a bit severe" to admit is 
the fact that "a divergent series does not have a sum" (1821, p. iv). 
This must have been a very troublesome result in the eyes of his 
contemporaries if Cauchy had to stress it so firmly. It was in fact 
Clearly opposed to a tradition that had always been dominant in 
analysis and which had been reasserted in Lagrange’s Théorie des 
fonctions analytiques, one of the books that Cauchy had studied the 
most as a student. But if Cauchy agreed with Lagrange on the 
necessity of founding analysis in a rigorous manner, without limiting 
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oneself to justifying the methods by their successful application to 
geometry, physics, etc. he nevertheless clearly distanced himself 
from Lagrange when it came to setting out the foundations of 
analysis. Arguments drawn from algebra, Cauchy asserted in 
opposition to Lagrange, cannot serve as the basis of the “greatly 
esteemed precision" of analysis. . 

Infinite series played a decisive role in these questions, Such series 
must be treated with extreme rigor, Cauchy said, even at the cost of 
a drastic reduction in the applicability of the formulas used. "Thus, 
before taking the sum of any series," he wrote, "I must examine in 
which cases the series can be summed or, in other words, what the 
conditions of their convergence are. In this regard, I have 
established the general rules that seem to me to merit some attention" 
(1821, p. v). 

As we will see, the instrument that Cauchy developed in order to 
achieve his objective of a critical revision of analysis is the theory 
of limits. It is in fact the limit concept that allows him to define 
the continuity of a function, the derivative and the integral, the 
convergence of a series and its sum. We know how important it was 
for mathematics to have isolated this concept, which had been more 
or less clearly present in the spirit of every mathematician since the 
origins of the infinitesimal calculus. 


a) Limits and Continuity 


The Cours d’analyse, as is natural for a _ general, didactically 
effective treatise, opens with a series of preliminaries in which 
Cauchy reviews the various kinds of numbers (natural, rational, 
etc.), introduces the concept of absolute value (which he calls 
"numerical value"), calculations with literal quantities, and finally 
the concept of limit. He defines it thus: 

"When the values successively attributed to the same variable 
indefinitely approach a fixed value in such a way as to end by 
differing from it as little as one wishes, this latter is called the limit 
of all the others" (1821, p. 19). 

It is interesting to note the example that Cauchy gives in order to 
illustrate this concept. "Thus, for example, an irrational number is 
the limit of the various fractions that furnish ever closer values of 
it" (ibid.), 

The introduction of the limit allows Cauchy to specify in an 
unequivocal manner the meaning of infinifesimal and of positive and 
negative infinity. These definitions have become classic. Thus, 


When the successive numerical values of the same variable 
decrease indefinitely in such a way as to fall below any given 
number, this variable becomes what one calls an infinitesimal or 
an infinitely small quantity. A variable of this kind has zero as 
a limit. 
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When the successive numerical values of the same variable 
increase more and more in such a way as to rise above every 
given number, we say that this variable has positive infinity for a 
limit, indicated by the sign @ if it is a positive variable, and 
negative infinity, indicated by the symbol —», if it is a negative 
variable (1821, p. 19). 


Finally Cauchy presents the usual operations of the calculus, sum, 
product, etc., and the exponential, logarithmic, and trigonometric 
functions. 

In the first chapter Cauchy immediately gives the definition of a 
function of one or more real variables, "When the variable 
quantities are linked together in such a way that, when the value of 
one of them is given, we can infer the values of all the others, we 
ordinarily conceive that these various quantities are expressed by 
means of one of them which then takes the name of independent 
variable, and the remaining quantities, expressed by means of the 
independent variable, are those which one calls the functions of this 
variable" (1821, p. 31). 

In a similar manner he defines functions of many independent 
variables and distinguishes between explicit and implicit functions. 
These are present “when one only gives the relations between the 
functions and the variables, that is to say, the equations which these 
quantities must satisfy, as long as these equations are not resolved 
algebraically" (1821, p. 32). 

After having defined infinitesimals of the first and following 
orders by means of limits, Cauchy gives the following definition of 
the continuity of a function: 


Let f(x) be a function of the variable x, and let us suppose 
that, for every value of x between two given limits, this function 
always has a unique and finite value. If, beginning from one 
value of x lying between these limits, we assign to the variable x 
an infinitely small increment «, the function itself increases by 
the difference 


f(x +o} — f(x), 


which depends simultaneously on the new variable « and on the 
value of x. Given this, the function f(x) will be a continuous 
function of this variable within the two limits assigned to the 
variable x if, for every value of x between these limits, the 
numerical value of the difference 


f(x + &) — f(x) 
decreases indefinitely with that of « (1821, p. 43). 


At this point he reformulates the same concept in terms of 
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infinitesimals. 


In other words, the finction f(x) will remain continuous with 
respect to x within the given limits if, within these limits, an 
infinitely small increase of the variable always produces an 
infinitely small increase of the function itself (rbid.). 


Cauchy had had the opportunity to publicly clarify his ideas on 
continuity at the end of the preceding year, when he had reported to 
the Academy on a long paper on projective geometry that had been 
presented by Poncelet (1788-1867). Cauchy’s report, which was 
published in Gergonne’s Annales, was reprinted at the beginning of 
Poncelet’s Traite des propriétés projectives des figures (1822), 

In the Traite Poncelet adopted a principle similar to the one that 
had been used by Carnot in his Geomeétrie de position (1803), This 
was the so-called "principle of continuity” according to which the 
"descriptive" properties of "any figure in a general position and 
indeterminate in some way" are conserved by "insensible" and 
continuous transformations of the figure, unless a determinate point 
is attained in which they clearly fail to be true. 

There was an apparent ambiguity and uncertainty in Poncelet’s 
formulation of his principle. On the one hand, he asked, "Is it not 
evident that the properties and the relations found for the first 
system remain applicable to the successive states of this system, 
provided that one always considers the particular modifications that 
can follow from it, as when certain magnitudes vanish, change their 
meaning or sign, etc., modifications that it will always be easy to 
recognize at first, and by certain rules?" (Poncelet, 1822, p. xxii). 

This, Poncelet adds, is precisely what "our greatest geometers” did 
in laying the foundations of the infinitesimal calculus and 
mechanics, One can find a similar law in all those writings where 
"one seeks a certain generality in the conceptions." 

This principle provided Poncelet with a useful tool for his 
synthetic approach to the study of the projective properties of 
conics, For example, he demonstrated that two conics which are 
tangent to each other in two real or ideal points are generated from 
the projection of two concentric circles, since the first figure can be 
obtained from the second "by a progressive and continuous 
movement." This theorem is true in the complex projective plane 
P*(C) and shows how Poncelet utilized the principle of continuity 
and "ideal" entities in order to avoid introducing imaginary elements 
into geometry, such as imaginary centers of projections or imaginary 
planes. 

Moreover, Poncelet observes, the "principle of continuity is 
generally admitted in all those studies that are based on algebraic 
analysis" (1822, p. 67). 

Cauchy was clearly of a different opinion. He objected that "This 
principle is, to tell the truth, a strong induction, with whose aid one 
extends the theorems that had first been established with certain 
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restrictions to cases where these no longer exist" (In: Poncelet, 1822, 
p. ix). It is true that the applications given by Poncelet lead to exact 
results, Cauchy admits, but "nevertheless we think that it should not 
be generally admitted and indiscriminately applied to all kinds of 
questions in geometry, nor in analysis. In according too much 
confidence to it, one could occasionally fall into obvious errors" 
(tbid.). This happens in the case of integration, Cauchy adds, clearly 
having in mind the results of his paper on definite integrals which 
at the time had not yet been published (see §4,2 below). 

The definition of continuity given in the Cours d’analyse must 
now, in Cauchy’s view, eliminate all ambiguity and recourse to 
geometric intuition. 

Cauchy’s definition of a function appears to be completely free of 
the requirement that the dependent variable be expressible by means 
of "an analytic expression," as it had been for Lagrange. Moreover, 
Cauchy defines the continuity of a function in "local" terms, as 
Bolzano had done. Like the Bohemian mathematician, he clearly 
expresses the idea that a function is considered "within two given 
limits" when, for example, we want to affirm something about its 
continuity.!5 

The definitions of a continuous function given by Bolzano and 
Cauchy appear strikingly similar, something that seems even more 
remarkable when we remember that at the time it was a completely 
new way of studying continuity. But while Bolzano seemed to move 
knowingly towards the distinction between continuity and 
derivability,® Cauchy still seemed to be tied to classical analysis and 
produced standard examples of continuous functions that were 
everywhere derivable, such as a + x, a — x, ax, sin x, cos x, log x, 
A*, etc. Asa discontinuous function he gave the example of a/x for 
x= 0. 

Two years after the Cours d’analyse, Cauchy wrote in the Résumé 
of his lectures given at the Ecole Polytechnique that, "The two 
functions x2 l/log x, .. become discontinuous in passing from the 
real to the imaginary as the variable x decreases and passes through 
zero" (1823a, p. 39). 

The sense of this statement seems to be that Cauchy thought that 
continuous functions were always derivable, and ceased to be so only 
in points of discontinuity. 

In fact, if we take for example the first of the functions proposed 
by Cauchy, y = x/* its derivative is y = 1/2¥vx, which is 
discontinuous af the origin. 

This becomes immediately clear when we pass from real to complex 
values, Cauchy says. In this case, in fact, the point x = 0 proves to 
be a "multiple point" or a "branch point" in modern terminology, and 
the function changes its value when the variable completes a full 
turn around the point?” 

Many years later Cauchy had the opportunity to clarify this idea. 
In a letter to Coriolis, which was published in the Comptes rendus de 
l'Académie des sciences in 1837, he set out his own method for 
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representing the roots of algebraic equations or the integrals of 
differential equations which was based on an expansion into 
convergent Series (see §4.5), In regards to continuity, he wrote, 


According to the definition given in my Cours d’analyse, a 
function of a variable is continuous between the given limits 
when, between these limits, every value of the variable produces 
a unique and finite value of the function, and this varies by 
insensible degrees with the variable itself. Having said this, a 
function that does not become infinite in general only ceases to 
be continuous by becoming multiple (1837, p. 39). 


A full awareness of the novelty inherent in this definition of 
continuity, with respect to the tradition of Euler and Lagrange, does 
not appear until much later in Cauchy’s writings, In his Mémoire sur 
les fonctions continues of 1844 we read, 


In the works of Euler and Lagrange, a function is called 
continuous or discontinuous according to whether the different 
values of this function, corresponding to the different values of 
the variable, are or are not subject to the same law, are or are 
not furnished by one and the same equation. It is in these terms 
that the continuity of functions is defined by these illustrious 
geometers when they say that "arbitrary functions, introduced by 
the integration of partial differential equations, can be 
continuous or discontinuous functions." Nevertheless, the 
definition that we have just recalled is far from offering 
Mathematical precision; for, if the different values of a 
function, corresponding to different values of a variable, depend 
on two or more distinct equations, nothing will hinder us from 
diminishing the number of these equations or even from 
replacing them by one single equation, whose decomposition 
would furnish all the rest. There is more: the analytical laws to 
which the functions can be subjected are generally expressed by 
algebraic or transcendental formulas, and it can happen that 
different formulas represent, for certain values of a variable x, 
the same function, or, for other values of x, different functions. 
Consequently, if one considers the definition of Euler and 
Lagrange to be applicable to all kinds of functions, whether 
algebraic or transcendental, a simple change of notation is often 
enough to transform a continuous function into a discontinuous 
one, and vice versa. Thus, for example, if x designates a real 
variable, a function that reduces to +x or to —x according to 
whether the variable x is positive or negative will for this reason 
be placed in the class of discontinuous functions, and yet the 
same function could be regarded as continuous when one 
represents by the definite integral 
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2 f xdt 

No (2 + x? 
Thus, the character of the continuity of functions, seen from the 
point of view where the geometers first stopped, is a vague and 
uncertain character. But the uncertainty will vanish if, in place 


of Euler’s definition, we substitute that which I have given in 
Chapter II of the Analyse algébrique (Cauchy, 1844a, pp. 145-6), 


In Chapter 2 of the Cours d’analyse, after having defined the 
continuity of a composite function, among the "remarkable 
properties” of continuous functions Cauchy mentioned the natural 
property of serving to represent the ordinate of a curve. In this 
connection Cauchy stated the intermediate value theorem: if f(x) is 
continuous between x, and X and if f(x ) < 6 < f(X), there exist one 
or more values of x € [xX] for which f(x) = 6. Cauchy’s 
demonstration was based on geometric intuition: given the continuity 
of the function, the line y = b "could not but meet" the curve 
between f(x) and /(X). 

Cauchy himself nevertheless recognized that an argument of this 
kind did not well suit the rigor "that I had made a law unto myself,” 
since he immediately afterwards refers to a demonstration "by a 
direct and purely analytic method" that was placed in the appendix 
to the Cours dealing with the numerical resolution of equations, 

Here, in order to demonstrate the existence of a zero a ¢€ [XX] of 
a continuous function in [Xo*] such that f(x,) and f(X) are of 
opposite sign, he makes successive subdivisions of the interval [XX] 
in order to construct a pair of sequences (x,} and {X,} which satisfy 
eeny’ Ss criterion,’ (see below) such that Xg < X%, <., and X > X, > 
X, > ., and furthermore that i(x,) and f(X,) are of opposite sign for 
every. ié WW. "One can conclude ‘that the general terms {x,} and {X;} 
will converge to a common limit" @ and, by the continuity of the 
function, f(x,) and {(X,) also will converge to f(a). “It is clear, 
Cauchy concludes, "that the quantity f(a) is necessarily finite, and 
cannot differ from zero" (1821, p. 462). This is a demonstration 
which, like that of Bolzano, becomes completely rigorous once the 
existence of R has been assumed. 


b) The Convergence of Series 


In the Cours d’analyse, Cauchy devoted many pages to the study of 
"singular values of functions in some particular cases" (1821, p. 51). 
This involves "one of the most important and most delicate 
questions of analysis,” Cauchy says (ibid.), which is to study the 
limits of functions for x = 4° and x = 0. This leads him to 
single out the so-called "indeterminate forms" of the type 0/0; 
o / 0, o — ©, QO .- o, 0°, 000 1°. 

In the course of this study, Cauchy states and demonstrates 
theorems that have since become classic. 
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Theorem I. /f, for increasing values of x, the difference f(x + 1) —- 
f(x) converges towards a certain limit k, the fraction f(x)/x will 
converge towards the same limit at the same time (1821, p. 54), 


Theorem II. /f, the function f(x) being positive for very large values 
of x, the ratio f(x + 1)/f(x) converges towards the limit k as x 
increases indefinitely, the expression Lf(xy/* will converge towards the 
same limit at the same time (1821, p. 58). 


It is clear that these two theorems are also valid when f(x) is only 
defined for integral values of x, and therefore both can be 
reformulated in terms of sequences. Cauchy later used this to state 
convergence criteria for series, 

These occupy the whole of Chapter 6 of the Cours d’analyse. Here 
Cauchy defines the convergence of a series as, "If, for ever 
increasing values of n, the sum Sy indefinitely approaches a certain 
limit s, the series will be called convergent and the limit in question 
will be called the sum of the series, If, on the contrary, while x” 
increases indefinitely the sum s, does not approach any fixed limit, 
the series will be divergent and will no longer have a sum" (1821, p. 
114), 

After giving the example of the geometric series 1 + x + x* + 55>, 
which converges to 1/(1 — x) if |x| < 1, Cauchy states the famous 
necessary and sufficient condition of convergence, the so-called 
‘Cauchy criterion’: 


2 


In order for the series 


Up tly tug tir HU + ee 
to be convergent, it is necessary and sufficient that increasing 
values of » make the sum 


converge indefinitely towards a fixed limit s; in other words, it 
is necessary and sufficient that, for infinitely large values of 
the number 7, the sums 


Sn Sn+h Sn+20 


differ from the limit s and consequently from each other, by 
infinitely small quantities (1821, p. 115), 


Cauchy has no difficulty proving that the condition is necessary, 
but as for its sufficiency, like Bolzano, he limits himself to asserting 
that, "Reciprocally, when these various conditions are fulfilled, the 
convergence of the series is assured” (1821, p, 116). (The conditions 
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he refers to are that the general term uw, tends to zero and that the 
sum of the quantities M+ Uy tones taken from the first for an 
arbitrary number, "end by constantly assuming numerical values 
inferior to every assignable limit.") 

Cauchy holds his assertion to be evident, based on the geometrical 
intuition of the continuity of the number line, but, as would become 
clear about fifty years later, the rigorous demonstration of the 
sufficiency of ‘Cauchy’s criterion’ first requires the construction of 
the field of real numbers. 

On the other hand, thinking that the irrational numbers are 
defined as "the limit of the various fractions that furnish values 
ever closer to it," as Cauchy does in the Cours d’analyse, (1821, p. 19) 
leads inevitably to a vicious circle. 

But while Bolzano confronted the study of real numbers in an 
attempt to “arithmetize” analysis,J2 Cauchy never seemed to show 
any interest in the issue, neither before nor after the composition of 
the Cours d’analyse. 

Here, after having applied his condition to show that the harmonic 
series is divergent and that the exponential series X(1/m!) converges, 
Cauchy states the following: 


Theorem. When the different terms of the series [Zp it] are functions 
of the same yariable x, continuotts with respect to this variable in the 
neighborhood of a particular value for which the series is convergent, the 
sum s of the series is also a continuous function of x in the 
neighborhood of this particular value (1821, p. 120). 


Cauchy does not mention Fourier in this context, but it is clear 
that he questions Fourier’s entire approach. Since in fact the sine 
and cosine functions that appear in Fourier series are continuous 
functions, it follows that, according to this theorem, the Fourier 
series of discontinuous functions do not converge to the given 
functions. 

Cauchy’s "demonstration" is the following: if we use s to indicate 
the sum of a series like s=s5 +r, (where r, is the remainder of the 
series taken from the nth term), then the three quantities Sy Ty and 
s are functions of x. The first of these is clearly continuous in the 
neighborhood of the particular value of x at issue, and the given 
series is convergent at x by hypothesis. 

We now consider the increase of the three functions s, S,, and r, 
when we increase x by an infinitesimal quantity « The increase in 
s, will be infinitesimal for every finite m and "that of r, will 
become insensible at the same time as r, if we assign a very large 
value to m” (1821, p. 120). Consequently, the increase in s will also 
be infinitesimal, from which Cauchy deduces the continuity of s in 
the neighborhood of x. 

But a more refined analysis of the demonstration shows that 
Cauchy’s conclusion is incorrect and based on the hypothesis that 
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r(x + «) becomes infinitely small for n > N very large and 
independent of x. In general this will not be true if the series is 
simply convergent. 

Cauchy’s mistake results from various kinds of confusion. Above 
all, the systematic and hasty use of infinitesimals in the 
demonstration prevents him from grasping the functional dependence 
of the "very large value of n" being sought. 

In the second place, his geometrical conception, which is largely 
intuitive, leads him to think that, as m increases, the graph of the 
curve y = s(x) comes ever closer to that of f(x), which he takes to 
exist. This is true in a certain sense, but only in that, by fixing a 
particular value x in the interval, for every arbitrarily small 
positive €, there exists an integer v for which, for this value of x, 
[s,(x) — f(x)| < © for n> v, 

This does not mean that the curves end by coinciding 
geometrically. This can happen not only in the neighborhood of a 
point of discontinuity of f(x), but also when /(x) is continuous. 

This can be clearly seen with a few examples (Carslaw, 1921, pp. 
125-6), 


Example 1. Consider the series Yu,(x), where 
1 ] 
Uy) = (n-1)x +1 ax +1 (x ? 0), 
whose partial sums are 
] 
nx +1 


s(x) = 1 - 


Then, when x > 0, lim s(x) = 1; while when x = 0, lim s(x) = 

When x > O the curve f(x) consists of the part of the line ye 1, 
excluding the origin, where f(x) = 0. Therefore it is discontinuous 
at the origin while the s, are not for every finite n. 


Example 2. Consider the series Yu (x), where 
nx (n — 1)x 


L+n?x? = 14 (n—1)?x? | 


Hence the s(x) are given by 


u(x) = 


(x) = — 

s (x) = — 7 

n 1+ n?x? 

and lim s(x) = 0 for all x. The sum of the series is continuous, but 
the curves y = s,(x) differ substantially from the curve y = fx) in 
the neighborhood of the origin. The first have a maximum at (1/2, 
1/2) and a minimum at (-l/n, —1/2). The x coordinate of the 
maximum tends to zero as » increases (Figure 6). 
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0,5 1 x 


Figure 6 


"If we reasoned from the shape of the curves y = s(x), we should 
expect to find the part of the axis of y from —1/2 to 1/2 appearing 
as a portion of the curve y = f(x)," Carslaw concludes (1921, p. 126), 

The final source of confusion regards operations with double 
limits. In fact, if the series is convergent and its sum is f(x), then 


f(x) = lim $ (x). 


Further, by supposing that there is a limit of f(x) as x tends to Xp, 
we have, 


(a) lim f(x) = on, [lim s (x)]. 
X7Xy x7x 

On the other hand, if f(g) is the sum of the series for x = x,, 
from the definition we find that this value is given by lim s, (xp). 

If the s nix) are all continuous in the interval in question, 


s (x,) = lim s_(x), 
2(%0) = Him s4(x) 
and consequently the sum of the series at the point x, can be written 
as 


(8) imflim s,(2)) 


But (a) and (8) give the same value only for the case where /(x) is 
continuous at X>, 
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3.5. Abel’s Theorems on Convergence 


The first to advance reservations about Cauchy’s theorem was Abel. 
In a note attached to his 1826 article on the convergence of the 
binomial series he observed: “But it seems to me that this theorem 
admits exceptions. For example, the series 


1 ! 
sin x ~ sin 2X + 3 sin 3x —-- 


is discontinuous for every value (2m + 1)m of x, m being a whole 
number. There are, as we know, many series of this kind" (Abel, 
1826, p. 225 n,), 

What Abel was referring to was one of the series proposed by 
Fourier as an example of his expansions into trigonometric series 
(see §2,3). (In all likelihood Abel had found Fourier’s Théorie in 
Berlin, in Crelle’s library, together with Cauchy’s Cours d’analyse.)!® 

It was after reading the Cours that Abel saw Fourier series as 
effective counterexamples to Cauchy’s theorem, precisely on the basis 
of his definition of continuity. 

In regards to the delicate question of the behavior of series of 
continuous functions, Abel set out two theorems in this article. In 
the first he asserted that, "If the series 


= 2 
F(X) = Vp + VyHt vga + ess tv aM + --- 


is convergent for a certain value 6 of a, it will also be convergent 
for every value less than 6 and, for ever decreasing values of B, the 
function f(« — 8) will indefinitely approach the limit f(«), supposing 
that w is equal to or less than 6" (1826, p. 223), 

With this statement Abel put into question a mathematical 
procedure that had been common enough at the time, but which had 
often led mathematicians to campletely erroneous statements about 
numerical series, In fact, in order to calculate their sum, the usual 
method was to transform the given series into a series of powers of 
a variable -x, to calculate its sum, and then to substitute into the 
latter a suitable value of x which would give the initial series. 

A classic example is the series of Grandi (1671-1742), 1 -1+1-1 
+ -+-, whose "sum" caused much. discussion among the 
mathematicians of the eighteenth century. Many argued that the 
series converged to 1/2 on the basis of the following reasoning: In 
the geometrical series 


| 


2 = 
l-x 


L+x+x%+--- 


we set the value —-1 for x. We thus obtain the series of Grandi, 
whose sum is consequently !/2. But first Bolzano (1817) and then 
Cauchy (1821) had demonstrated that the convergence of the 
geometrical series is assured only if |x| < 1. To this Abel added that 
the substitution would be legitimate only if the series converges for 
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x = —l (that is, 6 = 1), which it clearly does not. 

Abel’s theorem must have raised many difficulties if, many years 
later, after Dirichlet’s death, the French mathematician Liouville 
had believed it necessary to record his earlier doubts. 


It is a matter of proving that, if the series 


Apt a,+a,¢+ s+ +a t- 


is convergent and has A as its sum, the sum of the series 
A, +a; + apr +--+ apr+... 
0 1P 2P nP? ; 


which will be convergent a fortiori when the variable p is 
positive and less than unity, will tend towards the limit A when 
we let p tend indefinitely towards unity.?° Talking one day 
with my wonderful and late lamented friend Lejeune Dirichlet, I 
told him that I had found it exceedingly difficult to set out (and 
even to understand) the demonstration that Abel had given for 
this important theorem (In: Dirichlet, Werke 2, p. 305). 


Liouville’s account continued with a presentation of the 
demonstration that Dirichlet had given “on two feet" and "before his 
very cyes." Let 


= 2 n 
S=dypt apt ap t---+aprts--, 


where 0 <p < 1. Setting sp, 5; — 59, 53 — Sy, ». in place of aj, a,, Ao, 
, Tespectively, we have 


S = 5) + (8; —59)P + (Sg —5,)p? +, 
or 


S=(1 —p)(sy + syo + sp? + +++). 


"We divide S into two parts, one of which includes the first x» 
terms and the other all the rest, and let # increase as € [= | — p] 
decreases, but so slowly that the limit of ne is zero" (Dirichlet, 1863, 
p. 306). We easily see that the limit of S, as p tends to 1, is given by 
the sum A of the initial series. "I do not think that anyone in the 
future can think of requiring further clarifications," Liouville 
concluded (In: Dirichlet, Werke 2, p. 306). 

Passing then to consider, in place of y_, the functions v(x), Abel 
stated the following theorem: 


Let 
Vo + ¥y8 + 7267 + «> 


be a convergent series, in which Vor Vy, Yoo « are continuous 
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functions of the same variable quantity x between the limits x = 
aand x = b, The series 


f(x) = Vo + ¥ya + poe” + rey 


where a < 8, will be convergent and a continuous function of x 
between the same limits" (1826, pp, 223-4). 


In the demonstration Abel considers the two functions 
O(x) = ¥o + Vy t+ Vo tives +¥ 


W(x) = vo ty omth + oe, 


where f(x) = ¢(x) + (x). Now, since we can write 


a ym a m+l1 
1 
Ux) = | ¥m5" + (=| Ving Bo tre 


if 
A(x) = sup (\v,,8™ Free ty emt), 


consequently we have 


x m 
W(x) < (= | Q(x). 

From this?! Abel concludes that, if we add an infinitesimal 
increment B to x, f(x) will also change by an infinitesimal quantity 
and consequently the function f(x) is continuous. 

But like Cauchy’s ‘demonstration,’ Abel’s too contains an illicit 
hypothesis. He in fact implicitly supposes that SUP x ¢[a,b}(*) 18 
finite, which in general is not true, as Kronecker first pointed out?* 
(see §7.1). According to Sylow (1902, p. 53), “there is reason to 
believe that later [Abel] was not completely satisfied" with his 
demonstration, since he returned to it again in a paper Sur les séries, 
which was first published in the second edition of his works in 1881, 
However, his results here were not much different. 

Abel hit the mark when he used a counterexample to illustrate the 
imprecision of Cauchy’s theorem on series of continuous functions, 
but it was otherwise as far as finding the error in the demonstration 
was concerned. Here Abel limited himself to observing, with the 
care appropriate for a young man beginning his career facing a 
distinguished mathematician, that it seemed to him that the theorem 
admitted "exceptions," which is a roundabout way of saying that a 
theorem is false and requires additional hypotheses. 

On the other hand, as Abel himself acknowledged, Cauchy’s Cours 
d’analyse was his theoretical guide. Thus, the techniques that Abel 
used were those of Cauchy; his definitions of continuity and of 
convergence are the same, as are his use of infinitesimals in 
demonstrations. 
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It is precisely this latter fact that kept both men from finding the 
weak point in Cauchy’s demonstration and from seeing that there is 
another form of convergence, what is today called the wuaiform 
convergence of a series of functions. This assumption is necessary 
in order to render Cauchy’s theorem correct. Those mathematicians 
and historians who have seen the idea of uniform convergence in 
Abel’s theorem are consequently mistaken. Examples are Pringsheim, 
when he writes that Abel "here directly proves the existence of that 
property which we today call uniform convergence" (1899, p, 35), and 
Hardy, according to whom "the idea [of uniform convergence] is 
present implicitly in Abel’s proof of his celebrated theorem on the 
continuity of power series" (1918, p. 148). 

In reality, Abel had the same idea of the convergence of series as 
Cauchy, and the idea of uniform convergence only emerged about 
twenty years later in a rather different context. 

Among the new results that Abel also stated in his 1826 paper, 
making use of Cauchy’s techniques, were the criteria of convergence 
of series. 

The enunciation of convergence criteria for series is in fact among 
the most significant results of Cauchy’s Cours d’analyse. On the 
basis of Theorems I and II above, Cauchy stated the criteria of the 
ratio and of the root that assure the convergence of the series Lu 
when, respectively, 

u 


lim ~—=K <1 and lim(u,)/" = K < 1. 
n 

For series that contain as many positive as negative terms, Cauchy 
establishes the convergence when the series Lp, of their respective 
absolute values satisfies the above stated criteria, while for a series 
of terms with alternating signs he shows that it is sufficient that the 
general term y, tends to zero in order to guarantee the convergence 
of the series, 

In the case of the series of whole powers of a variable 


2 
Ay + A,X + Ax" + - 


he states the theorem according to which the series is convergent if 
"the numerical value [i.c. the modulo] of the variable x is less than 
1/A," where 


A= lim sup vila]. 


"On the contrary, the series will be divergent if the numerical value 
of x surpasses 1/A" (1821, p. 136). 

This proposition passed unnoticed until it was rediscovered by 
Hadamard in 1892. Under the name of the ‘Cauchy-Hadamard 
theorem,’ it has proved to be of fundamental importance in the 
theory of analytic functions, allowing one to determine the radius of 
the circle of convergence of the series that gives any element of the 
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analytic function (see §7.3). 

The study and determination of convergence criteria for series 
reflects a radical change in the way of understanding analysis with 
respect to the eighteenth-century tradition. Cauchy establishes the 
convergence of series under suitable hypotheses for the general term 
u, without actually knowing what the value of the sum is. If for wu, 
such and such conditions are true, then there exists a number S such 
that lims, = S forn > 

The scheme of Cauchy’s criteria heralded a new approach to 
analysis. Since then ever more sophisticated theorems of an 
existential nature have become common in mathematics and indeed 
today constitute the fundamental structure of many theories. 


3.6. Cauchy’s Dcfinitions of Derivative and Differential 


Among the most remarkable limits and indeterminate forms that 
Cauchy considered in the Cours d’analyse are those of the type 0/0. 


When the two terms of a fraction are infinitely small 
quantities whose numerical values decrease indefinitely with 
those of the variable « the singular value that received this 
fraction, for « = 0, is sometimes finite, sometimes zero or 
infinite (1821, p. 64), 

Among the fractions whose two terms converge to the limit 
zero With the variable « we must place the following 


I(x _+ «) — f(x) 
x 


whenever we assign to the variable x a value in whose 
neighborhood the function f(x) remains continuous (1821, p. 65). 


As examples, Cauchy proposes the functions f(x) = x? and f(x) = 
a/x, for which the two limits in question are 2x and -a/x 
respectively, After having demonstrated with the method also used 
today that 


sin « 


im = 1, 
x70 [4 

Cauchy adds, "The study of the limits towards which the ratios 
f(x + «) — f(x) f(a) — f(0) 


x x 


’ 


converge being one of the principal objectives of the infinitesimal 
calculus, we will not dwell on it any longer" (1821, p. 67). 

This is the only allusion to the concept of derivative that we find 
in the Cours. The principal concepts of the differential calculus 
instead constitute the subject of the second part of the course 
Cauchy gave to the students in their first year at the Ecole 
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Polytechnique, which was published in 1823 as the Résumé des lecons 
donnees a l’Ecole royale polytechnique sur le calcul infinitesimal. Here we 
find the definitions of derivative, differential, and integral in terms of 
limits that have since become classic. Here Cauchy gives the first 
rigorous systematization of the theory of expanding functions in 
Taylor series, the Lagrangian basis of the theory of functions. 

Cauchy is well aware of the profound theoretical novelty of his 
approach. In the Avertissement to the Résumé he writes, 


The methods that I have followed differ in many respects from 
those found in works of the same kind. My principal aim has 
been to reconcile rigor, which I had made a law unto myself in 
my Cours d’analyse, with the simplicity that results from the 
direct consideration of infinitely small quantities. For this 
reason, I have thought it necessary to reject the expansions of 
functions in infinite series whenever the series thus obtained are 
not convergent; and I have been forced to return Taylor’s 
formula to the integral calculus. This formula can no longer be 
admitted as general unless the series that it includes is reduced 
to a finite number of terms and completed by a definite integral. 
I am not unaware that the illustrious author of the Mécanique 
analytique [Lagrange] took the formula in question as the basis 
of his theory of derived functions. But, despite all the respect 
that I have for such a great authority, the majority of geometers 
now agree in recognizing the uncertainty of the results to which 
one can be led by the use of divergent series, and I add that in 
many cases the Taylor theorem seems to furnish the expansion of 
a function in convergent series, even though the sum of the 
series essentially differs from the proposed function. For the 
rest, those who read my book will I hope be convinced that the 
principles of the differential calculus and its most important 
applications can easily be set out without the use of series 
(Cauchy, 1823a, pp. 9-10). 


Leaving the diplomacy aside, this is a decisive and radical attack 
on Lagrange’s conceptions of the foundations of the infinitesimal 
calculus. Only a few years earlier, Lagrange had published a 
supplement to the lessons he had given on the theory of functions 
at the Ecole Polytechnique in which he had written, 


Every function of one variable only can always be regarded as 
an exact derivative; for, if it does not naturally have a primiitive 
function, one can always find one by series .. by resolving the 
given function in a series of powers of the variable and then 
taking the primitive function of each term (Lagrange, 1806, p. 
364). 


In the same volume of the Journal de l’Ecole polytechnique that 
contained Lagrange’s supplement, A. M. Ampere (1775-1836) 
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published a long note whose object was "a new demonstration of the 
Taylor series." In criticizing Lagrange’s assumption, Ampere sought 
to demonstrate that it is possible for every function /(x) to be 
expanded in a series of increasing powers.** He began from a 
definition of the derivative that was based on a property of derived 
functions found by Lagrange. This property was stated by Ampére 
as, 


Let A and K be the values of f(x) corresponding to x = a and 
x = k, One can always suppose that a and k are chosen in such 
a way that f(x) never becomes infinite in the interval and that 
neither 4 =k nor a = k, so that 


K~A 
k-a 
is neither zero nor infinite, and that one can take this quantity 


for that above or below which one can always take [f(x+/) — 
f(x)|/i, giving to 7 a value as small as necessary (1806a, p. 151). 


From this property Ampére drew the definition of derivative that 
to him "seemed the most general and the most rigorous possible" 
(ibid., p. 156). 

"The derived function of f(x) is a function of x such that [f(x+/) — 
f(x)|/i is always included between two of the values that this 
derived function takes between x and x + 7, whatever x and i may 
be (ibid.), 

Ampeére’s work and his lectures at the Ecole Polytechnique did not 
go without influence on Cauchy, who cites Ampére among those to 
whom he is indebted in both the Cours d’analyse and in the Résumé. 
But Cauchy’s approach reverses the terms of the problem: by 
defining the derivative of a function (if it exists) as a suitable limit, 
what Amptre had given as a definition became a property of the 
derivative, expressible as a theorem. 

This is how Cauchy proceeds. After having repeated the 
definitions of limit, infinitesimal, and continuity given in the Cours 
d’analyse, he writes, 


When the function y = f(x) remains continuous between two 
given limits of the variable x and one assigns to this variable a 
value included between the two limits in question, an infinitely 
small increase in the variable produces an infinitcly small 
increase in the function itself. As a consequence, if one then 


sets Ax = i, the two terms of the ratio of differences [rapport aux 
dif férences] 

Ay f(x + i) — f(x) 

Ax i 


will be infinitely small quantities. But, while these two terms 
will indefinitely and simultaneously approach the limit zero, the 
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ratio itself can converge towards another limit, either positive or 
negative. This limit, when it exists [my emphasis], has a 
determinate value for every particular value of x, but it varies 
with x. .. The form of the new function that will serve as the 
limit of the ratio 


f(x + i) — f(x) 
i 
will depend on the form of the proposed function y = f(x). To 
indicate this dependence, we give the new function the name of 


derived function, and designate it, with the aid of an accent, by 
the notation y’ or f'(x) (1823a, pp. 22-3), 


In the next lecture Cauchy gives the definition of the differential 
of the function f(x) as "the limit towards which the first member of 
the equation 


fx + oh) = fx) _ fe += SX), 


(i = of) 

a i 
converges when the variable « approaches indefinitely close to zero 
while the quantity A remains constant" (1823a, p. 27). In the 


particular case of f(x) = x, the equation 
d f(x) = hf'(x) 


reduces to dx = h, from which 
df(x) = f'(x)dx, 

or, equivalently, 
dy = y'dx. 


This, Cauchy says, allows us to write the first derivative as dy/dx, 
that is, as the ratio between the differential of the function and that 
of the variable. 

The fundamental theorem from which Cauchy takes the 
remarkable properties of his calculus of derivatives is stated as 
follows: 


If, the function f(x) being continuous between the limits x = 
Xo x = X, we designate by A the smallest and by B the largest of 
the values that the derived function /f’(x) assumes in this 
interval, the ratio of increments 


F(X) — f(%) 
xX - Xo 


will necessarily be included between A and B (1823a, p. 44) 
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It is in this context that Cauchy refers in a note to the work of 
Ampere mentioned above, 

Thus, while for Lagrange the Taylor series was the premise for the 
theory of derived functions, for Cauchy the study of the possibility 
of transforming "any function of x or of x + A into entire functions 
of x or of x + # to which are added definite integrals" constitutes 
the conclusion of his lectures on the infinitesimal calculus (1823a, p. 
214). 

He here gives the following formula: 

2 


h 
flax +h) = f(x) + APO) + FP) + 


n-1 _ n-1 
+ flo) + r (A= zh" 


(n — 1)! o (n- 1)! 
which is the ‘Taylor formula with the remainder in the form of 
Cauchy.’ This formula, Cauchy adds, presupposes that the functions 
f(x + Zz), fi(x + Zz), ., f° x + z) remain continuous between the 
limits z = 0, z = A (1823a, p. 215). 

When the integral that gives the remainder tends to zero for 
increasing values of , then it serves to expand the function f(x + h) 
"in series ordered according to the ascending integral powers of the 
quantities x and k. The remainders of these series are precisely the 
integrals of which we just spoke" (1823a, 221). Cauchy concludes 
with an observation of the greatest interest. If we consider the 
Maclaurin series in particular (which can be obtained from the 
Taylor series), 


f(x + z)dx, 


2 
f(0) + xf*(0) + = £0) fee 


one could think that the series always has f(x) as a sum when it 
is convergent, and that, in the case where its different terms 
vanish one after the other, the function f(x) itself vanishes; but, 
to be certain of the contrary, it is sufficient to observe that the 


2 
second condition will be fulfilled if we suppose f(x) = e7 (A/a) ; 
and the first if we suppose 


f(x) = et 4 ella” 


However, the function e-(U/xP is not identical to zero, and the 
series derived from the last supposition does not have the 


2 2 2 
binomial e* + e7@/*)" as its sum, but its first term e* (1823a, 
pp. 229-30), 


With this counterexample Cauchy not only clarifies the intrinsic 
theoretical weakness of Lagrange’s construction, but initiates one of 
the most difficult questions in nineteenth-century analysis -- that of 
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knowing whether and how one can represent functions in series 
converging to the given function. The issue was of special interest 
for Fourier series, where the unsolved problem of their convergence 
was still to be faced. 

Abel declared his intention of devoting himself to this task in a 
letter he wrote to Holmboe in December, 1826, but it was instead 
taken up by Cauchy, by Poisson, and later by Lejeune-Dirichlet (see 
Chapt. 5). 


Notes to Chapter 3 


1The Bulletin des sciences mathématiques, astronomiques, physiques et 
chimiques was actually edited by Baron de Férussac. Saigey, to 
whom Abel refers, was the editor of the mathematics series of the 
Bulletin. 


"1 showed it to Cauchy, but he scarcely wished to glance at it. 
And I dare to say without bragging that it is good. I am anxious to 
hear the judgement of the Institut", Abel wrote confidently (1902, p. 
46). But the Norwegian mathematician would wait in vain for the 
Institute’s judgement. Fourier, the secrétaire perpétuel, referred it 
to Cauchy and Legendre for a report, and all trace of it was lost 
until Jacobi recalled Legendre’s attention to it after Abel’s death. 

The paper was then returned to the Academy with Cauchy’s 
Opinion favorable to its publication. Nevertheless, reasons of a 
political nature (corinected with the July revolution of 1830) and the 
delays of the Academy kept Holmboe from obtaining it for 
publication in his 1839 edition of Abel’s works. The paper was 
finally published by the Academy in 1841. 

In this work Abel presented the fruits of his research which, 
beginning from the idea of the inversion of elliptic integrals, had 
led him to study transcendental functions "Whose derivatives can be 
expressed by means of algebraic equations, all of whose coefficients 
are rational functions'of the same variable" and to establish "a 
general property" for them (Abel, 1841, p. 145). This is the so-called 
"Abel’s theorem," which is of fundamental importance for algebraic 
geometry. 

It is not possible to outline here the theory of elliptic and Abelian 
functions which was inaugurated by Abel and Jacobi. It constitutes 
one of the most important chapters of complex analysis and 
algebraic geometry in the nineteenth century, and would fill an 
entire volume on its own. For a historical account see Brill and 
Noether (1894) and Dieudonne (1974, Vol. II, pp. 1-113). 

But the publication of this paper in 1841 still did not end its 
tormented history. The manuscript, which at the time was in the 
possession of Libri (1803-1869), disappeared when, following an 
enormous scandal, he was forced to take refuge in England in 1848, 
accused of having stolen books and manuscripts from the public 
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libraries. The manuscript was subsequently rediscovered in 1952 by 
Viggo Brun (1885-1978) in the Biblioteca Moreniana in Florence, where 
a number of Libri’s manuscripts had eventually landed. For the 
history of this manuscript and a biography of Abel, see Ore (1957), 


Abel here anticipates the basic content of a paper that appeared 
the same year in Crelle’s Journal (Abel, 1826). 


4See the preface to Dedekind’s paper (1872). 
5A general discussion of the equation 
xa + bx™d*y + x(e + ex™dy dx + (f + gx™y dx* = 0, 


for which (3.2.1) is a special case, is found in Chapters 8 and 9 of 
Euler’s Institutiones calculi integralis, Vol. IT (In: Opera (1) 12, pp. 
177-270), 


8A detailed study of Gauss’ contributions to analysis is given by 
Schlesinger (1933). The whole of Volume 10, Part 2, of Gauss’ 
Werke is a collection of special articles on various aspects of Gauss’ 
mathematical activity. 


7Bolzano’s philosophical and mathematical work and his influence 
on the science of our day were the subject of a conference held on 
the bicentenary of his birth (Bolzano 1981b). On the same occasion 
his early mathematical works were reprinted in facsimile (Bolzano 
1981a). 


8Significantly, Bolzano does not mention Gauss’ article of 1813, 
which was probably unknown to him at the time. 


"One finds elsewhere in Abel’s manuscripts (Cahier III), ‘Bolzano 
is an able man,’ a phrase that I could not understand because I only 
knew of Bolzano as the name of a city. It was especially interesting 
to see a mathematician Bolzano cited in the Enzyklopddie der 
mathematischen Wissenschaften as having, even before Cauchy, given 
the well known fundamental criterion of convergence. In the course 
of his trip, Abel had also read, without any doubt, Bolzano’s book, 
Rein analytischer Beweis des Lehrsatzes etc." (Sylow, 1902, p. 13). 

Incredibly, this is what Sylow (1832-1918), a mathematician known 
for his theorems on groups to every student who has taken a course 
of elementary algebra, wrote in a scientific biography of Abel based 
on his manuscripts in 1902! This illustrates the meager knowledge 
of Bolzano’s mathematical works that was prevalent even at the 
beginning of our century. 


10This problem has recently been the subject of a fierce debate 
that seems extreme in view of the absence of material evidence. 
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Grattan-Guinness’ suggestion (1970a) that Cauchy could have read 
Bolzano’s paper evoked a lively reaction from Freudenthal (1971). 
According to Grabiner (1981), Lagrange directly influenced both 
Bolzano and Cauchy and the fact that both mathematicians arrived 
at similar conclusions should therefore not be surprising, This 
subject was again taken up by Dauben (1981b). "Whether Cauchy 
actually read Bolzano or not, however, matters little," he observes, 
and rightly remembers that Bolzano wrote in regards to continuity 
in his Funktionenlehre (1930), "By the continuity of a function it 
would be best to understand the terminology introduced by 
Lagrange, Cauchy, and others," that is, the fact that [f(x + Ax) - 
f(x)| “becomes and remains smaller than any given function 1/N if 
Ax is taken sufficiently small" (Dauben, 1981b, 245). In this way 
Bolzano avoided any claim to priority. 


11Rolzano here adds the note: "There are functions that are 
continuously variable for all values of their roots, for example ax + 
Bx. But there are other functions that vary according to the law of 
continuity only within or outside of certain limiting values of their 
root. In this way x + v0I —x)(2 — x) varies continuously only for 
all values of x that < +1 or > +2, but not for the values that lie 
between +1 and +2" (1817, p. 7 n.). 


12The definition was made more precise by the addition of the 


absolute value of the difference (for positive w) in a later work of 
Bolzano, the Funktionenlehre of 1830. 


18This proposition is equivalent to the so-called "Bolzano- 
Weierstrass theorem." Bolzano used it but did not demonstrate it in 
the Funktionenlehre. The theorem was enunciated and demonstrated 


by Weierstrass in his lectures without even knowing of Bolzano’s 
existence. 


144For a more recent biography of Cauchy see Belhoste (1984). 
157n order to clarify this point it is perhaps better to turn to 
modern symbolism. A function f/f: [a,b] ~ R is continuous at every 
point x, € [a,b] if 
Vx9 € [a,b] Ve> 0, 58(x>,¢) > 0: 
Vx € [a,b]|x — xo < 8 f(x) — f(x) < €, 
while it is uniformly continuous in [a,}] if 
Ve > 0 58(€) > 0: Vx,x_ € [a,b] |x-x,] < 8 > [f(x) — f(x)] <e. 


The ambiguity in Cauchy’s language, in my opinion, does not 
permit us to clarify which of the two definitions he had in mind, 
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even though he in fact utilizes uniform continuity in the definition 
of the definite integral (see §4.4 below). 


16In the Funktionenlehre Bolzano in fact considered a function 
continuous in every point of an interval but not derivable in a dense 
subset of it. Bolzano’s ideas, however, remained unedited and the 
problem of the relationship between the continuity and derivability 
of a function in fact remained open until the 1860s when Weierstrass 
published his celebrated counterexample (see §6.3). It is interesting 
to note that in this circumstance Bolzano criticized a paper of Galois 
(1830) in which the young student at the Ecole Normale thought he 
had “demonstrated a priori the existence of derived functions" for 
any function whatever. Ampére (1806a) was also read for many 
years as an attempt to demonstrate that a continuous function 
always possesses a derivative (except at isolated points) (see §3.6 
below), 


17For a detailed discussion of this example, see $6.2 below. 


18These studies, which remained in manuscript, have recently been 
published by Rychlik (1961), even if the opinion of historians on 
their adequacy differs. 


194. L. Crelle (1780-1855) was a mediocre mathematician but an 
extraordinary organizer. Abel became acquainted with Crelle in 
Berlin during his European trip, and his letters frequently refer to 
the courtesy and hospitality shown him by Crelle. The latter put his 
library at Abel’s disposition and invited him to the weekly meetings 
he held at his house with other young mathematicians in Berlin, 
among whom were Martin Ohm (1792-1872), the brother of the more 
famous physicist Simon Ohm. 


201 is in this form, where 6 = 1, that the theorem is found to be of 
particular usefulness for the practice of calculating with series. 


211m reality, Abel does not use the absolute value either here or in 
the preceding theorem. 


2For a counterexample see the article by Dugac in Dieudonné 
(1978, I, pp. 355-92). 


73An accurate discussion of Ampeére’s work and of the origins of 
Cauchy’s concept of derivative can be found in Grabiner (1978) and 
(1981). 


Chapter 4 
COMPLEX FUNCTIONS AND INTEGRATION 


4.1. The Fundamental Theorem of Algebra 


Well over half of the Cours d’analyse is devoted to complex analysis, 
which constitutes one of Cauchy’s most fundamental contributions to 
mathematics, and probably his most important. In his hands the 
calculus of complex quantities became an indispensable instrument 
of analysis, losing the aura of mystery and inexplicability that had 
accompanied complex numbers since their appearance in the solution 
of algebraic equations of the third degree. 

But no matter how uncertain the nature of complex numbers and 
variables was, they had still been widely used by mathematicians in 
the eighteenth century (see §1.2). 

This uncertainty was still dominant at the end of the century, as is 
witnessed by Gauss’ reluctance to take a public position on them in 
(1799), even though he seems to have been fully aware of the 
geometric interpretation of complex numbers and his demonstration 
of the fundamental theorem of algebra would be incomprehensible 
without them. 

"TI] have demonstrated that equations have imaginary roots by a 
true method," Gauss wrote in his mathematical diary in October of 
1797, thus recording the demonstration that was subsequently 
published in his dissertation of 1799 at the conclusion of his studies 
at the University of Helmstedt under J. Pfaff (1765-1825), 

In this work Gauss wrote that, from the moment equations were 
found that do not admit roots other than those of the forma+ib, these 
"fictive quantities" have been introduced "into all of analysis." "By what 
right I will not discuss in this place," he limited himself to saying (1799, 
p. 4). In any case, he declared, "I will complete my demonstration 
without any help of imaginary quantities." The theorem itself was 
stated in the form that mathematicians had traditionally used since the 
time of D’Alembert: "Every algebraic entire function can be split into 
factorsof the first or second degree." 
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The demonstration was preceded by a detailed and precise critique 
of the earlier demonstrations, from D’Alembert to Lagrange! (see 
§1.2). In all these cases, Gauss observed, instead of a demonstration 
we find a petito principii, in that in the course of the demonstration 
the existence of the roots is tacitly assumed. This was so in Euler’s 
version as well as in the improved version given by Lagrange (1774), 
who had sought to give a new demonstration of the factorization of 
a polynomial P(x) = P,(x)P,(x) in order to fill the holes in Euler’s 
demonstration. But, Gauss observed, "[Lagrange’s] entire 
investigation is also based on the assumption that every equation of 
the mth degree really has m roots (1799, p. 20), 

Since the preceding attempts did not escape objections and errors, 
Gauss preferred to let himself be guided “by entirely different 
principles," even though he recognized the validity and the "genuine 
strength of the demonstration" that had been given by D’Alembert. 
"T believe that .. a rigorous demonstration of our theorem can be 
constructed [on the basis of D’Alembert’s]," Gauss declared. 
However, D’Alembert, like all other mathematicians, had not doubted 
"the existence of the values of x to which the given values of X 
correspond, but supposed it and only investigated the form of these 
values" (1799, p. 9). 

The fundamental novelty of Gauss’ demonstration lies entirely in 
his awareness of the need for an existence proof of a root, even 
though his own proof, as we will see, is not free from criticism, 
From his demonstration it follows implicitly that such a root is of 
‘the form a + ib; it would be futile and incomprehensible to imagine 
a kind of hierarchy of imaginaries beginning from the complex 
number a + ib. Gauss called such numbers "a true shadow of a 
shadow," conjectured by some eighteenth-century mathematician 
(1799, p. 14). The field € is algebraically closed, as Euler and 
D’Alembert had already maintained (see §1.2). 

Gauss began his demonstration with a proof of the following 
lemma. 

"If the quantity r and the angle $ are determined in such a way as 
to give the equations 


(4.1.1) T= r™cos mb + Ar™cos(m — 1)6 + Br™*cos(m — 2) 

+--- + ircos 6+ M=0 
(4.1.2) U=r™sin md + Ar™ sing — 1)6 + Br™?sin(m — 2)o 

+--+. +-Lr sin @= 0, 
the function x™ + Ax™! + Bx™?2 4+ ... + Lx + M = X will be 
divisible by the factor x? — 2 cos @ + r? if r sin @ # 0, and by the 
factor x —rcos dif r sin = 0" (1799, p. 21). 


The demonstration of the actual theorem is consequently reduced 
to determining r and $ in such a way as to verify (4.1.1) and (4.1.2). 
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If one thinks of a [monic] polynomial P_(z) for z € € and z = 
r(cos $¢ + 7 sin @), then Piz) = T + iU and Gauss’ requirement 
signifies nothing other than the existence of a z such that T = 0 and 
U = 0, that is, the existence of a root of the polynomial. 

The foundation of Gauss’ demonstration consists of supposing the 
continuity of the functions T and U, which he implicitly assumes. 
It was on this point that Bolzano’s criticisms were based, as we have 
seen above (§3.3). 

Gauss in fact considers a reference plane in polar coordinates (r,$). 
As r and @¢ vary, the functions 7T(7,¢) and U(r,¢) define two surfaces, 
each of which is partly above and partly below the plane. For r 
sufficiently large, the signs of T and U are given by the first terms 
of r™cos m@ and r™sin m@ respectively, which change sign as @¢ 
varies, "Wherefore the fixed plane is necessarily cut by the first 
surface," Gauss observes, and similarly for the surface U. The 
curves of intersection T = 0 and U = 0 thus obtained are composed 
of different branches, each of which is nevertheless given by a 
continuous line. The demonstration thus reduces to showing that 
"there is at least one point in the plane where any branch of the 
first line is cut by a branch of the second line" (1799, p. 23). 

In order to show this Gauss considers a circle in the plane (r,¢) 
with a radius r sufficiently large and center at the origin C. "At an 
infinite distance from the point C", Gauss observes, the curve of the 
equation U = 0 "coincides" with the line of the equation sin mo = 0. 
Now the equation sin m@ = 0 defines a system of m lines through the 
origin, which form the angles 

ee ee 
non n 
with the x axis. In other words, they form the asymptotes of the 
system of 2m branches of the curve U = 0. The same thing happens 
with the curve T = 0, which has the lines of the equation cos mo = 0 
for asymptotes, forming the angles 


nm  3n (2m — 1) 1 
2m’ 2m" Im 


with the axis, 

The lines of a system are consequently the bisectors of the angles 
formed by the lines of the other (Figure 7). Gauss then 
demonstrates that "from the center C one can describe a circle on 
whose circumference there are 2m points at which T = 0 and just as 
many at which U = Q, in such a way that one of the latter lies 
between two of the former" (1799, pp. 24-5). 

Now, since the branches of the curve U = 0 alternate with those of 
the curve T = 0 outside a circle of sufficiently large radius, inside 
the circle there must be at least one point (in fact m points) at 
which they intersect. This is the core of Gauss’ demonstration, 
which appeals to continuity and the topological behavior of 
algebraic curves, "Now it is well known from higher geometry that 
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Figure 7 


an algebraic curve (or one part of any algebraic curve if it is 
composed of many) either returns to itself or extends to infinity on 
both sides, and so if any branch of an algebraic curve enters a 
definite space, it must necessarily again somewhere exit from this 
space" (1799, p. 27). 

Such a curve, he adds in a note, cannot in fact "suddenly break off 
somewhere," as happens for example with the transcendent curve y = 
-l/log x, nor can it "almost lose itself in some point" like the 
logarithmic spiral. 

Until now no one has advanced any doubts about this, Gauss 
asserts, "but still, if someone requests, I will be ready to provide a 
demonstration free of all doubts on some other occasion" (ibid.), The 
arguments on which he based his reasoning, he finally observes, 
derive "from the principles of the geometry of place [topology]... 
which are no less valid than the principles of the geometry of 
magnitudes"? (1799, p. 28). 

If, on a circle of radius r, we consider the 2 points at which T = 
0 and the 2m points, alternating with the first, at which U = 0, and 
if we connect the points of the first system two-by-two with 
continuous lines inside the circle, we cannot similarly connect the 
points of the second system without the new continuous lines 
intersecting the first, At such points of intersection, therefore, U = 
0 and T = 0, which concludes the demonstration. 

Although at first sight this appears to be different from that of 
D’Alembert, Gauss observes at this point, “if you look at the 
essentials" it is in fact the same, This is in fact how Gauss 
translated D’Alembert’s "strength of showing" [nervus probandi]. we 
consider any variable point M on the curve T = 0 and, on it, |U]. It 
is necessary to show that as M varies one arrives at a point at which 
|U| = 0. Indeed, if at a certain point of the curve T = 0 one has for 
|U| a minimum # 0, then Gauss asserts that such a point will be 
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multiple for the curve and the module of U can also diminish by 
passing to another branch of TJ = 0. By repeating the reasoning as 
necessary, Gauss concludes, we will in the end arrive at a point at 
which |U] = 0. But in so doing he also makes recourse to an intuitive 
argument of continuity -- it is not in fact evident that |U] must 
necessarily have a minimum.® 

Although he said he had demonstrated the theorem "with all rigor," 
Gauss does not seem to have been completely satisfied in 
demonstrating a theorem of algebra by appealing to arguments from 
higher geometry.* In fact, this theorem remained a favored topic of 
Gauss’ research. In the course of his life he published four 
different demonstrations of it, the last in 1849. 

Two short proofs appeared in 1816. The first (1816a) was of a 
purely algebraic character, inspired by the one that had been 
proposed by Euler and revived by Lagrange. This was immediately 
followed by a different proof (1816b) that was purely analytical in 
nature. 

As in (1799), in this second proof Gauss considered a polynomial X¥ 
= T + iU where the functions T and U are given by the first 
members of (4.1.1) and (4.1.2) respectively. Setting T = t and U = yu, 
Gauss then considered the derivatives 


peg , ou =f" 
ar , rad , 

(4.1.3) and 

"ar Brag 

Gauss did not here explicitly remark on the fact that 

(4.1.4) 1 and 1% _ _ ou 

or or &o r ao or 
are valid, and express the Cauchy-Riemann conditions in polar 
coordinates for the function X¥ = ¢ + iu. These equations are 


nevertheless implicit in his calculation of the functions ¢’, ¢t", u', u". 
Again in polar coordinates, X = ¢ + iu can be written as ¥ = P(cos 
$+ 7 sin %), where P? = t7 + 4? and = (r,¢) = arctan’/t. 
Gauss then considers 
ao 
«Brag ’ 


which, by means of (4.1.3) and (4.1.4), can be expressed as a rational 
function y= yr, t, u, t', u', t', uw") with the denominator rP*t = r(t? + 
2 
u*)*, 
Taking a circle with its center at the origin and a radius R 
sufficiently large, Gauss demonstrates that for r = R, one has 
ad tt' + uu! 


4.1.6 tt' + '> 0, h —_—=——7 .. 
( ) uu! > where ab ea 


(4.1.5) yp 
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But 2? + u? > 0. Consequently, outside of a circle that is sufficiently 
large it is impossible that ¢ and u simultaneously equal 0. 

The theorem hence reduces to demonstrating that within a circle of 
radius R "there must exist such values of the indeterminates r, @ for 
which simultaneously ¢ = 0 and u = 0” (Gauss, 1816a, p. 61). 

Gauss reasons by reductio ad absurdum. Let us suppose that the 
theorem is not true. Then ¢? + u? > 0 within the circle and the value 
of y given by (4.1.5) must always be finite. Let us now consider the 
double integral 


Q= ff ydrdd (z=r(cos 6 +i sin $)), 


jz| <R 


which will give the same finite and determinate value, whether by 
first integrating with respect to r and then with respect to $, or vice 
versa, But 


i ’ 
(4.1.7) fy do _ tu ut Od 


r(t? + u?) ~ 8p 
is zero for ¢= 0 and ¢ = 27, and therefore © = 0, 
On the other hand, 
f d tt' + uu! ab 
‘=o soaE 

4 t+ u? ao 
is positive for (4.1.6) and hence 2 > 0. These are contradictory and 
therefore the theorem is demonstrated. 

In a note Gauss adds that 

(” ad do = 2mm 

—_— = 2mq, 

ap 
something that "can be demonstrated in another place" and depends 
on the fact that arctan u/t is a "multiform" function. Inverting the 
order of integration in calculating the integral 2 consequently leads 
to different results. This is an observation that is of great interest, 
which Gauss takes up again in the last part of his work so as to 
better clarify the nature of the contradiction on which he bases his 
demonstration of the theorem. 

Since the supposition that ¢ and u do not become zero 
simultaneously within the circle is contradictory, it is necessary to 
conclude that for at least one value of r and @ one has 
simultaneously ¢ = 0 and u = 0, But, "in such a case it is not possible 
to calculate the integrals I fy dr do," Gauss observes, since y becomes 
infinite’ and consequently "analytical operations applied to 
nonsensities by blind calculation lead to absurdities" (Gauss, 1816b, 
p. 63). 

Besides, Gauss adds, let us consider any real function n = n(&) and 
the definite integral fn dt which, "generally speaking," expresses the 
area included between the & axis and the curve 7 = n(&) If "we 
treat it according to the usual rules and neglect continuity, [my 
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emphasis] we are frequently entangled in contradictions" (1816b, p. 
64), as happens in the case of 7 = 1/t? when we take an interval of 
integration that includes the origin & = 0. 

How one must treat these and other similar "paradoxes of analysis 
we will more fully pursue on another occasion," Gauss promises, 
However, he never returned to this question or to the problem of the 
order of integration in a double integral. As we will see in the next 
section, this instead became Cauchy’s object of study and the point 
of departure for his more profound discoveries in the field of 
complex analysis. 


4.2. Cauchy’s Memoire on Dcfinite Integrals 


In 1814 the 25-year-old Cauchy presented the Institut with a paper on 
the calculus of "definite" integrals, or more precisely, on the evaluation 
of improper (real) integrals when one or both of the limits of 
integration are infinite. (With enormous delay, this work was not 
printed until 1827.) Improper integrals had been a topic of discussion 
among mathematicians since the time of Euler. Euler himself, Laplace 
in his research on approximation connected with the theory of 
probability, Poisson, and Legendre in his Exercices de calcul integral 
(1811), had all been using "a type of induction based on the passage 
from the real to the imaginary," Cauchy wrote (1827a, p. 329), Laplace 
had held the view that such procedures could be considered "as a means 
of discovery similar to the induction which the geometers have long 
used. But these methods, even when employed with much care and 
restraint, always leave the demonstrations and their results wanting" 
(In: Cauchy, 1827a, pp. 329-30). 

This then is Cauchy’s objective: "to establish the passage from the 
real to the imaginary by a direct and rigorous analysis" (ibid., p. 
330). In his work we find many of the concepts that constitute the 
foundations of Cauchy’s theory of functions of a complex variable, 
from the conditions of monogeneity to the first formulation of 
Cauchy’s "integral theorem." 

Cauchy begins by considering the integral 


f say, 


and supposing that y = g(x,z), with x and z new independent 
variables. There then follows the equation between the "differential 
coefficients," 


21 [Av 2] = =| al 


"One can verify this equation directly only by means of 
differentiation," he says (1827a, p. 337). 

Equation (4.2.1), Cauchy says, is also valid when y is "in part real, 
in part imaginary": y = M+ iN (where M and AW are real functions of 
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x and z) and f(y) = P' + iP". Then for (4.2.1) we can substitute 
as oT a 


. 2 = 4 —sS 
(4.2.2) BF ax? G2 On 
where 
aM aN OM aNn 
=P! ——-—p"——, J = p! —— — p 
ax ax az az 
4,23 
‘ y= pi Ly pn rae pr ow pu OM 
~ az az ° 7 ax r Ox 


Equations (4.2.2), Cauchy asserts, contain "the entire theory of the 
passage from the real to the imaginary" (1827a, p. 338). The first 
part of the paper, on "The equations that enable the passage from 
the real to the imaginary," develops the consequences that such 
equations entail for the calculation of "definite" integrals. 

By integrating (4.2.2), Cauchy obtains, 


f(s" — S")dx = flu" - U')az; 
(4.2.4) 
fir -T)dx = [WV - Vaz 


(where the primes indicate the values assumed by the functions at 
the limits of integration), assuming that the functions S, U, T, V 
always have a well determined value within the limits of integration. 
From this he obtains a number of applications to particular cases. In 
the first place, by setting M(x,z) = x and M(x,z) = z, (4.2.2) become 
the "Cauchy-Riemann equations,” 

OP' ap" — ap! ap" 


Q@x @z° ax 


which in fact Cauchy never even wrote. He instead rewrote (4.2.4) 
by taking [0,x] and [0,z] as the intervals of integration, thus: 


[i Pdx- J" pdx =" pide - fo PY de 
(4.2.5) 
J, Pt ax -JP dz— f° p! dz 


where f(x) = p and f(iz) = p! + ip". 
Cauchy then illustrates with an example how one can use (4.2.5). 


By setting f(x) = ex and letting the upper limit of integration 
become infinite, by means of a few transformations he finds the 
integrals 

id l 2 


2 2p 9 ee 
f e* cos 2xz dx =e™ f es dx= > vile 
0 0 
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yes 2 pt gt 
f e™ sin 2xz dx =e f e* dz, 
0 0 


which had already been known to Laplace. 

The paper continues by showing how one can calculate like 
integrals by setting other values of y and f(y) in (4.2.2) and (4.2.3). 

The applications to the calculation of improper integrals represent 
Cauchy’s primary aim, and the first part of the paper did not seem 
to Legendre, the referee appointed by the Institute, to have a 
particularly suitable title. "It seems to me to have an objective 
completely different from that announced in the title," he wrote in 
his report (In: Cauchy, 1827a, p. 321). In fact, in his view, "the use 
that Mr, Cauchy makes of imaginaries .. can only conform to the 
ordinary rules of analysis, and are not subject to any difficulty" 
(ibid.). 

Cauchy discussed the implications of equations (4.2.2 - 5), which 
had escaped Legendre, in a series of footnotes that were added to 
the paper in 1825, when it was finally presented to the Secretary of 
the Academy for publication. He here pointed out, for instance 
(1827a, p. 340), that equations (4.2.5) can be replaced by the single 
formula 


(4.2.6) [fla + izhdx — J" fax = if f(x + izhdx — f° fizydz| | 


But by this time, as he elaborated the intuitions and ideas that had 
been present in this paper, Cauchy was already developing the 
theory of integration in the complex field (see §4.4c below). 

In the second part of the paper Cauchy discussed the possibility of 
inverting the order of integration of a double integral, and it was at 
this point that, in Legendre’s view, the young mathematician 
obtained his most original results. 

The problem, Cauchy said, is already present when one considers 
the definite integral of a function of one variable. The equation 


(4.2.1) f° 6(x)dx = (6) ~ $a), 


ceases to be true when the function is discontinuous between the 
limits of integration. As he had already pointed out in the 
introduction, 


if, when one allows the variable to increase by insensible 
degrees, the function is found to pass abruptly from one value to 
another, the variable always being included between the limits 
of integration, the difference of these two values must be 
subtracted from the definite integral taken in the ordinary way, 
and each of the abrupt jumps that the resulting function can 
make will necessitate a correction of the same type (1827a, p. 
332). 
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In other words, as Cauchy shows in the course of his article, if 
"the function @$(z) passes abruptly from a determinate value to 
another value sensibly different from the first, in such a way that, 
designating by & a very small quantity, we have 


UZ + &)-AZ—-—k)= 


then the ordinary value of the definite integral (4.2.7) must be 
diminished by the quantity A" (ibid., p. 403). 

In a footnote added to the printed edition Cauchy pointed out that 
this is the idea that he called the "principal value" of the definite 
integral in his Résumé (1823) (see §4.4a below), which, in modern 
terms, iS written as 


(4.28) pv f° 6'(x)dx = Lim (fe o"(x)dx + Pr ecds| 


where Z is an infinity point of $(x) in [a,}]. 

In fact, Cauchy says, if we apply this procedure to the two 
integrals of the second member of (4.2.8) and calculate the integrals 
"by the ordinary method," we obtain $(Z — &) — ¢(a) and $(b) — ¢(Z + 
&) respectively. Their sum is then $(b) — ¢$(a) — A (1827a, p. 404). 

As an example, he gives the following 


4 dz 
[= = log(4) — log(-2) - 4, 
-22 


where A = —log(—1) (1827a, pp. 404-5). 

What then must one do in a double integral when, after the first 
integration, the function under the integral sign becomes infinite or 
indeterminate for certain values of the variable within the interval 
of integration? 

In this case the double integral that appears in (4.2.4), which can 
also be written as 

pp OS ix dz = if J 2 dx dz, 
x z az 
(4.2.9) po 


jf? f? dx dz = J? LG sx dz, 


is indeterminate. Moreover, the two successive integrations can give 
completely different values. Contrary to what happens for functions 
of a single variable, Cauchy observes, if a function f(x,z) assumes 
the form 0/0 for x = a, z = b, it goes to different limits according to 
how we let z ~ 6 and x 7 a. Then, when we calculate a double 
integral of a function that presents such an indeterminate form, we 
obtain two distinct and well determined values according to whether 
we first integrate with respect to x and then with z or vice versa. 

"It is easy to see," Cauchy notes, "that the error produced by this 
reversal rests entirely with the part of the double integral that 
corresponds to systems very close" to the values x = a and z = b 
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(1827a, p. 334). In this way Cauchy was led to consider "a peculiar 
kind of definite integral in which the limits relative to each 
variable are infinitely close to each other without the integrals being 
zero." Cauchy gives integrals of this type the name of "singular 
integrals," and a large part of his paper is devoted to their study. 

Cauchy first supposes that the indeterminate point of the integrand 
is in a corner, then along a side of the rectangle of integration, and 
finally inside it. As he shows for the case of a simple integral 
(4.2.7), it is necessary to separate the part of the domain of 
integration which does not create problems from that which includes 
critical points. An example is the calculation of the double integral 
8 bi (OK/Oz)dx dz, where K = ¢(x,z) becomes indeterminate for x = 
a’'andz-=b6!'. We have 


PP Sax dee ff” Kacaxt+a 
a’ *b’ Oz 7 al *b’ Oz , 
where A is the "singular" integral 

€ 
(4.2.10) A=—[ Oa! + &,b' + dt, 


€ is a very small quantity, and ¢ must be equal to zero after the 
integration. 

Cauchy illustrates his result with an example that to our eyes 
resembles the one given by Gauss at the end of (1816b). 

Let K = $(x,z) = z/(x? + z*), Now consider the integral 


If we integrate with respect to z and then with respect to x, we 
obtain 


1 1 dx n 
J, ay (eae J, lex? 4! 


But, if we invert the order it is necessary to add a quantity A that, 
according to (4.2.10), is given by 


€ 
A= -f P(E, Cade = “J, aoe = —arctan ‘ . 


But, for ¢ = 0, arctan ¢€/¢ = /2, and therefore 
f in OK , n tA n 
— zZ= 7 = 77, 
0°0 Oz “ 4 4 


Cauchy then shows that for the general case, if the indeterminate 
point is (X¥,Z), we have 


A= fUK-& Z- H+ K+ KZ4Y) 


—~ OX —§, Z+ C)-— OX + &, Z — $)]ae. 
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He then applies this result to the calculation of many improper 
integrals, thus completing the analysis he had already given in the 
first part of the paper. 

The calculation with "singular" integrals attracted Legendre’s 
attention. In his report he noted that some of the integrals 
calculated by Cauchy 


present several cases where the law of continuity is violated. 
One of these formulas, ... the integral 


(4.2.11) . 


increases or decreases abruptly by 7/2 when the ratio a/b, which 
at first is taken to be equal to a whole number, decreases or 
increases by an infinitely small quantity (In: Cauchy, 1827a, p. 
326). 


xX COS ax dx 


sin bx 1+ x? 


Legendre added that he had verified the correctness of Cauchy’s 
results for a < 6 and a > b "by methods peculiar to me," but that he 
had found "his formula for the case a = 6 incorrect" (In: Cauchy, 
1827a, p. 326). 

For a = 6 Cauchy in fact gave for the integral the two values 


nm eP +e? mM 3e7? — @P 
2 eP —eb , 


(4.2.12) 5 bab? 
which in reality represent the left and right limits of the function 
represented by the integral at the point of discontinuity a = 5. They 
differ by 1/2 from the value that Legendre had found in the second 
volume of his Exercises de calcul intégral, which was written almost 
at the same time as Cauchy’s paper and published in 1817. Legendre 
had obtained the value by using a substitution procedure of the type 
that Abel later criticized’ (see §3.5). 
In the Exercises, (Part IV, p. 124) Legendre had in fact obtained 


m cot ax tii 


4.2.13 a> OX = a 
( ) J, m=? + x? x eam _ | 


which gives the arithmetic mean of the values (4.2.12) for m = 1 and 
a= ob. 

In a supplement attached to his paper (1827a, pp. 493-506), Cauchy 
gave what seemed to Legendre to be "the true solution to this 
problem and others like it" (1827a, p. 326). Cauchy asserted that the 
contradiction between the two values of (4.2.12) and that given by 
(4.2.13) “is only apparent" and showed how the first ones could be 
reduced to the other by setting a = b-aora=b+ a respectively 
(for infinitely small a, taking into account that 


Ls) 


i ; X d il 
Sin ax — 7 ax =Te 
0 1+ x? 2 


In fact, by setting "a very small," we have, in the first case, 
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© x cos(b — d Tl o x cos bx dx 
(4.2.14) f cos x ae LE x ces Ox Oe 
) sin bx 1l+x 2 o sinbx 14+x 


If, in place of the integral of the second member we set the value of 
(4.2.13), as found by Legendre, (4.2.14) will give the first value in 
(4.2.12), Similarly, by setting a = b + a we can reduce (4.2.13) to 
the second value in (4.2.12). 

The unusual conclusion that Cauchy reaches at this point is that 
the integral (4.2.14) has "two values essentially different from each 
Other according to whether one supposes « to be zero or very small," 
In Legendre’s view it was this trick of infinitesimals that 
represented the "true solution"! But it is difficult to say how 
convinced Cauchy was of this since, like Gauss (1816b), in this 
paper he showed an understanding of continuity considerably 
superior to that of his contemporaries. He was already in possession 
of the idea of the continuity of a function that he would publish in 
the Cours d’analyse. And it was precisely on this point, as we have 
seen, that he based the second part of his paper. 

In particular, in order to study the indeterminate cases of a 
double integral, he put the function 


f(M + iN) = P!' x iP" 


in the form 


where F(M + iN) = Q' + iQ" and F(M + iN) = R!' + iR", from which 
he obtains, 

Q'R' + Q"R" , QO"R! —Q'R" 

Rit 4 Rp ’ pis RV 4 R" ° 

The "critical" points were given by the zeros of F(x). Equations 
(4.2.15) show why for such values of x one has an indeterminate 
form for f(x) and not an infinity point. 

The calculation of improper integrals by means of double integrals 
provides a glimpse of the developments that these studies would lead 
to a decade later, with Cauchy’s definition of an integral in a 
complex domain and the creation of the theory of residues (see 
§4.4c below). 


(4.2.15) Pl = 


4.3. Complex Numbers and Complex Variables 


The paper that Cauchy presented to the Academy in 1814 did not 
contain any explicit theory of complex variables. Since it was a 
work of research, Cauchy made use of complex quantities by taking 
them to be things already known, at least according to then common 
mathematical practices. Nor did he say anything about the 
geometrical interpretation of complex numbers, or the possibility of 
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interpreting his calculus with double integrals as the evaluation of 
an integral Sanep/(z)dz along the boundaries of a rectangle ABCD in 
the complex plane. Nevertheless, the geometrical interpretation of 
complex numbers had been a topic of lively discussion among the 
Parisian mathematicians during these years. 

According to Cauchy’s own account (1847c, pp. 175) during his stay 
in Cherbourg he had discovered that as early as 1786 a certain 
Henri-Dominique Truel had found a way of representing complex 
numbers in a plane and had communicated his discovery to. Augustin 
Normand, a shipbuilder at Le Havre. The discovery, however, had 
remained unpublished. 

The Danish cartographer Gaspard Wessel (1745-1818) had also had 
the same idea, and in 1797 had presented a paper on it to the Danish 
Academy of Sciences, where it was published. But Wessel’s article 
went completely unnoticed until it was rediscovered a hundred years 
later and republished in a French translation (Wessel, 1897). 

Other roughly contemporary publications had also gone unnoticed, 
for example, by abbé M. Buée (1748-1826) in 1806, and that of the 
Swiss dilettante mathematician R. Argand (1768-1822), who published 
an anonymous pamphlet on the geometric interpretation of complex 
numbers at his own expense. 

After he had moved to Paris, Argand discussed his discovery with 
Legendre, who wrote about it to J. F. Francais (1775-1833), a 
graduate of the Ecole Polytechnique who was then a professor at 
Metz, although without mentioning Argand’s name. Francais in turn 
published the essential elements of the idea in an article that 
appeared in Gergonne’s Annales in 1813, whereupon Argand 
promptly claimed credit for his theory. In the following years 
different writers took differing positions on Argand’s proposal that 
complex numbers be interpreted as vectors in a plane, until Argand 
finally published a definitive paper in which he explained his idea 
in detail and, as an example of its utility, provided a new 
demonstration of the fundamental theorem of algebra.® 

But Argand’s demonstration was not generally accepted and was 
soon forgotten, along with his geometrical theory of complex 
numbers. When Cauchy gave a demonstration of the same theorem 
in 1817 which in large part reused Argand’s argument, he did not 
Mention the discussion that Argand’s work had generated, but 
claimed he had been inspired by a demonstration published in 
Legendre’s Théorie des nombres (1808). 

It is likely that Cauchy had found Argand’s argument to be 
insufficiently rigorous, or had been completely ignorant of the entire 
affair, as Petrova has maintained (1974, p. 259), But in any case, 
when he set out to explain the foundations of the theory of complex 
numbers and of series of complex terms in the Cours d’analyse, he 
chose to take a completely different approach. 

Here complex quantities are introduced in a formal manner. 
Cauchy first defines a "symbolic expression" as "any combination of 
algebraic signs that do not signify anything in themselves or to 
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which one attributes a value different from that which it naturally 
has"? (1821, p. 153). 

This expression has the aim of simplifying the calculation. "One 
calls symbolic equations all those which, taken to the letter and 
interpreted according to generally established conventions, are 
inexact or have no meaning, but from which one can deduce exact 
results," he writes (ijbid.). 

Cauchy concludes that among the symbolic expressions that have 
some interest in analysis, we must above all isolate those called 
imaginary, 

He now considers the two symbolic expressions, 


cosa+yv-l sina and cos b+ y-I sin J, 


and their product by operating with the usual rule “as if y—-I was‘a 
real quantity whose square was equal to —1" (1821, p. 154). In this 
way he obtains 


cos(a + b) + y-I sin(a + b) 
(4.3.1) 
= (cos a + y—I sin a)(cos b + yl sin 5). 


The quantities that appear in this last equality “cannot be 
interpreted according to generally established conventions, and do 
not repesent anything real," Cauchy observes at this point. "Taken 
literally, (4.3.1) is inexact and has no meaning" (jbid.). In order to 
obtain exact results, Cauchy adds, it is necessary to calculate the 
product of the second member and then set the real and imaginary 
parts equal, thus obtaining the usual form: 


cos(a + b) = cos a cos b —sina sin b 
sin(a + b) = sin a cos b + cos a cos b. 


Introducing in this way the new entities a + ib (a,b € IR), Cauchy 
defines with scrupulous precision the operations with such 
"imaginary expressions," their properties, etc. The definition of 
function that he gives for the case of a complex variable does not 
present any new elements; instead, a function of a complex variable 
is defined simply as an "imaginary expression" in which the real 
term and the coefficient of the imaginary term are real functions of 
x and y. 

Cauchy then concerns himself with what is meant by the various 
usual functions, trigonometric and logarithmic, when we pass from 
the real field to the "imaginary." 

There is an evident correspondence between the various chapters of 
the first and second part of the Cours, where Cauchy "translates" the 
concepts and terms established for real variables to the case of 
complex variables. This is done for the concept of infinitesimal and 
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of the continuity of a function as well as for series and convergence 
criteria, which are transformed into conditions on modules. He 
finally explains the series of powers La,z”, which are shown to 
converge inside the circle |z| < 1/A where A = lim supla,|t/". 

In Chapter X Cauchy takes up the demonstration of the 
fundamental theorem of algebra that he had already given in 1817. 


Whatever the real or imaginary values of the constants a, .., a, 
are, the equation 


(4.3.2) f(x) = agx” + a,xet tee +a. yx +a, = 9, 


in which n designates a whole number equal to or greater than 
one, always has real or imaginary roots" (1821, p. 331). 


Setting x = u + iv and f(x) = (u,v) + ixX(u,v), it is necessary to show 
that there exists at least one x, = tty + iV such that 


(4.3.3) 0 = F(tigvg) = If(Xg)l? = O%(tigv9) + X*(Ugs¥Q): 


Like Gauss (see §4.1), Cauchy bases his demonstration on an 
argument of continuity that he takes to be evident: given F(ti,v) > 0, 
continuous and increasing without limit for increasing values of |x|, 
it "will one or more times arrive at a certain lower limit which it 
will never surpass" (1821, p. 154), Let A be such a minimum and let 
Xq = Uy + ivy such that F(iov)) = A. Then, if A, k € Rand « is an 
infinitesimal, 


(4.3.4) AF (ig ¥o) = F(itg + oft, Vg + ok) — Flitg,¥q) 2 0. 


At this point Cauchy expands (4.3.4) according to the power of the 
increment oa( + ik) = ap(cos @ + i sin 8). The sign of AF(ity,v5) is 
then given by the sign of the term of the expansion containing the 
power of the lowest degree of the infinitesimal « Let m be such a 
term. Then 


AF(Ug,¥9) = KAM%a™p™cos(o + m8) + 


where K > 0 and ¢ is a certain determinate angle in the expansion of 
(4.3.4) in polar coordinates. 

If A #0, 8 being completely indeterminate, cos(¢ + m8) can assume 
negative values for suitable values of 6, and AF(up,v9) will be 
negative, which is impossible. It necessarily follows that A = F(itg,¥9) 
= 0 and x, is a root of (4.3.2). 

Cauchy can then show that (4.3.2) can be split into the product of 
a, for # linear factors of the type x — a — ib, which are not 
necessarily all distinct, and finally that an algebraic equation of 
degree » has # roots in € when each is taken with its own respective 
multiplicity. In the next chapter Cauchy applies these results to 
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Splitting the rational functions f(x)/F(x) into simple fractions. This 
is the same problem preliminary to the calculation of integrals of 
rational functions with which D’Alembert had begun his 
demonstration of the fundamental theorem of algebra (see §1.2). 

But, as with the differential calculus, so also the integral calculus 
was not included among the topics treated in the "analyse 
algébrique." The Cours d’analyse instead concluded with a final 
chapter on the transformation of rational functions into recurrent 
series and left the problem of integration to the Resume of 1823. 


AA. Cauchy’s Theory of Integration 


In 1823 Cauchy published a paper on the integration of linear 
differential equations with constant coefficients (1823b). In the 
Observations genérales et additions he wrote, 


In the paper you have just read, I consider every definite 
integral taken between two given limits as being nothing other 
than the sum of the infinitely small values of the differential 
expression placed under the i sign, which corresponds to the 
various values of the variable enclosed within the limits in 
question. When we adopt this manner of conceiving definite 
integrals, we easily demonstrate that a similar integral has a 
unique and finite value whenever, the two limits of the variable 
being finite quantities, the function under the f sign itself 
remains finite and continuous in the entire interval included 
between these limits (1823b, pp. 333-4). 


In a postscript to this paper he further observed, 


We are naturally led by the theory of quadratures to consider each 
definite integral which is taken between two real limits as being 
nothing other than the sum of the infinitely small values of the 
differential expression placed under the | sign which correspond to 
the various real values of the variable which are included between 
the limits in question. Now, it seems to me that this manner of 
conceiving a definite integral ought to be adopted in preference, as 
IT have done, because it is equally suitable to all cases, even to those 
in which we cannot pass generally from the function placed under 
the f sign to the primitive function. In addition, it has the 
advantage of always giving real values for the integrals which 
correspond toreal functions. Finally, it allows us to easily separate 
each imaginary equation into two real equations. All that would no 
longer be so if we considered a definite integral taken between two 
real limits as necessarily equivalent to the difference of the extreme 
values of a discontinuous primitive function, or if we made the 
variable pass from one limit to another by a series of imaginary 
values (ibid., p. 354). 
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This latter was for example the method used by Poisson (1820a) to 
calculate the integral 


(4.4.1) ie = 


by setting x = -{cos z + i sin z) taken from z = 0 to z = (2n + 1)7. 

By taking x from —I to +1, we avoid passing through the origin 
(where the integrand is not defined). After then changing the 
variable, we have 


dx = —i(cos z + i sin z)dz, 
and 


1 dx (2n+1)7 
4.4,2 —s= i dz = +i(2n + 1)7. 
(44.2) fo =f ( ) 

It was now necessary to make these ideas rigorous and to establish 
a systematic theory of integration, both real and complex, This was 
the objective Cauchy pursued at the beginning of the 1820s. 


a) The Definite Integral 


Having set out the foundation of the differential calculus in the 
first part of the Resumé of 1823 (see §3.6), in the second part 
Cauchy turned to the integral calculus, Here we find the definition 
of the integral as a limit of sums that has become "classic." 

Cauchy considers a function of a real variable y = f(x) continuous 
in the interval [xX]. Given n — 1 values of x, where 


Ky < Xp <SXQ <0 SHY NX, 
he considers the sum S of the products 
n 
(4.4.3) S= 2G — (G1) *, = X. 


Then S depends: (a) on the number nw of the intervals (x;,x,, 4); (b) 
on the way of dividing [x ,X] that is adopted. 

"Now it is important to note," Cauchy writes, "that if the numerical 
values of the elements [X,,, — x,] become very small and the number 
a very large, the method of division will have only an insensible 
influence on the value of S” (Cauchy, 1823a, pp. 122-3). 

In order to demonstrate this, Cauchy notes that for a finer 
subdivision of the interval one has 


(4.4.4) S= 2 — x, 1 + 40%; — i). al < 1. 


By then setting 
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f(x, + 8 Oe, — xD) = fi) FOE (€, small) 
(4.4.4) becomes 
S = Ey 7 Xf) + E ex, ~ ¥4_4)- 


Now, Cauchy observes, if the differences (x, — x,_,) are "very 
small," because f(x) is continuous (in fact, uniformly continuous), 
every €, will "differ very little’ from zero, By repeating the 
reasoning and implicitly reverting to the ‘Cauchy criterion’ that he 
had demonstrated in the Cours d’analyse (see §3.4), Cauchy 
concludes, 


if we let the numerical values of these elements decrease 
indefinitely by increasing their number, the value of S will end 
by being sensibly constant or, in other words, it will end by 
attaining a certain limit that will depend uniquely on the form 
of the function f(x) and the extreme values Xo, X attributed to 
the variable x. This limit is what we call a definite integral 
(Cauchy, 1823a, p. 125), 


In the cases in which the extremes of the interval become infinite 
or f(x) does not remain finite and continuous between x, and X, “we 
no longer see what meaning should be attached to the notation that 
serves to represent the limit of S in general" (ibid., p. 141). In order 
to eliminate all uncertainty, Cauchy says, "it is sufficient to extend 
by analogy the equations 


x 
(4.4.5) [> f(x)ax 
*O 


if f(x)dx + f f(x)dx +--+. + i: f(x)dx 
Xo xy x 


n-l 
and 
x . f 
(4.4.6) fo f(xjdx = lim ff? fOddx 
ER 


to those cases where they cannot be rigorously demonstrated" (ibid.). 

If f(x) becomes infinite at the points x, € [xX] (i = 1, .., mm), 
Cauchy asserts, we consider an infinitesimal number € and the 
positive constants v, #4, Then equation (4.4.5) becomes 


x er Xy7 Ey Kom Ee Ite 
(4.4.7) l f(x)dx = lim | c f(x)dx + f v, f(x)ax 
xX 
toes + J vey Kerdx|, 


and if the extremes of integration become infinite, (4.4.6) becomes 
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+o . X,- EL Xy- ELL 
fT Aodax = tim  Aaddx + [Foy Moda 


OL*-1/ Ep 
1/ EV 
tea fl foddx | 
Xt Evin 


for V,# positive constants 

Using the terminology that he had introduced in (1827a), Cauchy 
calls integrals with one or more points of infinity in the interval of 
integration or those with infinite limits of integration "singulars." 
The principal value of such an integral is given by setting v, = 4, = 
1, 

In lesson 25 of the Résumé Cauchy sets out the theory of such 
integrals and in the following lesson introduces the concept of an 
indefinite integral, 

By rendering Leibniz’ original conception of the integral as the 
sum of infinitesimal elements rigorous, Cauchy clearly distances 
himself from the then common practice of assuming the existence of 
the indefinite integral in the first place and deriving the definite 
integral from this according to the classic formula 


b 
J. Aadax = F(b) ~ Fla), 
where F!(x) = f(x). 

In the Avyertissement to the Résumé Cauchy had written, "it seemed 
to me necessary to demonstrate in general the existence of the 
integrals or primitive functions before making known their various 
properties, To arrive at this end, it was first necessary to establish 
the idea of integrals taken between given limits or definite integrals" 


-(1823a, p. 10). 
In fact, by setting 


F(x) = f f(x)dx, 
we have ; 
F(x) = (X — Xy)f(%q + x — XQ), 18) < 1. 
Then 
(4.4.9) po" fend x - f foax = af(x + a) 
ot 0 0 
F(x + a) — F(x) = af(x + Bex). 
If f(x) is finite and continuous in the neighborhood of a point x, 


the same will be true for F(x), and by passing to the limit as « ~ 0, 
(4.4.9) becomes 
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(4.4.10) F'(x) = f(x). 


Cauchy then shows that, if w!(x) = 0, it follows that w = constant 
and hence that "the general value of y," the solution of the equation 


dy = f(x)dx, 
is given by 


y= if i(x)dx + constant. 
XQ 
This is what he calls the indefinite integral. 

Naturally things become complicated when f(x) is no longer 
continuous in [x,,X] in an infinite number of points, a problem that 
will present all of its difficulties in the study of trigonometric 
series. However, the fundamental point which it is necessary to 
emphasize here is that Cauchy marks the turning point, from 
considering integration as the inverse operation of derivation to a 
modern theory of measure, where the primary object of interest is 
the integral. 

In addition, Cauchy’s approach to integration also explains the 
central interest he had in the questions of the existence of solutions 
for differential equations. 

In the final lessons of the Résumé Cauchy discusses the possibility 
of derivation under the integral sign (lesson 33), where he asserts, "it 
is sufficient to differentiate under the | sign" in order to obtain 


Oo 6x _ 9X Of(xsy) 
ay J f(x,y)dx = J ay 


In lesson 34 he takes up the principal theme of (1827a) by treating 
the "comparison of two kinds of simple integrals that result in 
certain cases from a double integral." He finally points out, for the 
case of simple poles, the first developments in the field of complex 
integration; while the last lessons (36-38) are devoted to the 
discussion of the Taylor series (in one or more variables) with the 
remainder in the form of definite integral (see §3.6). 


dx. 


b) The Integration of Ordinary Differential Equations 


The theory of ordinary differential equations was the subject of the 
lessons that Cauchy gave to students in their second year at the 
Ecole Polytechnique. While the Cours d’analyse, the Résumé, and the 
Lecons sur UVapplication du calcul infinitesimal G la géometrie contain 
the subjects that Cauchy dealt with in the first year of study, the 
lack of documentation has long hindered any attempt to form a 
precise idea of his second-year lectures. The recent discovery of 
proof sheets for these lectures (Cauchy, 1981) now allows a fairly 
complete reconstruction of Cauchy’s entire course on analysis. 
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In keeping with the official program required by the school’s 
Council on Instruction, Cauchy’s initial lectures for the second-year 
course presented the "classical" results of "exact" integration, by 
means of which one can “in certain cases" integrate a differential 
equation of the first order, 


(4.4.11) P(x,yjdx + QO(x,y)dy = 0. 


For example, if 
OP _ 8g 
Gy ax 


then (4.4.11) is the exact differential of a u(x,y) and, by means of 
"immediate integration," the integral being sought is u(x,y) = 
constant. This is still the case when the first member of (4.4.11) can 
be reduced to an exact differential by means of an integrating 
factor or by a change of variables. 

At this point, Cauchy defines the concepts of general, particular, 
and singular integrals of ordinary differential equations, and applies 
these methods to the integration of the linear equation 


y!®(x) + yx(x) + ¥(x) = 0, 


and of the homogeneous equation of the first order. 
The integration of the equation 


(4.4.12) y= f(x,y'), 


which Cauchy presents in lesson 3, can also be reduced to a 
generalization of the method of substitution. In fact, by assuming 
y' to be a new variable and differentiating, we obtain 


(4.4.13) yldx = Ox,y')dx + x(x,y'")dy', 
where (x,y!) = [Of(x,y')/Ox] and x(x,y') = [Of(x,y')/y']. 

"Having established this," Cauchy observes at this point, "if by any 
method one is able to find the general integral and the singular 
integrals of equation (4.4.13), it is only necessary to eliminate y! 
between these integrals and equation (4.4.12) in order to find its 


general integral and its singular integrals" (Cauchy, 1981, p. 15). 
Cauchy illustrates this method with Clairaut’s equation, 


y=xy' + fiy'), 
whose general integral is 
y=Cx + f(C),  C constant, 


and whose singular integrals are obtained by eliminating y' from 
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y=xy' + fly') 
on xe LD 
8x 

Cauchy returns to this example in lesson 5, where he shows that by 
eliminating the constant C from the equations F(x,y,C) = 0 and 
8F/8C = 0 one obtains the singular integrals derived from the 
general integral. 

In the first lessons of the course Cauchy limits himself to 
explaining in a clear and concise manner the traditional methods for 
determining the general and singular integrals of differential 
equations without discussing their domain of existence. But, 
beginning with lesson 6, the course takes on an original character; 
here Cauchy begins to present the problem of finding an integral of 
y’ = f(x,y) that satisfies the condition of assuming a given value Yo 
for an assigned value X, of x. This is the so-called ‘Cauchy 
Problem.” In the next lesson he shows that there exists a general 
integral of the differential equation if there exists y = F(x) that 
resolves the ‘Cauchy Problem’. With this, as Gilain has observed, 
Cauchy "reverses the ordinary procedure which consisted of finding 
the general integral before anything else" (In: Cauchy, 1981, p, 
xxxiv). Moreover, Cauchy’s overall problem becomes that of 
demonstrating the existence of a solution to the ‘Cauchy Problem,’ 
Until then mathematicians had sought to find the expression of a 
similar integral whose existence was admitted without question. 

Cauchy gives the existence proof by means of a method that he 
calls "approximation" in contrast to the "exact" integration that he 
had set out in the preceding lessons. Cauchy’s technique thus 
makes rigorous an idea that had already been present since Euler, 
that of considering a polygon that approximates the integral curve 
as closely as desired. 

In fact, if y = F(x) is a solution of the ‘Cauchy Problem’ for the 
equation y! = f(x,y), then F(Y) for x = ¥ "will differ very little” 
from the value Y found by eliminating y, from the equations 


Vy Vo = (X 7 Xo) A(X pV) 
Vy IV = OT XDI i) 


Y ~ Vn-1 = (Xx ~ Xp PA Xqip Yap 


where (x, — x,_,) is very small. 

Setting Y = F(x, .., X,_44.%9) as the value thus determined, Cauchy 
demonstrates that if the function f(x,y) is continuous?® and |/(x,y)| < 
A on [X,,X], then Y can be given in the form 


Y= yo t (X — Xo) f(X%q + OX — Xgl Vo + 8,A(X — x), 
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where |8| < I, [8,| <i], 

Under the additional hypothesis that both 8f(x,y)/@y and f(x,y) are 
finite, continuous, and bounded in the same region of the x,y plane, 
and by utilizing the theorem of finite increments, Cauchy further 
shows that a new subdivision of the interval [x,,X] into subintervals 
of a smaller size will give a new value Y' that differs "very little" 
from Y. 

He finally shows!! that "if one makes the numerical values of the 
elements of the difference ¥ — x, decrease to infinity, the value of 
Y determined by the equation Y = F(x, ....X,¥,) will converge to a 
limit that will depend uniquely on the three quantities x, X, and y," 
(Cauchy, 1981, p. 47). 

On the basis of these results, Cauchy proves in the following lesson 
the theorem on the existence of the solution to the ‘Cauchy Problem’ 
in the interval (x9,x, + a) under the hypothesis that both f(x,y) and 
af(x,y)/@y are continuous and bounded for xg < x < x, + a and yy — 
Aa £ y < y) + Aa, A being a majorant of |f(x,y)| in the interval. 

This is a theorem of local existence,!* which poses to Cauchy the 
problem of the global existence or nonexistence of the solution. To 
this end he studies the conditions of the continuation of such a 
solution to an interval x, + a,, with a, > a, where the conditions of 
regularity required by the theorem exist. 

By repeating his previous reasoning, Cauchy considers the sequence 


(4.4.14) X9 + a, X%q + Ay, XQ + Gay os 


which will diverge or converge to a certain limit @ In the first case 
X can increase in absolute value beyond every given limit, while in 
the second case Y "can indefinitely approach the limit" £, 

Similarly for y = F(x), “it will be necessary either that the quantity 


F(£) be infinite, that one of the functions 


Of(x,F 
S(x,F(x)), ae 
¥ 
becomes infinite for the particular value x = £, or finally that one 
of these functions becomes discontinuous in the neighborhood of the 
particular value in question"!* (Cauchy, 1981, p. 63). 

On the other hand, Cauchy shows that the solution cannot be 
extended to the entire real axis by producing the counterexample of 
the equation dy = dx/(x + y) with the initial conditions x, = 1, yg = 
0. 

As for the uniqueness of the solution to the ‘Cauchy Problem,’ 
Cauchy limits himself to emphasizing in lesson 10 the global 
nonuniqueness character of his result. "Moreover, one can," he says, 
"even under the given hypothesis, conceive of different functions of 
x which, being similarly able to fulfill the stated conditions, 
coincide in the neighborhood of the particular value x = x, and 
diverge for certain values of x sensibly different from x,." 
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But, as Gilain has rightly observed, the example that Cauchy gives, 
the equation 


(x + dy —(y + Idx = 0, 


with the conditions Xy = 0, Yo = 0, shows Cauchy’s ambiguity and 
imprecision in this regard, 

After devoting two additional lessons to a discussion of "the 
distinctive character" of singular integrals and the various methods 
that can be used in their numerical calculation, in lesson 13 Cauchy 
finally turns to the problem of the local existence of the solution of 
the ‘Cauchy Problem’ for a system of linear differential equations. 
At this point, however, the printed text stops. 

Why? Gilain’s suggestion seems probable enough: the methods and 
contents of Cauchy’s lessons received strong opposition, not only 
from the students but also from the Council of Instruction (Cauchy, 
1981, p. xix), 

This was not the first time Cauchy had been reproached by the 
scholastic authorities. Already in 1820 the Directors of the school 
had told him to conform to the program and not waste the time that 
should be devoted to teaching the applications of the calculus (which 
was more important for future engineers) in discussing abstruse 
questions of rigor, "a luxury of analysis undoubtedly suitable for 
papers to be read at the Institute, but superfluous for teaching the 
students of the Ecole" (In: Belhoste, 1984, p. 36), 

The first pages of Cauchy’s second-year lessons revived such 
criticisms, and Cauchy’s reaction was immediate: "M. Cauchy 
announces that, in order to conform to the wishes of the Council, he 
will no longer give, has he has until the present, completely rigorous 
demonstrations" (Cauchy, 1981, p. xix). 

This may explain why Cauchy lost interest in publishing his 
lectures, which could no longer adequately reflect his conceptions of 
rigor. What today appears as the first step towards the teaching of 
modern rigor in mathematics, was criticized by Cauchy’s 
contemporaries as a "luxury of analysis” or even an unrecommended 
"lack of clarity," if not counterproductive for the students of the 
Ecole Polytechnique. 

The pages of Cauchy’s second-year lectures make evident the 
profound conceptual unity that stood at the foundation of his course 
of analysis. In particular, the methods for integrating differential 
equations of the first order directly recall the theory of integration 
presented in the Résumé. 

In both cases, Cauchy emphasizes the importance of overturning 
the traditional approaches and above all of demonstrating the 
existence of the definite integral or of the solution of the ‘Cauchy 
Problem’ in order to then return to the concept of the indefinite 
integral or of the general integral of a differential equation. In 
both cases this translated into a demonstration of the existence of a 
limit, which Cauchy established in both cases by reverting to the 
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(implicit) concept of uniform continuity and to the use of "Cauchy’s 
criterion." 

In this way, the rejection of the method of series that had been 
anticipated in the Cours d’analyse was transformed into an exposition 
of the principles of the differential and integral calculus without 
recourse to series and, similarly, into a rejection of the method of 
series for the integration of differential equations that was in 
widespread use at the time. In place of series, for Cauchy the 
concept of limit became the central concept in all of analysis. Even 


the integral Qm Sf(z)dz, z € @ could be based on this concept, as 
%q 

Cauchy showed in 1825 in a paper that marked the beginning of his 

dominating interest in complex analysis. 

Significantly, after the publication of his second-year lectures had 
been interrupted, Cauchy limited himself to recalling his method of 
integration "by approximation” in the initial pages of his Prague 
paper (1835), which was primarily devoted to a presentation of a 
second method of existence proofs and was related to his studies of 
complex functions!* (see §4.5 below). 


c) Complex Integration 


Cauchy’s studies on integration, which were begun in the 1814 paper 
and subsequently expanded in his lessons at the Ecole Polytechnique, 
culminated in a pamphlet that in many ways represents his 
masterwork (Cauchy, 1825). Its object was the definite integral 
whose limits of integration are complex numbers, In it he writes, 


In order to fix generally the meaning of the notation 


f f(x)dx, 


where a and c designate real limits and f(x) a real or imaginary 
function of the variable x,!® it is sufficient to consider the 
definite integral represented by this notation as equivalent to the 
limit or to one of the limits towards which the sum 


(x, — a)fla) + (Xo ~ Xx) AX) tee t(em X,-pD/X,-p 
converges when the elements of the difference c —a, that is to say 


17s Xq TX ye CT Xa 
these quantities having the same sign as the difference, receive 
ever smaller numerical values. Therefore, in order to include in 
the same definition integrals between real limits and integrals 
taken between imaginary limits, it is necessary to represent by 
the notation 
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(4415) J" fayde 


the limit or one of the limits towards which the sum of the 
products of the form 


[(x) — a) + iy, — O)(a@ + 78) 


I(x. ~ x) + I(Vo ~ ype, + iy,) 


[fc — x) +d —y, IM, + a) 
converge, when, in each of the two series, 


A, X yy Xy wn Xpigs C 


b, Yp Yo anep Yo-ep d 
these being composed of terms that always go on increasing or 
decreasing from the first to the last, these same terms 
indefinitely approach each other, and their number increases 
continuously (Cauchy, 1825, pp. 42-3). 
One can think of obtaining the values x, and y, by means of two 


continuous monotonically increasing or decreasing functions of the 
same variable f¢, 


x= Ot), y= Wt) ¢ € [o,B] 
such that 
Ha)=a Va)=b; HB)=c MB)ad, 
If we indicate the integral (4.4.15) by A + iB and substitute for x 


and y the functions of ¢ defined above, we find for this integral the 
form, 


(4.4.16) 4+ iB = fo 161) + HONG + Molde 
which, by setting 

eM=x', HM=y, 
can be written 


(4.4.17) A+tiB= i (x' + iy) f(x + ty)dt. 
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We now suppose that the function f(x + iy) remains finite and 
continuous whenever x remains between the limits a@ and c and 
y between the limits 6 and d. In this particular case, we can 
easily prove that the value of the integral (4.4.15), that is to say, 
the imaginary expression A + iB, is independent of the nature of 
the functions x = $(t) and y = P(t) (ibid., p. 44). 


This is the form in which Cauchy states his ‘integral theorem,’ The 
usual formulation can be readily obtained if we observe that the 
functions x = $(t) and y = ¢(t) can be thought of as the parametrical 
equations of a curve in the (x,y) plane joining the points (a + id) 
and (c + id), 

Cauchy then establishes that the integral (4.4.15) is independent of 
the path of intégration. The hypotheses made for f(z) -- that it is 
finite and continuous -- are however insufficient. In the 
demonstration Cauchy in fact tacitly assumes and implicitly uses 
both the existence and the continuity of f'(z), 

In order to demonstrate the theorem Cauchy resorts to the method 
of variations; he considers the increment of two functions x(t) and 
y(t) given by 


(4.4.18) eu, ev uw =u(t), v = v(t), 


where is a first-order infinitesimal and u(o) = u(B) = v(x) = v(B) = 
0, 

By expanding the corresponding variation of the integral (4.4.17) 
"in ascending powers of e,"!® Cauchy obtains a series whose 
first-order infinitesimal part with respect to e€ is given by 


(4.4.19) ¢ i [(utiv)(x' tiv) f' (xtiy) + (ul tiv) fCxtiy)]dt + 0(€?). 


This integral is zero, as we can see by integrating by parts, and 
hence the increment of the integral (4.4.17) "is an infinitesimal of a 
second or higher order" (ibid., p. 44). We can arrive at the same 
result in a direct way, Cauchy adds, observing that (4.4.19) is 
"simply the total variation of the integral (4.4.17)" (ibid., p. 45). This 
variation is zero because the integrand is an exact differential. If 
the conditions of regularity of f(x + iy) are no longer satisfied and 
z=a+ib isa simple pole of f(x + fy), Cauchy considers the limit 


(4.4.20) c= lim [(x — a) + ify — Bb) fC + Ty) 
y~b 


which, "without noticeable error," is given by 
c= ef(at+ib+ e). 


By first considering the variation of x and y given by eu, ey and 
the corresponding variation of the integral (4.4.17), Cauchy obtains 
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A! +iB! —(A + iB) = f° [x' + eu! + iy! +€v!')]- 
(4.4.21) * 


‘fi(x + eu + ily + &)]dt - i (x! + iy')f(x + ty)dt, 


which is always "negligible" except in the neighborhood of the pole 
a t+ ib. 

The theory of singular integrals developed in the Resume (1823) 
provided Cauchy with a suitable tool for evaluating (4.4.21). 

By setting ¢ = T as the value for which x(T) = a and y(T) = b, 
Cauchy considers ¢ = T + €w, for infinitesimal w. From this he 
obtains 

x + 1y cl 


(4.4.22) (x! + iy! IQ + iy) = 6 Ta 


and 

Cc 1 
(4.4.23) [x! teu! + i(y'+ev')]f[x + ae + ifyt Ev)] = -— 
Ew t+ \ + ip 
with 


where a = x'(T), B = y'(T), ¥ = u(T), and 6 = v(t). Equation (4.4.21) 
is thus transformed into 
1/VeE dw ifve a 
(4.4.24) A’ + iB! — (A + iB) = cf WE - cf WE oO 
-i/Ve wt dh + ip -I/VE w 


Since in the second integral the integrand becomes infinite when w 
= 0, if we pass to the principal value of the integral (which is zero) 
and then set €= 0, we finally obtain 
+° dw 
—o (w+ dP + 
where the sign depends on the sign of «6 — By. 

In this way there appears the concept of the residue of a function 
in a simple pole (4.4.20) and, for it, the value of the integral along a 
closed path around the pole. 

In the subsequent paragraphs Cauchy defines in a similar manner 
the residue for the case of multiple poles of order m in x = x, and 
then shows how to apply (4.4.25) to calculating improper integrals, 
just as he had done in (Cauchy, 1827a). 

Cauchy’s guiding idea was to extend the interval of integration 
(for a real integral) to a closed path in the complex field within 
which the function is holomorphic except at isolated points, and 
then to evaluate the integral by means of the theorem of residues, 


(4.4.25) A'+iB' —(A + iB) = -ic | = £N¢i, 
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In this way he succeeded in showing, for example, that 
in sin x i 
i) x 2’ 


or in calculating Poisson (or Fourier) integrals, such as 
+” 
J a(xje*dx, aeR 
—_—oO 


The calculus of residues thus becomes, in Cauchy’s eyes, "a new 
kind of calculation similar to the infinitesimal calculus." This was in 
fact what Cauchy wrote in the title of a note that appeared in the 
first issue of the Exercices de mathématiques (1826a), a sort of 
‘personal review,’ which began to appear in this year. 

In this article Cauchy for the first time introduced the term 
"residue," preceded by a characteristic symbol, 6 that indicates "the 
extraction of the residue" of a function, while with "integral residue 
taken between the given limits" ¥ éy he indicated the sum of the 


residues of a function at the poles (the only singularities known to 
him) within a given rectangular domain, He finally defines the 
property of the "operator" &. 

If x = x, is a simple pole of f(x), Cauchy defines the "residue of 


the function f(x) for x = x," as 
(4.4.26) ef(x, + ©)| e =0 


and, for a pole of order m, similarly 
1 d™ Yenf(x, +€)] 


4.4.27) — 
( ) (m — 1)! de ml € =0 


which can immediately be translated into modern terms for a 
function f(z) = g(z)/(z — c)" with g(c) # 0, respectively, as 


(4.4.26') Res(f,c) = lim (z —c)f(z) = g(c), for a simple pole, 
And 
and 


(4.4.27') Res(f,c) = opr MO for a pole of order m. 

The calculus of residues was applicable to many types of questions, 
Cauchy asserted. "For example, one immediately derives with the 
calculus of residues Lagrange’s interpolation formula, the splitting of 
rational fractions in the case of equal or unequal roots, formulas 
suitable for determining the values of definite integrals, the sum of 
a multitude of series and particularly of periodic series, the 
integration of linear equations with finite or infinitely small 
differences and constant coefficients, with or without a variable last 
term, Lagrange’s series and other series of the same kind, the 
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resolution of algebraic or transcendental equations, etc. .." (Cauchy, 
1826a, p. 24). 

This program was realized by Cauchy in a series of articles that 
appeared in the Exercices. In addition to an imposing number of 
new results, Cauchy also published some refinements to the theory of 
residues. In particular, he showed that 


J f2)dz = 2m & f(z), 


first for the case of a rectangle (1826b), and then for a circle in the 
complex plane.!” 

Thus by the end of the 1820s Cauchy had progressed well beyond 
his contemporaries in the study of complex analysis. Nevertheless, 
he could not imagine that the ‘integral theorem’ -- to our eyes the 
most important result as regards complex integration--had already 
been known to Gauss. The latter, in fact, in a letter he had written 
to his friend Bessel (1784-1846) in 1811, had said, 


Now what should one think of J gx dx for x = a + Bi? 
Obviously, if we want to begin from clear concepts, we must 
assume that x passes through infinitely small increments (each of 
the form « + Bi) from the value for which the integral is 0 to 
x =a +t bi, and then sum all the 6x dx. In this way the meaning 
is completely established. But the passage can occur in infinitely 
many ways: just as one can think of the entire domain of all 
real magnitudes as an infinite straight line, so one can make the 
entire domain of all magnitudes, real and imaginary, meaningful 
as an infinite plane, wherein each point determined by abscissa 
= a and ordinate = 6 represents the magnitude a + bi as it were. 
The continuous passage from one value of x to another a + bi 
accordingly occurs along a line and is consequently possible in 
infinitely many ways. I now assert that the integral J px dx 
always maintains a single value after two different passages, if 
ox nowhere = © within the region enclosed between the lines 
representing the two passages. This is a very beautiful 
theorem,!® for which I will give a not difficult proof at a 
suitable opportunity (Gauss, 1811, pp. 90-1). 


But it is well known that Gauss, far from the competitive climate 
of the Parisian mathematicians, published his works with great 
parsimony and only when these had attained the perfection he 
desired, following the motto "pauca sed matura" (few but ripe) that 
he imposed on himself. 
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4.5. The "Calcul des limites” and Differential Equations 


Following the July revolution of 1830, which lead to the fall of the 
Bourbon dynasty and the rise to power of Philippe d’Orleans, 
Cauchy began to think about leaving Paris. He appeared rarely at 
the meetings of the Academy and at the Ecole Polytechnique, whose 
students had participated actively in the Revolution. He eventually 
left France under conditions of self-exile and stayed for a time in 
Switzerland, where he considered founding an academy and college 
founded on monarchic and religious principles at Freibourg. 

In order to seek support for this project from Catholic sovereigns 
and people close to the Bourbons, Cauchy traveled to Italy. But 
instead of receiving aid for his projected academy, he was instead 
offered a chair of "higher physics" by the king of Piedmont and 
Sardinia. Cauchy accepted this offer and taught at Turin from the 
beginning of 1832 until the summer of the following year. 

The Italian mathematical community was at this time largely 
dominated by Lagrange’s influence and Cauchy felt the contrast 
with his new ideas of analysis very sharply. 

On ‘his arrival in Italy Cauchy presented a long article that did not 
contain any particularly new results, but which nevertheless sounded 
completely new to the Italian mathematicians (Cauchy, 1830). 
Cauchy in fact presented a succinct symmary of his ideas as they 
had been set out in his courses at the Ecole, which included an open 
disagreement with Lagrange’s ideas.?° 

One of the primary things Cauchy insisted on was of course rigor. 
It was the lack of adequate rigor in the methods commonly used in 
astronomy and celestial mechanics, together with the extraordinary 
length and difficulty of the calculations, that motivated the first 
paper he presented to the Academy of Science of Turin in 1831.7 "I 
consequently think that the geometers and astronomers will attach 
some value to my work," Cauchy here asserted, "when they 
understand that I have been able to establish general principles and 
a simple method for the expansion of functions, whether explicit or 
implicit, with the aid of which one can not only rigorously 
demonstrate the formulas and show the conditions of their existence, 
but also fix the limits of the errors that one commits by neglecting 
the remainders that must complete the series" (Cauchy, 184la, p. 51). 
(Hence the name, "calculus of limits," given to it by Cauchy.) 

But Cauchy’s faith in the acceptance of his work was misplaced, as 
we read in the report that appeared in the Mémoires of the 
Academy. “The reading of the paper was interrupted by several 
verbal discussions between the author and Mr. Plana," it says 
(Terracini, 1957, p. 186). Plana (1781-1864), who had been a student 
of Laplace and Monge at the Ecole Polytechnique and was a 
convinced follower of their methods, certainly did not agree when 
Cauchy accused the author of the Mécanique céleste of a lack of 
rigor, 
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Cauchy’s work found a friendler reception in Milan. After he had 
finished editing it between 1832 and 1833, it was translated into 
Italian and published in 1834 in the Opuscoli matematici e fisici, a 
new journal that had been founded by G. Piola (1791-1850). 

Cauchy began by showing that, when x = Xe’P, for —m < p § 7, if 
we take a continuous and finite function f(x) for |x| < X, together 
with its derivative, then 


1 
(4.5.1) J_. f()dp = 2nf(0). 
Under the further hypothesis that the successive derivatives, f'(x), 


f'(x), . , fin \x) are finite and continuous for |x| < ¥,7* Cauchy finds, 
by integrating 


nm f(x) 
[oe 


by parts, that is was also 


nf ol on f'@ Lom a 
(45.2) Po et my Lg per de om i Jog Adon 
and hence, from (4.5.1), that 

i n LOX) i (n) 

Qn °—m xm ap = pe). 


In particular, if f(0) = 0, (4.5.1) becomes simply 
nN 
(4.5.3) [7 f@dp = 0. 


"From these formulas one can easily deduce, as we will see, those 
that serve to expand an explicit or implicit function of the variable 
x in a series ordered according to the ascending powers of this 
variable," Cauchy observes at this point (184la, p. 60). 

In fact, by substituting for f(x) in (4.5.3) the product 

— f(x) — f(x _ 
x LO Ix] < X,x 4x, 
Xx-X 
and expanding the "Cauchy kernel" x/(x — x) in a geometric series, 
we have 
1 mt xf(x) 

4.5.4 x=— ——d 
(4.5.4) f(x) onion z-x ¢P 
which is the famous Cauchy ‘integral formula.’**? It follows that 
"f(x) will be expandable in a series ordered according to the 
ascending powers of x if the module of the real or imaginary 
variable x retains a value below that for which the function f(x) (or 
its first derivative) ceases to be finite and continuous" (Cauchy, 
1841a, p. 61). 

The generic term of the expansion is then given by 
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l nm x xn 
~ — — ¢(n) 
(4.5.5) an J 7. f(xX)dp = r f(0), 


Now if |x] = & and Af(x) indicates "the largest value" of |f(x)| as p 
varies (—l < p ¢ m), then One can majorize the first member of (4.5,5) 
by 

il xn t ) 
—_— — f(x)dp| < | — | ASG). 
lon Jan > fap 5 IG) 
In a similar fashion, the remainder of the Maclaurin series, which 
gives the expansion of f(x), will be majorized by 


gn 
lx _— ae yy fede] § rigs pv. 

Cauchy then extends this smernod of majorants’ to functions of 
many variables and to the “implicit" functions defined by an 
equation of the type f(x,y) = 0. He shows with specific examples 
how one can determine "the limits" of the errors committed when 
one disregards the terms of the series after the first n. 

He finally announces that the same method can be applied to the 
case of functions defined by differential equations, both ordinary 
and partial, but he does not develop this idea any further at this 
point, This was instead the subject of a paper that he published in 
Prague in 1835, where he had gone from Turin in 1833 in order to 
follow Charles X Bourbon and tutor his son. 

In the introduction to this paper Cauchy resumed his criticism of 
the method of series that was then commonly used for the 
integration of differential equations. "The integration of 
differential equations was consequently illusory," he wrote, "so long 
as one did not provide any means of assuring that the series 
obtained were convergent and that their sums were functions able to 
verify the given equations; in such a way that it was necessary 
either to find such a method or to seek another method by means of 
which one could generally establish the existence of functions able 
to verify the differential equations and to calculate values 
indefinitely close to these same functions" (1835, p. 400). 

The only known method suitable for this purpose, Cauchy adds, is 
that which he himself had presented in his second-year lessons at the 
Ecole Polytechnique (see §4.4b), He then gave a rapid description of 
it, concluding that "the advantages which this method offers will be 
joined by many others still in what I am now going to explain" 
(1835, p. 404). 

While in 1831 celestial mechanics had provided the occasion for his 
“calculus of limits," Cauchy now found his initial stimulus in a 
“wonderful paper where Mr. Hamilton lets the integration of the 
differential equations encountered in dynamics depend on the 
determination of one function represented by a definite integral that 
satisfies two partial differential equations of the second order"*4 
(ibid.). 


(4.5.6) 


(4.5.7) IRI = 
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Thus Cauchy had thought that “there would perhaps be some 
advantage" in reducing the integration of a system of differential 
equations to the integration of a single partial differential equation 
of the first order. 

After having shown how one can associate such an equation with 
the given system,?®> Cauchy obtains the general integrals of the 
system by setting certain integrals of the characteristic equation 
equal to arbitrary constants. He then shows that these particular 
integrals can be written as series, and it is at this point that the 
"calculus of limits" is able not only to assure the convergence of such 
series, but also to majorize the remainder by evaluating the error 
that arises when one stops with the first m terms of the expansion. 

For a function f(x) continuous in a circle of center x and radius r, 
(for which "one will evidently have" 


Of(x + relP) _ 1 Of(x + re'P) 


or ir ap 
Cauchy adds with some significance!) the inequality (4.5.6) is 
transformed into 


(4.5.8) fox) < nte-P ASC + X) 


where X = re'P, and Af(x + X) indicates the maximum of [f(x + x)| on 
the circumference of the circle,”6 

The inequalities (4.5.8) play a decisive role in demonstrating the 
convergence of the series that represent the integrals of the 
differential equation associated with the system. Cauchy 
immediately illustrates his "methods of majorants" for the simple 
case of a single differential equation, 


(4.5.9) dx = F(x,f)dt, 


where x = x(t), By calling € the value of x corresponding to the 
value ¢ = T, Cauchy demonstrates the expandability of & in a power 
series of (T — £), and consequently the existence of an integral of 
(4.5.9) for a suitably small value of |¢ — 7|, "the value of the module r 
of x being subjected only to the condition that the function 


F(x + x,¢+ 8(T—-—2)] ((8] < 1) 


remains finite and continuous, whatever the angle p, for this value 
of r and for a smaller value" (Cauchy, 1835, p. 446). 

By means of (4.5.8) he then obtains a majorization of the module 
of the derivatives of F(x,t) with respect to x that appear in the 
terms of the series. As Gilain has observed, “if one looks at the 
demonstration, one recognizes that Cauchy utilizes for every 8 a 
majorization in module of the partial derivatives of F(x,t) with 
respect to x by means of AF[(x + x, ¢ + (8 — f)], then a uniform 
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majorization with respect to the second variable by introducing a 
value 8 of 8 such that the preceding module is the largest possible. 
Cauchy’s demonstration in fact utilizes the continuity of F with 
respect to the pair (x,t) and, for each ¢, its analyticity with respect 
to x in a neighborhood of the initial values of x and ¢ (In: Cauchy, 
1981, p. xliii), 

Nevertheless Cauchy illustrates his theorem with the example 


dx = (x + Olde, 


where both x and ¢ as well as F(x,t) are real quantities and? is “any 
positive quantity." Cauchy does not seem to recognize the conceptual 
difference between the existence proof demonstrated in his 
second-year lessons at the Ecole (see §4.4b) and these new results. 
The ambiguity between the real and complex runs through Cauchy’s 
entire paper. In fact, after having shown how to extend the 
demonstrated theorem "to any system of differential equations 
between an independent variable ¢ and the functions x, y, z, .. of 
these same variables" (1835, p. 450), he writes in his final 
observations, “We add that these new theorems, like those we have 
set out here, can be easily extended to the case where the variables 
and the functions included in the given differential equations will 
become imaginary" (1835, p. 463), 

It was precisely this latter motive that privileged in Cauchy’s eyes 
the second existence proof and the "calculus of limits," which had 
transformed the integration of differential equations by series into a 
"completely rigorous" theory. After his return to Paris,?’ he rushed 
to republish his Turin and Prague papers in the reborn Exercices 
d’analyse et physique mathématique.”8 

Cauchy again took up the argument in various notes presented 
with weekly (!) frequency to the Academy between June and July 
1842 (Oeuvres (1) 6, pp. 461-470; 7, pp. 5-83). He there reformulated 
his second existence proof for a system of ordinary differential 
equations and then extended it to the case of first-order linear 
partial differential equations of the form 


Ont. Ou Ou 
t= Fit, X45 ey XS Uy oe Mas —1 oD) 
at ] n Ox, Ox, 


with the initial conditions given by 
U(O, X 4, 0n XQ) = WX on x,) @=1,.., m). 


If the F, are analytic functions in the neighborhood of a point (for 
example the origin) and linear with respect to the Ou,/0x, and the w, 
are also analytic in the neighborhood of the point, then Cauchy 
shows that there exists a unique solution of the ‘Cauchy Problem,’ 
expandable in a locally convergent power series,29 

Thus, thanks to the “calculus of limits," the theory of differential 
equations became for Cauchy a part, fully relevant and meaningful 
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in itself, of the general theory of complex functions, to which he 
dedicated a large part of his research in the last period of his life. 


4.6. The Emergence of Cauchy’s Theory of Complex Functions 


In the 1840s Cauchy, by then already more than fifty years old, 
threw himself with renewed enthusiasm into exploiting the 
opportunities that had been opened by the systematic introduction of 
imaginaries into analysis. He presented a large number of papers to 
the Academy in which he clarified, reformulated, and extended the 
results he had earlier obtained, expanded the work of his former 
colleagues and students on this subject, set out new ideas, and 
altered old concepts. 

The results were published in the brief Comptes rendus of the 
Academy (sometimes no more than the enunciations were given), and 
were then generally republished in a more ample version in the 
Exercices d’analyse et physique mathématique,® although at times 
these only repeated word-for-word what had already been printed in 
the Comptes rendus. 

Cauchy’s studies joined with those of Liouville, Laurent, Puiseux, 
and Hermite to create an efflorescence of research that soon led 
from the instrumental and heuristic use of imaginaries to the 
formation of a complete theory of “holomorphic” functions, to use 
the terminology that was later introduced by Briot and Bouquet 
(1875) and is still in use today. 

One of the first contributions to the theory of functions was that 
of the engineer P. A. Laurent (1813-1854), who was inspired by 
Cauchy’s work on the “calculus of limits" and expansions in series. 
In 1843 he presented the Academy with a paper on the 
representability by a power series of a holomorphic function within 
an annulus, that is, a ring-shaped domain bounded by two concentric 
circles of center c, when the Series is generalized in such a way as to 
also admit negative powers of z —¢. 

In his report on the paper to the Academy, Cauchy first recalled 
his own theorem on this topic (see §4.5) and then stated Laurent’s 
theorem as follows:?! 


If x designates a real or imaginary variable, then a real or 
imaginary function of x can be represented by the sum of two 
ordered, convergent Series, the one with integral, increasing 
powers, the other with integral, decreasing powers of x, in so far 
as the module of x retains a value between two limits where the 
function or its derivative remains finite and continuous" 
(Cauchy, 1843a, p. 116). 


In fact, by generalizing Cauchy’s integral theorem, Laurent shows 
that if a function f(z) is holomorphic in an annulus of center c, then 
it is representable in a unique manner by the series 
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= a,(zZ —c)/§ ke Z, 


where the coefficients are given by 
i 
Me Oni 
2 being a closed loop around ¢ within the annulus.” 

Even though Cauchy admits that, "The extension given to the 
theorem on the convergence of series by Mr. Laurent appears worthy 
of notice" (/bid., p. 117), his results "are included, as a special case," 
in a formula that appeared in the Exercices de mathématique in 1826. 
In addition, it "can be immediately derived" from the integral 
theorem for an annulus that Cauchy had published in the Exercices 
d’analyse in 1840 (ibid., p. 116). In any case, Cauchy repeated the 
contents in a short note that immediately followed his report 
(Cauchy, 1843b). He here asserted that the simplest way of arriving 
at Laurent’s theorem was to utilize the mean value formula, 


fle) = = J" se + reap, 


for a function which is finite and continuous, together with its 
derivative, within the annulus. 

Together with the "calculus of limits" and the ‘integral theorem,’ 
the theory of residues seemed in Cauchy’s eyes to promise the widest 
and most fruitful applications. 

In the same year Cauchy presented the Academy with a number 
of short papers that showed how the theory of residues could also 
provide results for elliptic functions. The theory of elliptic 
functions had recently enjoyed a resurgence of interest after Jacobi 
(1835) had shown that a meromorphic function of a complex 
variable cannot have more than two distinct periods whose ratio is 
necessarily imaginary.** 

This result seemed to open new research opportunities. Was it 
possible to find all the functions that, like the elliptic functions, 
were doubly periodic? 

Liouville began to study the problem in the summer of 1844, In 
December of that year he took advantage of the opportunity 
provided by a note that Chasles (1793-1880) had written on 
geometrical constructions of the amplitudes of elliptic functions to 
inform the Academy of the objective of his current research. "We 
know the most general expression for every periodic function, 
namely, E, -4,cos inx + Bsin inx. [I want] to likewise determine the 
most general conditions under which it acquires a second period" 
(Liouville, 1844, p. 1261). 

He then presented a sketch of his ideas on the subject. He set out 
the following "general principle" that to his mind seemed “to impress 
on the study of elliptic functions an uncommon character of unity 
and simplicity." 


J — ok *fla)dz, 
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Let z be any real or imaginary variable, and let U(z) be a 
well-defined function of z, that is, a function which, for every 
value x + iy of z, takes a unique value which is always the same 
when x and »y become the same. If such a function is doubly 
periodic, and if one recognizes that it never becomes infinite, 
one can, from this alone, affirm that it reduces to a constant" 
(Liouville, 1844, p. 1262). 


Cauchy immediately recognized the deep analogy between 
Liouville’s theorem for elliptic functions and his own results on 
functions of a complex variable obtained through the theory of 
residues. At the very next meeting of the Academy he presented a 
paper (Cauchy, 1844b) in which, after having mentioned his first 
works on the subject, he set out "as a special case" obtainable from it 
the theorem: 


If for every real or imaginary value of the variable z, the 
function f(z) always has a unique and determinate value, and if 
it also reduces to a determinate constant F for every infinite 
value of z, then it will also reduce to the same constant when 
the variable z has any finite value" (1844b, p. 367). 


Yet again Cauchy recalled his old paper of 1814 where he had 
established “a fundamental principle" from which the various above 
cited theorems follow: the fact that the difference between the 
results obtained from the two different orders of integration in a 
double integral is expressed "by a singular definite integral" (see 
§ 4.2). 

It follows, among other things, that "in the theorem relative to the 
expansion of functions in series one can rigorously dispense with the 
use of derivatives [fonctions derivees]" (1844b, p. 368). 

This was also the view expressed in a "judicious observation" that 
Liouville had recently sent him, Cauchy wrote. On the other hand, 
he pointed out that, "as far as the expansion of functions in series is 
concerned, it seems to me that the consideration of derivatives 
should not be completely abandoned" (1844b, p. 369). He had in fact 
done this himself by adding the condition on the continuity of the 
derivative to the 1841 republication of his 1831 Turin paper on the 
"calculus of limits." 

Going on to demonstrate a few of the consequences obtainable with 
the calculus of residues, Cauchy showed how, from the formula, 


Bf(z) = 0, 


one can "directly" obtain the theorem that "if a function f(z) of the 
real or imaginary variable z is everywhere continuous and 
consequently everywhere finite, it will simply reduce to a constant” 
(1844b, p. 372). 
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Thus Liouville’s theorem could be obtained in full generality 
within the theory of functions set out by Cauchy. However, 
Liouville deserves the credit for having first recognized the 
theoretical importance of this “general principle," 

Liouville never published a demonstration, nor did he ever follow 
out his announced research on doubly periodic functions. He 
limited himself to setting out his mature ideas on the subject a few 
years later in several lessons prepared for the German 
mathematicians Borchardt (1817-1880) and Joachimsthal (1818-1861) 
while they were visiting Paris in 1847.54 
For his part, although Cauchy published five different 
demonstrations of Liouville’s theorem obtained from his previous 
results in less than a year, he seemed much more interested in 
developing the latest refinements of his integral theorem as well as 
of the theory of residues. In his view this constituted the 
foundation of his entire theory. 

He gave the first general formulation of the integral theorem in 
1846. Here he considered "an area S measured on a given plane or 
on a given surface" bounded by a "unique" closed curve 535 (1846a, p. 
72). Then calling K a function of any variables x, y, z, .. that 
determine a point of S and of their derivatives with respect to s, 
Cauchy considers the integral 


(4.6.1) J 5g Kds 


and shows that if K = P dx + @ dy + Z dz + +--+ is an exact 
differential, then the value of the integral is independent of the 
form of the curve s, provided that K remains finite and continuous. 

Passing then to the special case of a plane with Cartesian 
coordinates x, y, if P and Q are finite and continuous functions of x 
and y, the integral 


(4.6.2) J 5. P dx + Q dy, 


taken along the boundary of S, reduces to the double integral 


(4.63) ff. [= - | dx dy, 


extended to all the points of the domain S. Moreover, Cauchy added, 
if Pdx + Qdy isan exact differential, the integral (4.6.2) is zero.°° 

The theorem of residues can also be extended to the case of a 
plane domain bounded by a closed curve s, Cauchy observed in a 
note to the Academy a little more than a month later (Cauchy, 
1846b). If P', P", P''!', .. are poles of a function f(z) in the 
domain S, then S can be divided into parts A, B, C, .., each of 
which contains a single pole, and 


J, f(z)dz = J ,,f24z + Jan f(z)dz + Jac fizjdz + --- 
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Hence, 


(4.6.4) J, f(2)dz = 2ni &f(z). 


"The sign & indicates the sum extending to the only roots of the 
equation 1/f(z) = 0 which correspond to the points situated in the 
interior of S" (1846b, p. 138). 

In reflecting on the conditions of validity for (4.6.4), Cauchy was 
quick to recognize that f(z) must assume "precisely the same value 
when, after having traced the entire curve, we return to the point of 
departure" (1846c, p. 154). In other words, f(z) must be monodromic, 
using the term that Cauchy himself later introduced. 

"But nothing prevents" other things from happening, as for example 
with the integral of a function that "contains roots of algebraic or 
transcendental equations" (ibid.). In the first part of his paper Cauchy 
discusses the case of single-valued functions, as for example f(z) = 1/z. 
In this case the integral | f(z)dz is multi-valued, as Gauss had already 
seen, and the values depend on the path of integration. He then goes on 
to treat the case of multi-valued functions under the integral sign. 
Here the periodicity moduli (indices de periodicite) of the integral "will 
no longer be generally represented by the residues" (1846c, p. 165). But 
the absence of a clear understanding of the nature of the branch points 
of algebraic functions thus kept Cauchy from forming a precise idea of 
the integrals of multi-valued functions. 

In facing these problems, Cauchy was naturally lead to consider 
paths in the complex plane and curvilinear integrals, which clearly 
rendered inadequate the conception of complex variables as simple 
"symbolic expressions” that he had given in the Cours and which he 
apparently never abandoned. It is therefore not by chance that at 
this time Cauchy began to reflect on the foundations of complex 
analysis, beginning with the definition of a complex number and a 
complex function. 

Strange as it may seem, after the publication of Argand’s paper 
and the discussion that followed (see §4.3), the geometrical 
interpretation of complex numbers seems to have been quickly 
forgotten. It was taken up again by a certain C. V. Mourey in a 
pamphlet that appeared in Paris in 1828, The geometrical theory 
was dedicated by Mourey "to the friends of evidence" so as to show 
how "the truth" about the nature of complex numbers could "escape 
the domain of the chimerae,"?” 

Not until 1831 did the geometrical theory of complex numbers 
become fully acceptable, on the authority of Gauss, when the latter 
finally published the ideas that he had already formed 30 years 
earlier. In a notice of his 1832 paper that appeared in the 
Gottingische Gelehrie Anzeige in 1831, he wrote, "The author calls a 
quantity a + ib, where a and 6 are real numbers and / is the symbol 
written for y-I, a complex number, when both a and »b are integers. 
Complex quantities are consequently not opposed to the real, but 
include these as a special case when b = 0" (Gauss, 1831, p. 171). 
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These are Gauss’ complex integers which enter into the theory of 
biquadratic residues. He continues, 


The transfer of the theory of biquadratic residues to the 
domain of complex numbers could perhaps appear shocking and 
unnatural to those who have less confidence in the nature of 
imaginary quantities and are prejudiced by a wrong 
understanding of them, and give rise to the belief that this 
research may thereby be set in the air, as it were, receive 
precarious support, and completely disappear from _ view, 
Nothing would be less well founded than this belief" (1831, p. 
174). 


In order to convince his readers, Gauss then repeated what he had 
written in the full paper, where he showed how one could interpret 
complex numbers as the points of a plane. Complex numbers, which 
had long been scarcely tolerated, been called impossible numbers by 
many and held by others to be simply a game with symbols, now 
received an intuitive significance. "More is not needed to admit 
these quantities into the domain of arithmetic," Gauss concluded. 


That one has until now seen this subject from a false point of 
view and consequently found a secretive darkness, is in large 
part a result of its inappropriate nomenclature. If one had not 
called +1, -l, v-I positive, negative, and imaginary (or even 
impossible) units, but instead called them direct, inverse, and 
lateral units, one could never have spoken of such a darkness" 
(1831, pp. 177-8). 


Gauss finally concluded his note with the promise of a 
demonstration of why commutative algebraic extensions of € 
different from € itself do not exist.>% 

But it was not only a question of nomenclature, as Gauss seemed to 
believe, that hindered the complete acceptance of complex numbers 
for so many years. In fact, ten years after Hamilton (1837) had 
shown how one can define complex numbers as ordered pairs of real 
numbers,*? Cauchy returned to the topic by writing that his 
conception of imaginaries as "symbolic expressions" had eliminated 
"the need to torture the spirit to seek to find what the symbol y-I 
can represent, that for which the German mathematicians substitute 
the letter i" (Cauchy, 1847a, p. 313). There was no need to strain 
oneself to find an interpretation: such a symbol, Cauchy said, is no 
more than “a tool, an instrument of calculation whose introduction 
into formulas permits a faster arrival at the very real solution of the 
question one has posed" (7bid.). 

One can then gain clarity and put algebraic theory “within the 
reach of all minds" by simply completely banishing imaginaries, 
"reducing the letter / to no more than a real quantity” (/bid.), 
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While this may seem "improbable and even impossible at first 
sight," one can attain this end by utilizing the idea of equivalence 
introduced by Gauss and Kummer to study classes of quadratic 
forms. Let us call two real polynomials equivalent, Cauchy says, if, 
when they are divided by x? + 1, they give the same remainder, 


(x) =x(x) (mod x? + 1). 


Cauchy shows how one can interpret calculations with complex 
numbers as a calculation (mod i? + 1) in the ring Ri], where i "is a 
real but indeterminate quantity." 

In the expanded version of the same work which was published as 
usual in the Exercices (1847b), Cauchy asserted that the concept of 
algebraic equivalence introduced in this way can naturally be 
extended to the case in which the functions are "the sum of a 
convergent series." Thus, for example, given the exponential series 

o yn 
wees 
ni 


and setting ix in place of x, one has 
; an (ix)® an an © x2ntlh ; 
e* = Y—— =X" + i XL(-)" ——~(mod i*+] 
nt oO) (2n)! © (2n + 1)! ) 
From this one obtains Euler’s relation 


e“=cosx+isin x (mod /? + 1). 


In a similar manner, Cauchy interprets the usual arithmetic 
operations on these “algebraic equivalences." 

Not until several years later, "after new and mature reflections," 
did Cauchy decide to abandon the concept of imaginaries that he 
had been “content to show could be made rigorous" (!) in the Cours 
d’analyse and finally adhere to the geometrical theory that had been 
proposed by Argand in 1806, against which, in Cauchy’s view, 
"specious objections" had been advanced (Cauchy, 1849a, p. 152). 

After remembering the names of many who had contributed to the 
theory (but not Hamilton or Gauss!), Cauchy asserted that he had 
been led to this "new" conception by profiting from the ideas that 
had been presented by Saint Venant (1797-1886) in a note on 
geometric sums which had appeared in the Comptes rendus of the 
Academy in 1845,*° 

The theory of "quantities that I will call geometrical," Cauchy 
wrote, was nothing other than the usual interpretation of complex 
numbers as vectors in the plane (1849a, p. 153). 

After having introduced in a natural manner the concept of an 
entire function Z of a "geometrical quantity” z, Cauchy reformulated 
the fundamental theorem of algebra, which he proved by using the 
method of minimum for the modulo of Z. As usual, Cauchy then 
presented his full work in the Exercices d’analyse (1847c). This was 
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followed by no less than 15 papers in which he redefined the 
fundamental concepts, ranging over such topics as the reduction of a 
"seometrical quantity" to the form x + (ty; the definitions of 
functions, of continuity, and of the derivability of functions of such 
quantities; and the study of the properties of particular functions 
such as the exponential, logarithmic, and trigonometric functions. 

In introducing the concept of function, Cauchy wrote, 


When .. we substitute geometrical quantities for imaginary 
expressions, the imaginary variables are nothing other than 
variable geometric quantities. It remains to know how the 
functions of imaginary variables must be defined. This last 
question has often embarassed the geometers, but all difficulty 
disappears when, letting ourselves be guided by analogy, we extend 
to functions of geometric quantities the definitions generally 
adopted for the functions of algebraic quantities [my emphasis]. We 
thus arrive at conclusions that seem singular at first sight, and 
nevertheless very legitimate, which I will indicate in a few 
words. 

Two real variables or, in other words, two variable algebraic 
quantities, are called functions, the one of the other, when they vary 
simultaneously in such a way that the value of one determines the 
value of the other. If the two variables are taken to represent the 
abscissas of two points constrained to move on the same line, the 
position of one of these points will determine the position of the 
other, and vice versa (Cauchy, 1847d, p. 359). 


Similarly, Cauchy concludes, a geometrical quantity w = u + iv can 
be considered a function of a variable geometric quantity z = x + iy 
whenever the value of z determines the value of w or, in 
geometrical terms, when the position of the point z determines the 
position of the point w. To this end uw and v will be determinate 
functions of x and y. 

In commenting on Cauchy’s definition, Casorati (1826-1890) wrote, 
"This definition can be understood as implying purely the idea of 
the dependence of the value w on that of z, and not necessarily the 
idea of an analytic expression for this dependence,” even if it seems 
clear that Cauchy intended such expressions always to be admitted 
(Casorati, 1868, p. 70). 

Casorati’s second observation is that, 


although wanting to embrace exclusively analytic expressions, 
the new definition is much more general than the first, in as 
much as a quantity obtainable by means of operations performed 
on two variables x and y will not, except in relatively particular 
cases, be obtainable by means of a system of operations 
performed on the single composite quantity x + iy A 
generalization of this type, for which any function of two 
variables x and y can be put between the functions of a single 
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complex variable x + iy, is not ... suggested by a truly profound 
analogy; for it the theory of functions of a complex variable 
would simply be the theory of functions of two variables ... It is 
thus that Cauchy himself, while conserving the given definition 
of a function of a complex variable x + iy, found it necessary to 
introduce an epithet to designate, among all the functions 
understood in the definition, only those which, like all the 
functions resulting from ordinary systems of operations 
performed on the combination x + iy, enjoy the property of 
having for every value of x + jy a derivative independent of the 
value of dy/dx (1868, pp. 70-71). 


These functions were later called monogenic by Cauchy, where the 
condition of monogenicity is expressed by the equation 


aes) 7 2% OH 4, OK By Bu Be 
ax dy Qx dy’ ay ax’ 
from which the following derive: 
G*y O7y ay ay 
(4.6.6) = 0: —, = 0. 


Ox? * Oy? Ay? t ay? 

Cauchy also proposed a number of special terms to indicate 
particular properties of functions. Some of these terms have 
remained in use while others have been completely forgotten. He 
defines, for example, aS monodromic a (single-valued) function 
defined in a finite portion S of the complex plane when the 
function always takes the same value at one and the same point P in 
S, whatever path z may take within S to arrive at P. 

Synectic are for Cauchy finite, continuous functions that are 
monodromic and monogenic in a portion S§ of the plane. 

An explicit definition of the concept of the monogenicity of a 
function now permitted Cauchy to specify the classes of functions to 
which he applied the theory and to completely relieve his old 
uncertainties about the necessity of requiring the condition of 
derivability in his theorems on expansions in series. "The principles 
that I have just set out," he wrote with respect to (4.6.5) and (4.6.6), 
“confirm what I have said elsewhere about the need to specify the 
derivative of a function of z in the theorem" on the expansion in 
power series of a function with the "calculus of limits" (Cauchy, 
185la, p. 304). 

For monogenic and monodromic functions, he then reformulates 
the theorem of residues, to which he returned many times 
afterwards. In 1855 he introduced the idea of a logarithmic 
indicator (compteur logarithmique) by considering the integral 


1 
4.6.7)  —— — 
(4.6.7) dz, 


where Z(z) is a monodromic and monogenic function in a domain S 
except at isolated points (poles). 
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He then showed the remarkable formula 
J 


4.6.8 4 d N-P. 
(4.6.8) oni ’as ZS ° 
where N is the number of zeros and P the number of poles of Z 
within S* (1855a, pp. 289-90). This allowed him to immediately 
find both another demonstration of the fundamental theorem of 
algebra and a demonstation of Liouville’s theorem that the number 
of zeros of a doubly periodic function within the parallelogram of 
periods equals the number of poles, provided that none of them lie 
on the sides of the parallelogram. 

Cauchy returned to the theory of residues yet another time in a 
final paper that was presented to the Academy only a few months 
before his death (1857a). Here, after pointing out the curious 
parallels that had guided him in his first paper of 1826, where the 
residue of a function was defined as the coefficient of ce in the 
expansion of the variation of f(x) in a power series (see §4.4c), in 
the same way in which Lagrange had defined the derivative as the 
coefficient of the first term of the expansion of f(x) in a Taylor 
series, he asserted that the idea of residue must be established 
without considering series. 

In order to do this he began directly from the integral fasz dz of 
a function Z(z) extended to the boundary of any area S and asserted 
that if Z was monogenic and monodromic everywhere in S, then 

agZ @z = 0, while if Z has isolated singularities z, in S, fasZ dz = 

Ni Res(Z,z,).” 

"We recognize here,” Cauchy wrote, "how useful it is to clearly 
define the functions of geometric quantities, or in other words, the 
functions of imaginary variables, by not only distinguishing 
monodromic and nonmonodromic functions, but also monogenic and 
nonmonogenic functions" (1857a, p. 437). 

"Neatly" defining the concept of complex functions allowed 
Cauchy, among other things, to confront in a more satisfactory 
manner the problem of the multi-valuedness of the integrals of 
algebraic functions. 

Resuming his research of 1846 in the Mémoire sur les fonctions 
irrationelles (1851a), Cauchy considered a function uw defined by the 
algebraic equations U(u,z) = 0 which takes the values u,, ty, Ug, for 
a given value of z. He then considered the points c, of the plane C 
where a function u_ "becomes infinite or equivalent to another term 
uy, of the series uy, Uy, Ug, ..” (185la, p. 293), The points c, are then 
the poles or the branch points of the function u. If z describes a 
closed curve such that the points c, are all outside of it, the uw, 
branches of the function will remain continuous functions and 
each will reacquire its initial value when z returns to its initial 
position. This will not occur if any point c, is within the path 
followed by z, 

Cauchy then considers the lines C,D., the indefinite extensions of 
the "ray vectors" traced by a fixed point 0 to the points c, the 
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"points d’arret." By means of these "lignes d’arret," which "can be 
compared to the obstacles at which the moving point stops, without 
ever crossing them" (185la, p. 294), Cauchy divided the complex 
plane into regions where the m, are continuous functions. He could 
then set the problem of evaluating the integral fu dz along a curve 
that can either meet the lignes d’arret or not. 

This research intertwined with that which had already been 
published by Puiseux (1850). In a later session of the Academy 
Cauchy limited himself to announcing that he had succeeded in 
determining the number of periods (indices de periodicité) of the 
integral of a function uw defined by an algebraic equation f(u,z) = 0 
"for the most general case" (Oeuvres (1) 11, pp. 300-1, 304-5). 

Algebraic functions and their integrals were in fact the arguments 
put forward by Victor Puiseux (1820-1883) in a paper that appeared 
in Liouville’s Journal in 1850, which has since become famous. 

Beginning from Cauchy’s studies on the continuity of the solutions 
of an algebraic equation /(u,z) = 0, where f is a polynomial of the 
complex variables u and z, Puiseux first of all introduced a 
distinction between the poles and the branch points of a function. 
For transcendental functions, he introduced the idea of a "pole of 
infinite order" (or an essential singularity, as we say today) as for 
example the point z = 0 for the function el”, 

Puiseux then demonstrated that, if u, is a solution of f(u,z) = 
and if b, is the value of u, corresponding to z = c, then the funtion 
Uy assumes the same value b, when z returns to ¢ after having 
followed a closed path y in the plane that does not include poles or 
branch points. In other words, along such a path, u, is single-valued 
and [.u, dz = 0. 

If, on the other hand, z = a is a branch point of order p and if we 
consider a closed path around a which does not include any other 
critical points, Puiseux shows that the p functions Uy wy Uy Can be 
subdivided into a certain number of "circular systems," or, in modern 
terms, the orbits of the subgroups of the Galois group of the 
equation f(u,z) = 0, for which Puiseux calculates the order. 

He further demonstrates the fundamental theorem that if a 
function u, belongs to a circular system of order g, then uw, can be 
expanded in the neighborhood of the point according to the power 


xX a,(z - ala (me 7). 
n=m 


In the last part of his paper Puiseux finally faces the problem of 
determining the periods of the integral x ,42 along any path froma 
point c toa point k in the complex plane. He in fact proposes to: "1° 
find all the distinct periods which belong to a value of fu, dz... , 20 to 
discover if each period p belongs to all the values of the infeeral mn az 
or only to a part of them; 3° to determine the values of 1 a2 which 
remain distinct when one abstracts the whole multiples of the periods" 
(Puiseux, 1850, p. 439). 

He therefore limits himself to considering a few particular cases, 
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such as the so-called hyper-elliptic integrals and the case fu dz when u 
satisfies the binomial equation ¢(z)u™ — H™ = 0, where ¢ and H are 
polynomials without any common factor. 

In the course of this research, Puiseux demonstrates that a 
single-valued algebraic function is always rational and that if f is 
an irreducible polynomial, from a root u, of f(u,z) = 0 one can 
follow a suitable path in the complex plane to any other uy which 
has the same starting value as uw, This theorem, which was among 
the implicit assumptions needed to validate Puiseux’s results on the 
periods of the integrals, also gave him a useful criterion for 
deciding, with a finite number of operations, whether an algebraic 
equation is irreducible or not. 

Like Puiseux, Cauchy’s works on complex functions also inspired 
Charles Hermite (1822-1901), who became one of the leading French 
mathematicians of the second half of the century. 

In 1851 the young Hermite presented the Academy with a note on 
one of his favorite subjects, the theory of elliptic functions.*4 
Utilizing the idea of a parallelogram P of the periods and that of 
residue, Hermite showed that the sum of the residues of a doubly 
periodic function, monogenic and monodromic, is zero with respect 
to P. He further proved that every such function can be rationally 
expressed by means of elliptic functions, Both results had been 
known to Liouville. 

Liouville himself, on the occasion of Cauchy’s report, recalled his 
old paper to the Academy (Liouville, 1844) and the lessons he had 
given to his German friends Borchardt and Joachimsthal. He then 
gave the Academy Borchardt’s manuscript which contained the 
essential part of his work. In addition to Hermite’s results and 
Liouville’s theorem, it included the demonstration "of the equally 
important proposition that the number of roots that satisfy the 
[doubly periodic] function is always precisely equal to the number of 
infinites of this function and that, moreover, the sums of the values 
of the variable, relative to these two circumstances of a null or 
infinite function, are always equal to each other up to the multiples 
of the periods" (Oeuvres (1) 11, pp. 373-4), 

Liouville’s observations provoked an immediate response from 
Cauchy in which he claimed for his own calculus of residues the 
priority "for the fundamental principle invoked by Liouville for 
doubly periodic functions" and for the consequences he had derived 
from this principle, thus renewing a quarrel that had taken place a 
few years earlier. For his part Liouville decided to devote the 
second semester of his course at the Collége de France for 1850-51 to 
doubly periodic functions, 

Among the auditors of Liouville’s lectures were Briot (1817-1882) 
and Bouquet (1819-1885). Liouville’s "beautiful theory" inspired 
both the notes they presented to the Academy on doubly periodic 
functions and their 1859 book on this subject. In this volume they 
explicitly said that, "The learned lectures of the illustrious geometer 
[Liouville] and the wonderful works of M. Hermite on the same 
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subject have been the point of departure for our own research" 
(Briot and Bouquet, 1859, preface), 

In the first part of their book Briot and Bouquet gave a systematic 
exposition of the theory of functions of a complex variable as it had 
been set out by Cauchy. This was the text that Cauchy himself, perhaps 
because he had never been required to write a handbook as he had for 
his courses at the Ecole Polytechnique, had never written. 

Even though the enunciations of the theorems and demonstrations 
in Briot’s and Bouquet’s volume are sometimes incomplete and 
unsatisfactory, their work played a decisive role in spreading 
Cauchy’s point of view and his results to European mathematicians. 

From an instrument for the discovery of new theorems and the 
most diverse applications, as it had long been for Cauchy, the 
"nassage from the real to the imaginary" acquired with Briot and 
Bouquet’s treatise the character of a systematic theory. Their book 
remained for a long time the standard text of the "French school." 
It was translated into German in 1862, and reprinted in French in 
1875. 

On the other hand, in Germany, with Riemann and Weierstrass, the 
theory of complex functions followed an autonomous path of 
development that went far beyond what had been set out by Cauchy, 
The same can be said for real analysis. It is consequently the latter 
subject to which we must devote our attention before we turn to the 
works of the analysts of Géttingen and Berlin. 


Notes to Chapter 4 


"At the time Gauss had no knowledge of the demonstration 
suggested by Laplace in his mathematical lectures at the Ecole 
Normale in 1795, which were not published until 1812 in the Journal 
de l’Ecole Polytechnique (In: Oeuvres 14, pp. 1O-[I1), According to 
Lagrange (1797-8, pp. 200-201), Laplace’s demonstration “leaves 
nothing to be desired as a simple demonstration," even though it 
appeared to him to be impossible to realize because of the difficulty 
of the calculations. Laplace in fact began with a completely 
different idea than Euler and Lagrange. He utilized an inductive 
argument applied to concepts like symmetric functions and the 
discriminants of a polynomial, For a modern explanation of 
Laplace’s demonstration, see Remmert (1983), 


“Ostrowski showed how one can render Gauss’ demonstration 
rigorous, although it requires refined arguments of a topological 
nature that "are present neither in the dissertation itself nor in the 
pre-Gaussian literature" (1927, p. 1). 


SThe Artin-Schreier theory of ordered fields has definitively 
clarified why a continuity argument appears, under different forms, in 
demonstrations of the fundamental theorem of algebra. 
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4Among other things, he implicitly reverts to Bezout’s theorem 
when he asserts that the circumference and the algebraic curves T = 
0 and U = 0 respectively have 2m points of intersection. 


'An explanation in modern terms can be found in Dieudonné 
(1978, I, pp. 70-71). 


SActually y becomes indeterminate since ¢ and uw also appear 
homogenously in the numerator of y. 


TA detailed explanation of the technical particulars of the 
controversy between Legendre and Cauchy is given in Grattan- 
Guinness (1970b, pp. 36-40). 


®See Petrova (1974). Argand’s articles and those of the 
mathematicians who participated in the discussion in the Annales 
have been published in Argand (1874). 


°In commenting on this definition, Hankel could do no more than 
say, "I do not believe that I am exaggerating when I call this a 
scandalous wordplay, unsuitable for mathematics, which is and 
should be proud of the clarity and evidence of its concepts" (1867, p. 
14). 


10For the continuity of a function of many variables Cauchy 
implicitly recalls the Cours d’analyse, where he had affirmed that a 
function f(x,, .. x,) is continuous at a point (ay «.. @,) if it is 
continuous with respect to every variable x, taken one at a time. 
This nevertheless is not sufficient (Heine, 1870, p. 361), as we see 
from the example f(x,y) = xy/(x? + y*) for (x,y) # (0,0), f(0,0) = 0. 
The function is in fact discontinuous at the origin, notwithstanding 
that f(x,0) = f(0,y) = 0 are both continuous functions at the origin 
(Pringsheim, 1899, p, 48). 


11As Gilain has observed (1981, p. xxvi), by returning “in an 
intuitive manner" to the ‘Cauchy criterion’ for the convergence of a 
sequence set out in the Cours d’analyse. 


127) 1876 Lipschitz weakened the conditions of the theorem, 
requiring that f(x,y) satisfy the “Lipschitz condition" instead of 
continuity (see §7.2b). The existence theorem is today called that 
of ‘Cauchy-Lipschitz.’ 


13Contrary to what Cauchy seemed to believe, it is not always true 
that F(x) has a determinate limit for x > ©. 


149n numerous occasions, however, Cauchy referred more or less 
explicitly to the contents of his second-year lectures, before abbe 
Moigno had published them in Volume II of his Lecons (1840-44), 
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There were based on those of Cauchy, but in a form considerably 
less coherent and rigorous. See in particular, Cauchy (1830), (1835), 
and (1841b). 


154 complex function of a real variable x is a quantity expressible 
by f(x) + i¢(x), where f and ¢$ are real functions of x, which should 
not be confused with a function of a complex variable. 


1’ Cauchy here uses a technique that was widely adopted at the 
time but which he had nevertheless not hesitated to criticize from 
the point of view of rigor. Furthermore, one must remark that he 
writes as if the analyticity of the integral were stated, even though 
it is not among the hypotheses of the theorem. 


17a5 we will see, (§4.6) until the end of his life Cauchy continued 
to work on the theory of residues, to which he always seems to have 
attributed much more importance than to his "integral theorem." 


18At this point Gauss adds the footnote, "In reality it can here be 
assumed that $x is itself a uniform function of x, or at least that, 
for those values within every complete region of the surface, only 
one system of values can be taken without a break of continuity" 
(Gauss, 1811, p. 91 n.). 


19On Cauchy’s stay in Italy see Terracini (1957). For the contrast 
between the Lagrangian tradition in Italy and the "modern analysis" 
of Cauchy, see Bottazzini (1981). 


This was first published in 1834, and then reprinted in part as 
(1841a), which version I use here. 


71Plana was for a long time the director of the Observatory at 
Turin and subsquently the secretary of the Academy of Science. He 
also acquired considerable fame in Europe for his works on the 
theory of the moon. 


72In reality it is sufficient to suppose the existence and the 
continuity of f'(x). 


*2From (4.5.4) we immediately obtain the usual form 


J f(§) 
= d 

fa)= TF) ay 4 
by des¢ribing the circumference c of the circle of convergence with 
C = re'*, In fact, 
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In a similar manner we obtain the integral formulas for the 
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derivatives from (4.5.5). 


*4This refers to the first part of Hamilton (1834), in which the 
Irish mathematician introduced the "canonical" (so named by Jacobi) 
equations by reformulating Lagrange’s dynamical equations, 

dq, _ OH dp, OA 

dt Op,’ dt 9,’ 
where the Hamiltonian function A(p,g,t), has the physical meaning 
of total energy. 

Hamilton’s ideas were taken up by Jacobi and further developed in 
his Vorlesungen itiber Dynamik, which he gave at Konigsberg in 
1842-3, They were published in 1866. 


Subsequently called the "characteristic equation" by Cauchy. 


267n order to arrive at this result Cauchy utilizes the mean value 
formula, 


f(x) = 1 f" f(x + re'P)dp 
2m °~-n ° 
which Poisson had earlier found (1823c, p. 498). 


"Cauchy returned to Paris in 1838. He regained his position in 
the Academy, but not his teaching positions, because of his refusal 
to take the required oath of allegiance to Louis Philippe. When the 
latter was subsequently overthrown in 1848, Cauchy finally regained 
his chair at the Sorbonne and retained it until his death in 1857, 


*8At this time the theory of differential equations was the subject 
of intense research in France, particularly on the part of Sturm and 
Liouville, Initially inspired by the works of Fourier on the 
propagation of heat, in a short time they arrived at the so-called 
"Sturm-Liouville theory.". An accurate analysis of this topic can be 
found in Liitzen (1983), 

In the shadow of Cauchy’s publications, Weierstrass had also 
obtained the same result in a work on the integration of a system of 
ordinary differential equations, which was not printed until 1894. 
Weierstrass (1842) there shows that, given the system 


dx. 
hh ~ G(X ws X) Gad, om), 
where x, = x,(t) and G, are polynomials in x,, .., x,, then "first, n 


power series, 


P(t), my Pat), 


can be determined which converge (ordinarily) in a certain 
neighborhood of the point (¢f = 0), and which, when substituted for 
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Xp Xa satisfy the preceding differential equation and 
simultaneously take any predetermined values ay, w, a, for tf = Q" 
(Weierstrass, 1842, p, 75). 


Without apparently being aware of it, Cauchy’s theorem was 
rediscovered and generalized to any analytic function F. by Sonia 
Kowalewski (1850-1891) in a thesis written under Weierstrass’ 
direction, which was published the following year (Kowalewski, 
1875). 

The demonstrations of Cauchy and Kowalewski were then 
simplified by the works of several mathematicians, among them 
Darboux and Goursat. For a discussion of the ‘Cauchy Problem’ and 
the methods of solution developed at the time, see Hadamard (1923). 
For more recent developments see Dieudonné (1978, II, pp. 119-20), 
For a scientific biography of Kowalewski and a full discussion of 
her contributions to mathematics, see Cooke (1984), 


5°The individual issues of the Exercices appeared with increasing 
delay, until the last number of Volume 4 carried the date 1847 but 
was actually published between 1850 and 1851. This has sometimes 
confused the dating of Cauchy’s extensive (but often repetitive) 
work during his later years. In order to form a correct chronology 
of these works it is necessary to look at the notices that appeared in 
the Comptes rendus of the Academy. 


31] aurent’s paper was not published at this time. Its basic 
contents appeared in a posthumous article (Laurent, 1863). The 
same results had already been obtained, but not published, by 
Weierstrass (1841a). 


32As it is well known, Laurent’s theorem allows an clegant 
classification of isolated singularities. If 


2z a(z ~ c)k 


is the expansion in a Laurent series in the neighborhood of an 
isolated singularity of a function f(z), holomorphic in a domain D\c, 
then c is an eliminable singularity, a pole, or an essential singularity 
according to whether a, = 0 for k < 0, a, = 0 for k < -m and ain # 
0, or a, # 0 for infinite k < 0 and vice versa. For a demonstration 
see Remmert (1984, p. 252). 


33Jacobi’s theorem provided the initial stimulus to Casorati’s 
research on multi-valued functions with more than two periods. On 
this argument see Bottazzini (1977b), 


34The text of Liouville’s lectures, edited by Borchardt, was not 
published until 1880. For a discussion of Liouville’s demonstration 
of this theorem, as given in his manuscript, see Pfeiffer (1983). 
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35The reference to curved surfaces has led Kline (1972, p. 640) to 
hypothesize that Cauchy perhaps reformulated his theorem after 
"learning of Green’s work in 1828." However, there is no explicit 
reference to the English mathematician in Cauchy’s 1846a paper. 


36Cauchy limits himself to requiring continuity in S for P and Q 
and says nothing about their derivability nor the continuity of their 
derivatives. Besides, as we have seen Cauchy himself say with 
respect to Laurent’s theorem, he himself frequently changed his 
mind about the hypotheses required for f(z), both for his integral 
theorem and for expansion in series by the method of majorants. 
About 40 years later E. Goursat (1884) demonstrated Cauchy’s 
theorem Jofl2)dz = Q by assuming that f(z) was derivable with 
continuity in a domain bounded by the closed curve ¥. He divided 
the domain into small squares to which he then added the residual 
parts near the contour ¥ and calculated the integral f f(zjdz as the 
sum of the integrals taken along the boundary of these subdomains. 

A few years later Goursat wrote that his 1884 demonstration did 
not really require the continuity of f'(z) and concluded his second 
demonstration of Cauchy’s theorem with the observation, "We see 
that by assuming Cauchy’s point of view it is sufficient to build the 
theory of analytic functions, to suppose the continuity of f(z) and the 
existence of the derivative" (Goursat, 1900, p. 16), But to do this he 
was forced to demonstrate a subtle and difficult lemma on the 
uniform approximation of the difference quotient by the derivative. 

In the following year Pringsheim took up Goursat’s demonstration, 
observing that "the true heart of this integral theorem lies in its 
validity for a special region of the simplest form, for example, a 
triangle. .. The possibility of transferring it to a region bounded by 
a curved line unfortunately depends on continuity conditions which 
belong to the integrals of every continuous function" (1901, p. 418). 
Pringsheim consequently first demonstrated Cauchy’s theorem for a 
triangle and then went on to the case of a closed curve ¥ by 
approximating it with polygons. Pringsheim’s demonstration has 
become standard in modern texts (see Hille, 1963, I, pp. 163-167; as 
well as Remmert, 1984, pp. 136-141), Cartan (196l, pp. 70-1) 
demonstrates Cauchy’s theorem for any rectangle within the domain 
and then, on the hypothesis that f'(z) is continuous, gives a second 
demonstration using the Green-Riemann formula. For the case of a 
rectangle R with boundary y, we have for f(z) = u + iy, 


[, Made = J udx-vdy sil vdx+udy 


= “She & + Slax dy + iff AE - Jax dy. 


But in the double integrals the integrands are zero for the Cauchy- 
Riemann conditions. The demonstration is generalizable to any 
simply connected domain. 
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The converse of Cauchy’s integral theorem was demonstrated in 
1886 by G. Morera (1856-1909), 


37Ten years later Mourey’s pamphlet came to Liouville’s attention. 
He found there the clue to his own demonstration of the 
fundamental theorem of algebra (Liouville, 1839-40), 


38[n his 1863 Berlin lectures Weierstrass demonstrated that € is, 
apart from isomorphisms, the only commutative algebraic extension 
of R An analogous demonstration was published by Hankel, who 
concluded with the observation, "Thus the question has been 
answered, whose solution Gauss had promised in 1831 but not given" 
(1867, p. 107). 


3°rfamilton’s paper of 1837 was an attempt to construct algebra "as 
the Science of Pure Time." According to Hamilton, algebra should be 
a science "deduced by valid reasonings from its own intuitive 
principles, and thus not less an object of a priori contemplation than 
Geometry" (1837, p. 5). While the basis of geometry is the idea of 
space, the basis of Hamilton’s concept of algebra (when it is taken to 
include analysis) is the intuitive idea of time. After having 
explained his philosophical ideas in the introductory remarks, in the 
first part of his essay Hamilton introduced the integers, rational, 
and real numbers. Although his construction of the real number 
system was unsatisfactory, it nevertheless represents an important 
step towards the arithmetization of analysis. Hamilton then went on 
to illustrate his "theory of conjugate functions, or algebraic couples" 
in the second part of his article. Using a peculiar and today 
obsolete terminology, he introduced the following operations for 
ordered pairs of real numbers (24,24). 


(by,b5) + (44,€9) = (by + ay, by + a,) 
(5,,55) ~ (2,45) = (b, ~ ay b, ~ a.) 


(b,,05)(4,,4,) = (b,a, > bod,, bya, + bay) 


(5,,09) _ (4 + bo, ba, - b sa. 
(44,2,) aj+ aa a+a J) 


and defined the "couples" (1,0) and (0,1) as the "primary unit," 
equivalent to the number |, and the "secondary unit," respectively. 
He further defined the commutativity of the addition and 
multiplication of couples, their distributivity, and the relation (a,0) = 
a for any arbitrary real number a. He finally defined the power of 
number couples by considering the case (-1,0)1/2 = (0,1). The field 
of complex numbers can be then considered as a model of algebraic 
couples so defined. For Hamilton the theory of conjugate couples 
represented a first step towards the elaboration of quaternions. A 
detailed examination of Hamilton’s construction of the system of 
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real numbers is given in Mathew (1978). For an evaluation of his 
theory within the development of English algebra see Novy (1973). 


401t is not unreasonable to suppose that Cauchy’s attention had been 
directed to Saint Venant (1845) by Hermann Grassman (1809-1877). The 
latter had learned in 1847 that Saint Venant had set out a vector system 
similar to his own and, not knowing his address, sent a letter to him in 
care of Cauchy, together with two copies of his Ausdehnungslehre of 
1844. Saint Venantreplied sometime later that he had never received 
the copy of Grassman’s book. 

Another priority question arose several years later between Cauchy 
and Grassman in regard to an article, "Sur les clefs algébriques," 
which appeared in the Comptes rendus in 1853 (Oeuvres (1) 11, pp. 
439-445; (2) 14, pp. 417-66). In this article Cauchy presented a 
calculus that was very close to the algebraic methods developed by 
Grassman in the Ausdehnungslehre. For an analysis of Saint Venant’s 
article and the priority dispute between Grassman and Cauchy, see 
Crowe (1967, pp. 81-85). 


4l1f § is a domain limited by a simple closed rectifiable oriented 
curve and f(z) is meromorphic in S VU QS, then (4.6.8) shows that 
when z describes 05, the argument of f(z) increases by a multiple of 
2m given by N ~ P, For this reason Cauchy’s theorem on the 
compteur logarithmique is sometimes called the "Argument principle" 
(e.g. see Hille, 1963, I, pp. 252-254), 


“The general formulas of the theorem of residues for any closed 
curve requires the introduction of a notion that translates the 
intuitive idea of the number of times that the curve turns around 
each singularity into analytic terms. In order to do this one uses the 
idea of the index of a point with respect to a curve, which is a 
special case of the compteur logarithmique. In fact, if Y is a closed 
path in € and z is a point not on 7, then one defines the "index" of z 
with respect to ¥ by the integer 


Ind(y,z) = —— f[ 2 
nd(y,z) = —— ’ 

2m "“¥C-Zz 
and the theorem of residues for a holomorphic function in a domain 
D\z, (z, € D, k € N) limited by a curve ¥ homologous to zero is 
given by 


1 
aap Jy M2)dz = Elnd(n2,)Res(J,24), 


on the assumption that no z, is on 7. 

If ¥ is a simple closed path, Ind(y,z) = 1 for every z within y. For 
the case of a compact set the fundamental theorem can be stated 
more simply in the following manner. 

"Let D be any open region of the Riemann sphere S, and let f be a 
function holomorphic in D except perhaps for isolated points that 
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are singular for f. Let IT be the oriented boundary of a compact 
topological space A contained in D and let us suppose that I does not 
contain any singular point of f nor the point at infinity. The 
singular points z, contained in 4 are then finite in number and we 
have the relation: 


i, f(z)dz = 2ni [ X Res(/,z,)), 


where Res(f,z,) designates the residue of the function f at the point 
z,; the sum includes all the singular points z, ¢€ A, including 
eventually the point at infinity" (H. Cartan, 1961, p. 93). 

The Riemann sphere is the sphere x? + y? + uv? = 1 of the space R® 
provided with the topology induced from R*. If P =(0,0,1), then the 
mapping (x,y,u) 7 z where z = xtiy/1—u is a homeomorphism of S, ~ 
P onto © 


434 similar expansion in series of a branch of a real algebraic 
curve f(z,y) = 0 in the neighborhood of a branch point is already 
found in Newton, who also had the idea of determining the 
exponents n/qg by means of a graphic procedure (the polygon of 
Newton). See Brill and Noether (1894, pp. 116-123). 

Puiseux’s theorem can be interpreted as the first important result 
of the modern theory of uniformization: up to a linear change of 
coordinates, u can be locally written as a holomorphic function of ¢ 
=(zZ~- a)i/ 4 a > ” f is also a local uniformizing parameter for the 
curve f(#,z) = 


44tHVermite’s article was not included in his Oeuvres. For an idea of 
its contents it is consequently necessary to refer to the report written 
by Cauchy (185ld) for the Academy. 


45T9 be truthful, Liouville did not really appreciate Biot and 
Bouquet’s initiative. In the year their book was published, 1859, he 
reasserted his priority by again choosing the theory of doubly 
periodic functions as the subject of his lectures at the Collége de 
France. Many years later among his unpublished manuscripts he 
gave vent to his bitterness by writing, "MM. Briot and Bouquet, 
cowardly thieves, but the most worthy Jesuits. Elected as thieves by 


Chapter 5 
THE CONVERGENCE OF FOURIER SERIES 


5.1. The "Demonstrations" of Cauchy and Poisson 


At the beginning of the last century, the study of partial 
differential equations was a topic of the greatest interest among 
European mathematicians. Fourier had provided a striking example 
by integrating the equation for the propagation of heat, while the 
mathematical treatment of many other physical problems which were 
then under investigation led to equations of the same type. Chief 
among these were problems involving the propagation of plane waves 
and potential theory. (For a further discussion of the latter, see the 
Appendix). 

Laplace had investigated the first problem already in 1778. 
Shortly thereafter, in 1781, Lagrange had studied the propagation of 
surface waves in a thin layer of water, but had died before he could 
revise the section on hydrodynamics in the second edition of his 
Mecanique analytique (1811-15). 

As a result, at the beginning of the nineteenth century, the theory 
of hydrodynamics had not advanced far beyond the point where the 
work of the eighteenth-century mathematicians had left it. In 1815 
the Institute therefore decided to propose the following question: "A 
heavy fluid mass, initially at rest and of an indefinite depth, is set 
in motion by a given cause, Describe, at the end of a determinate 
period of time, the form of the outer surface of the fluid and the 
velocity of each of the molecules situated on this surface" (In: 
Cauchy, 1827c, p. 5). 

The prize was won by a paper written by Cauchy! (1827c). In it, 
he arrived at the equation 


aq, 8a 
(5.1.1) a2 + om = 0, 


where qg, indicates the velocity potential. He integrated this in the 
form 
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qg=l f cos(am) - e™ . f(m)dm 
+2 f cos(am) - e>™ . g(m)dm, 


though without indicating how he arrived at the solution, and then 
demonstrated in note ix that the solution is "general" (ibid., pp. 
146-9). 

Fourier had also integrated Laplace’s equation (5.1.1) for the case 
of a lamina, but Cauchy did not mention this. It appears that the 
information he had about Fourier’s paper was limited to Poisson’s 
brief summary of 1808, and that this remained the case until 1818. 

In fact, in a note (xix) that was later added to the paper, where 
Cauchy explained the "reciprocal" formulas 


f(x) = VOT f° eu) cos wx di 


(x) = v(2/m) J 4) COs Lx dp 


that he had found, but which were also known to Fourier, he 
claimed that he had found them on the basis of his own research 
and of Poisson’s work on the theory of waves. After Fourier had 
drawn his attention to the results of his studies of 1807 and 1811, 
Cauchy wrote, "I discovered the same formulas there, and I hastened 
to render them the justice that is due him in this regard in a second 
note published with the date of December, 1818" (Cauchy, 1827c, p. 
301), 

A similar thing happened with the notation for the definite 
integral that is in common use today. Fourier had first introduced 
it, and after Cauchy began to use it in the 1820s, he always gave 
explicit credit to Fourier, writing, "If we write, as does M. Fourier 


In the same year that Cauchy’s paper won the prize, and even 
before the prize had been awarded, Poisson (who had not been able 
to participate in the competition because he was already a member 
of the Academy) presented his own paper on the subject (Poisson, 
1816). In it he integrated the equation 

ap ao ao 0 

ax? ay? * oz? 73 
(where > has the same meaning as g, in (5.1.1)), and presented the 
solution by means of trigonometric series and Fourier integrals.” 

Thus Cauchy, Poisson, and Fourier were all interested in studying 
functions obtained from the integration of partial differential 
equations. In these years all three were working on the same types 
of problems and often had heated disagreements over their findings. 
For example, once after Poisson had read a paper to the Academy, 
Fourier raised a series of objections to his results, Poisson’s reply 
led to a heated discussion, in which Cauchy also joined, over the 
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proper method of integrating partial differential equations for the 
propagation of waves and vibrations of a plate.? 

The latter problem involved the extension to two dimensions of the 
old problem of the vibrating string. In 1808 the German physicist E. 
Chladni (1756-1827) had attracted the attention of the members of 
the Institute and even of Napoleon himself with a series of 
ingenious experiments on the vibrations of glass and metal plates, in 
which he succeeded in showing the nodal lines during the vibration. 
Chladni’s interesting experiments described a phenomenon that, in 
order to be fully explained, required the determination of 
differential equations. 

This problem was the object of a “prix extraordinaire" offered by 
the Institute in the following year which was renewed again in 1813 
and 1816, The winner was a paper submitted by Sophie Germain 
(1776-1831), but, as usual, the publication was delayed for many 
years. 

In 1818 Fourier also presented a paper on the same subject, but in 
the Bulletin de la Société philomatique Poisson called this as "a 
question of pure curiosity," of little relevance from the mathematical 
point of view, which did not add anything to the studies Poisson had 
published himself. In reply, Fourier pointed out that both his own 
analysis and that of Poisson on the propagation of plane waves could 
be derived "from the principles that have been used to determine the 
analytical laws of the motion of heat," that is, Fourier’s memoirs of 
1807 and 1811, which at that time were still unpublished. 

Fourier’s paper was followed a short time later by a long article by 
Poisson on the propagation of waves in a three-dimensional fluid 
and by two additional works of Cauchy on the same subject which 
were published in the Journal de I’Ecole polytechnique. These studies 
anticipated one of the most widely discussed subjects of the 1820s, 
the theory of elasticity which had been initiated by the works of 
Claude Navier (1785-1836) and Cauchy.” 

From the mathematical point of view, the integration of the partial 
differential equations to which these studies generally led rendered 
More pressing than ever the question that Fourier had proposed 
regarding the representability of functions by convergent 
trigonometric series. Indeed, beginning in the 1820s, Cauchy and 
Poisson frequently concerned themselves with the problem of the 
convergence of such series, although they used different techniques 
and had different intentions. 

One of the first works was Poisson (1820b). At the beginning of 
this paper he wrote, 


When one applies analysis to questions of physics or 
Mechanics, or even to the simple problems of geometry, one must 
Sometimes express certain functions by a series of sines or 
cosines of arcs proportional to the variable. In certain cases, 
these functions must therefore be represented for all the real 
values of the variable, from negative infinity to positive 
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infinity; the series of which we are speaking then change into 
definite integrals, .. At other times, the functions being 
considered are only given in a limited range of the values of the 
variable; it is only for these values that the functions must be 
reduced to series of periodic quantities, or, if you wish, there 
are only parts of the functions for which it is then necessary to 
give this form (Poisson, 1820b, p. 417). 


Curiously enough, Poisson began from an old work of Lagrange 
that had been written in the course of a discussion on vibrating 
strings (see §1.3). He consequently assumed that ¢ = 0 in equation 
(1.3.17) and wrote it as 


(5.1.2) f(x) = =f E Er sin sin = f(eda 


This formula represents, Poisson said, all the values of f(x) for x 
lying between 0 and 2 (which are also the limits of integration of 
the integral). At this point Poisson made the important observation 
that, In general, an infinite series of periodic quantities, like that 
contained in the preceding formula, can only have a clear and 
precise meaning when one treats it as the limit of a convergent 
series" (1820b, pp. 421-2), 

He then multiplied the general term of the series in (5.1.2) by the 
exponential e7*! . > 0) to obtain 


(5.1.2) f(x) == = ff res in = sin TE) Meda 


"in which one must make k infinitely small or zero, after having 
performed the calculation. The introduction of this exponential," 
Poisson writes, "by rendering the series convergent, dissipates the 
difficulties that Lagrange’s formula (5.1.2) presented; and, in this 
form, one will see that it becomes susceptible to a direct and 
rigorous demonstration" (1820b, p. 422). 
In order to do this, he assumes the result (known from the theory 
of series) that 
; ek — evk 1 
re™ cos 18 = —j~—~____~ - > 
i 2(e* -2cos@+e%*) 2 
in which (x — a)M/2 is substituted in place of 8. Then, after 
multiplying both members by /f(a)(da/2) and integrating, he obtains 


nl Ee cos Ney de ~Jiledda 


i a a 
O13) -f— {ede _ 
2afek — 2 cos((x—-a)n/2) + ek] | 


Taking the integral from 0 to 2 and supposing that x is included 
between the same values and that f(x) is not infinite, we have 
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(5.1.4) f(x) = fle e“! cos MES) (oy — + Sa f(ada« 
1 
"orovided that one makes k = 0 after the integration" (7bid.). 

Equation (5.1.4), after interchanging the signs of integration and 
series, becomes the complete Fourier series for f(x), while the 
integral of the second member of (5.1.3) is the so-called ‘Poisson 
integral,’ which first appeared in Poisson (1811). 

Poisson reasons as follows: let us suppose that & is an infinitesimal. 
Then it will also be the integrand of the second member of (5.1.3) 
for all values of «a except those that render cos im(x — «/2& 
infinitely close to 1. (In this case the integrand assumes the 
indeterminate form 0/0.) 

In order to avoid the indeterminacy, Poisson considers a = x + u 
(with uw an infinitesimal), and takes the integral from u = —B to u = 
8, where 8 is a positive infinitesimal quantity. In such an interval, 
Poisson says, f(x) can be considered to be constant and equal to f(x). 
Moreover, disregarding the third order infinitesimals with respect to 
k and u, we have 


x — an u 
ck — ork = 2k, ek 2 cos My ok a Kt s : 


values which, when substituted into the integral of the second 
member of (5.1.3) give 


Qk du f(x) 
615) SOL aay ae * 
This, after passing to the definite integral between -6 and B, 
becomes 


2 f(x) 
Tl 


Tu 
arctan ka + constant. 


nb 
rctan— , 
ki 


Finally, setting k = 0, we obtain 
2 f(x) 
Tl 


(5.1.6) arctan » = f(x), 
which completes the demonstration, 

But from (5.1.5) on, Poisson uses a technique that, as we have seen, 
Abel questioned in 1826; the substitution &k = 0 is legitimate if the 
series that appears in the integral (5.1.3) is convergent, something 
that Poisson instead intends to prove.® 

After giving his "demonstration," Poisson uses (5.1.3) to obtain the 
expansion in series under particular hypotheses (such as f(x) even, 
etc.) and concludes, "There exist many other formulas of the same 
type as the preceding, which also have the property of expressing the 
values of any function whatsoever between the given limits, and 
which differ from each other by the different conditions that they 
fulfill at these limits." After which he adds, "The studies of M. 
Fourier on the propagation of heat in solid bodies and my paper on 
this same subject? contain many formulas of this kind" (1820b, p. 
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425), Poisson, repeated this demonstration much later, almost 
unaltered (1823a and b), and it was taken up again much later still 
by H. A. Schwarz (1843-1921), who avoided the recognizable error.® 

In opposition to the method Fourier had used for finding the 
coefficients, Poisson raised objections that seemed to be widely 
shared. "It has seemed to me that the formula for the expansion of 
functions in series has not in fact been demonstrated in a precise 
and rigorous manner," he wrote in the paper mentioned above 
(1823a, p. 46), And later, "the determination of the coefficients 
essentially supposes that one knows, in addition to the form of the 
functions, that they are expandable" (1835, p. 186). This insightful 
observation was seconded by Sturm when he wrote: "Fourier and 
other geometers seem to have misunderstood the importance and the 
difficulty of this problem [that of demonstrating the possibility of 
an expansion], which they have confused with that of determining 
the coefficients" (1836, p. 400). 

This was the situation when, in 1827, Cauchy confronted the 
question of the expansion of functions in periodic series. He was 
unconvinced by Poisson’s demonstration, which he felt was founded 
on intuitive and nonrigorous reasoning, and wrote that: 


In series of this type, the coefficients of the different terms 
are ordinarily definite integrals that include sines and cosines; 
and when the integrations can be made, by reason of the 
particular form attributed to the function that it is necessary to 
expand, it is easily seen that the series obtained are convergent. 
Nevertheless it is always desirable that this convergence be 
demonstrated in a general manner, independently of the values 
of the functions (1827b, p. 12). 


Cauchy’s paper is interesting in many ways. It in fact provides a 
mixture of "modern analysis" and old conceptions of special 
significance, in addition to a notable example of his way of using 
the methods of real and complex analysis (including his theory of 
residues), 

Therefore, given the series 


] a a 2 _ 
Gin foy= ff Awdus2 x JP weos “= — ay| 


he writes, "it is now necessary to demonstrate its convergence" 
between 0 and a. In order to do this, he makes use of a formula 
that he had found in the course of his own studies on the 
propagation of waves (1827c, p. 236) and on complex integration 
(1825), 

Indeed, Cauchy says that "it is sufficient to remember" that for a 
function ¢(u + 7v), if one has 


(5.1.8) lim O(u+iv)=0, lim O(n + iv) = 0, 
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then there follow respectively, 


PP edu =i [10a + iv) ~ Ovyldv + ami BeF 42), 
(5.1.9) . 
J, Mmdn= i f [6a — iv) ~ O-iv)ldv — 2Mi 58200(2), 


where & $(z) indicates the sum of the residues of the function in the 
given domain (see §4.4c). 

By first setting ¢(u) = e#/(u) and then $(u) = ce #/(u), where b > 
0 and /(#) is bounded, from the integrals (5.1.9) one can obtain, 


f° bid = if TeMifla + iv) - fivyleVav, 
(5.1.10) . 
[eH (wd =i f te**fla - iv) - fvylePYav, 


Rewriting (5.1.7) as 
1 aa I a an (1); 
f(x)=-f f(wdut+-Z J e fwd 
ao an ‘0 


(5.1.11) 1 a Nl wi 
+7 E fe ae fad ly 


from (5,1,10) Cauchy finally obtains 
27In 


fe * “tylasivy - flivyidv 
0 


1 pa i - 2Mtn 3 
fx) =—f fdu -— Le 
a’o Gn 
(5.1.12) 2mm, .o . aMny, 
+—-Le?® f e * [f(a + iv) — f(Civ)]dy. 
an 0 
By now setting in the generic term y, of the series (5.1.12) (2nT/a)v 
= Zz, aS n grows to infinity, v, reduces to 


] _ 2ANX 
(5.1.13) wi =—--— [/la) — f(0)}sin 
2ntl 


"Now, it is clear that the series which has the expression [w,] for a 
general term will be a convergent series," Cauchy writes, and 
therefore the given series © y, will also be convergent, which 
completes the proof, 

In other words, Cauchy does not try to give a direct demonstration 
of the convergence of the Fourier series, but, so to say, "transforms" 
the convergence into that of a series which is easier to study by 
means of a convergence "criterion" which can be formulated as 
follows: "If the series L w, is convergent and the general term w, > 
yas n tends to infinity, then the series Ly, is also convergent." 

The fact that this criterion can be easily refuted by Dirichlet’s 
counterexample (see §5.2 below) should not lead us to conclude that 
Cauchy’s error here was particularly clumsy. Instead, the error is 
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extremeley indicative of the attitude of a "working mathematician" 
towards his own science -- a person who was firmly pledged to "do 
mathematics" in a new way, to try unexplored paths. Cauchy sets 
out propositions, considers them, returns to the statements, and takes 
up questions apparently resolved in order to give them new solutions 
with new perspectives. 

Mathematics here seems more like an experimental science than the 
hypothetico-deductive framework to which we are accustomed. But 
then, logical structures appear more often at the time the theory is 
being reorganized than at the actual moment of discovery. This was 
particularly true in the case of Cauchy, as becomes clear when we 
compare his lectures at the Ecole Polytechnique with his research 
papers, 

However, according to Dirichlet, Cauchy himself was not 
completely satisfied with his work. "The author of this work 
himself admits that his proof is defective for certain functions for 
which the convergence is, however, incontestable," he wrote 
(Dirichlet, 1829, p. 119). In any case, Cauchy took up the question 
the following year from a completely different point of view, 
utilizing his new theory of residues (1827d). This work appeared in 
the second volume of his Exercices de mathématique, but it passed 
unnoticed at the time.? 

These studies on the convergence of Fourier series did not provide 
Cauchy with an opportunity for returning to his theorem on the 
continuity of a function that is the sum of a series of continuous 
functions, Thus, in his Turin lectures, (see §4.5) which were 
published in the Résumes analytiques of 1833, we find the theorem in 
question still being restated in the same terms he had used in the 
Cours d’analyse. 


5.2. Lejeunc-Dirichlct’s Memoir 


The question of the convergence of Fourier series was approached 
from a completely different point of view, one which was later to 
become dominant, by Lejeune-Dirichlet. During an extensive stay in 
Paris, Dirichlet had belonged to the group of intellectuals that had 
gathered around the figure of Fourier, But Dirichlet’s 
mathematical work was influenced not only by Fourier but by 
Gauss. Indeed, the latter’s Disquisitiones arithmeticae provided a 
valuable stimulus to his research on number theory.!° 

The combined influence of Fourier and Gauss was also responsible 
for Dirichlet’s research into various fields of mathematical physics, 
particularly potential theory. In his lectures on this subject, 
Dirichlet stated his famous "principle," which remained a topic of 
discussion and research among mathematicians for many years (see 
the Appendix). 

The paper in which Dirichlet confronted the question appeared in 
the fourth volume of the Journal fiir die reine und angewandte 
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Mathematik.) the new review founded by Crelle which became one 
of the most prestigious mathematical journals of the century and has 
remained so even to the present day. Abel had helped to found it in 
1826 and Crelle had offered him the editorship. After Crelle’s death 
in 1855, its editors included men like Kronecker and Weierstrass. It 
would not be improper to say that, at least for its first 40 to 50 
years of life, Crelle’s journal published the most significant articles 
in mathematics, those that were destined to set the trends of 
mathematical research. Abel, Jacobi, Dirichlet, Kummer, Dedekind, 
Hermite, Cayley, Riemann, Weierstrass, and Kronecker are among 
the names that we encounter in its annual volumes.?? 

Dirichlet’s paper begins with a few critical observations on 
Cauchy’s article of (1827b), the only one, Dirichlet declares, that he 
knows on this question. 

Dirichlet’s central argument against Cauchy’s demonstration is that, 
if a series has A(sin nx)n (this is how Dirichlet writes (5.1.13)) as a 
general term and is convergent, this does not imply that a series Ly, 
is also convergent when the ratio of the terms of the two series with 
the same index differs from unity by as little as desired, providing 
the indices are taken to be suitably large. 

Dirichlet proposes the following counterexample: 


—| n 
5 coe 

vi 
which is a convergent series; 


phi + |, 
vH VA 


which is divergent, and yet the ratio of their generic terms is 1 + 
1/vn, which converges to 1] as # increases. 

The method used by Dirichlet follows directly from the analysis of 
the demonstration given by Fourier for (2.3.15), As Darboux has 
observed, “This method consists, as we have seen, in expressing the 
sum of the first m terms of the series by a definite integral, and 
then of searching for the limit of this integral" (In: Fourier, Oeuvres 
1, p. 158) This is how Dirichlet develops his demonstration. We 
consider, he says, a number fh with 0 < A < n/2 and let f(B) be a 
continuous function, positive and decreasing monotonically in [0,/]. 
We form the integral 


’ 


i sin 7B 

sin B 
where i is a positive quantity. It is now necessary to study what 
happens to the integral as 7 increases. In order to do this Dirichlet 
divides the interval of integration [0,4] into partial intervals, [0,7/7], 
[m/i, 2n/i], .., ( — 1)n/i, rn/ij, [rt/i, hj, where rm/i indicates the 
largest multiple of 7/7 < h. 

Now it is clear that the factor sin iB in the integrand allows the 
integral to successively change sign as B crosses the various intervals, 


(5.2.1) J(B)dB, 
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and that consequently the (r + 1) integrals into which the integra} 
(5.2.1) is decomposed are alternately positive and negative. 

Moreover, each of these is smaller in absolute value than the 
preceding. In fact, if we consider any two consecutive values, 


pn sin sin iB “mn sin sin iB 
(v-1)M/isin B sin B 


and substitute 8 + m/i into the second, hi latter is transformed into 
the integral 


vai sin + Dg ayy 
lv-aymp sin(B + 1/7) {(B + n/i)dB 


(5.2.2) ———, f(B)dB and fr f(B)aB, 


(5.2.3) 


vn §in ip AB + n/i)dB, 


(v-1)7/i sin (B + 7/7) 


which is certainly smaller in absolute value than the first integral of 
(5.2.2) because 


{(B + n/t) < f(B) 
and 
sin(B + 7/7) > sin B 


(with sin B increasing for 0 <B <h < 7/2). 

We now consider the first of the two integrals (5.2.2). The two 
factors that form the integrand, sin iB/sin B and /(B), are both 
continuous functions of B within the limits of integration and the 
first of these always has the same sign. Then the integral can be 
expressed as the integral of the first factor for a quantity Py 
included between /((v — 1)n/7) and f(v7/i), or as 


VIfi sin sin iB 
= Py 


5.2.4 
( Py (v-1)M/i sin sin B. 


a quantity that depends on v and on / and is positive or negative as 
v— 1 is even or odd. 

By changing the variables in the integral (5.2.4), that is, by putting 
y/i in place of B, with Y variable, we find that as 7 increases the 
integral converges to the limit 


vi sin 7 
(5.2.5) ky= Svan > 4 


(these integrals are also alternately positive and negative), On the 
other hand, it is known that the integral 
© sin y 
—a1y 
o 7 
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or, equivalently, the series of alternating terms 
(5.2.6) k,—kytkg---: 


derives from (5.2.5) converges to 7/2. 

At this point we consider the behavior of Dirichlet's integral, as the 
integral (5.2.1) is commonly called. We determine the limit, as / 
increases indefinitely, by dividing the infinite number of integrals 
that are obtained in two groups. The first, 


(5.2.7) Kyp,— Ko, + Kee, + ++: — Ke,  (m even), 
and the remainders, 


xX (-1)'*?Kyp,. 
t=m+1 
The integrals (5.2.7) are such that the quantities Py,» P,, tend to 
the limit /(0) as 7 increases, while K,, .., K, tend to the values k,, ..., 
Kk, respectively under the same hypothesis for i. 
Therefore (5.2.7) converges to the limit 


(5.2.8) E (-1)™4k,/(0) = S,,/(0). 


On the other hand, from (5.2.8) it follows that the sum in question 
will always be less than Kail map Which converges to kai f(0). 
When m is suitably large, K atl will be less than any given quantity 
and therefore, finally, the integral (5.2.1) will converge to the limit 
(m/2)f(0) as 7 increases indefinitely. 

Dirichlet also demonstrates this result for a constant function /(B) 
and for the case of /(8) increasing. In summarizing, Dirichlet 
concludes this first part of the proof by stating: “Whatever be the 
function f(B8), provided that it remains continuous between the limits 
OQ and h (h being positive and at the very most equal to 7/2), and 
that it increases or decreases from the first of these limits to the 
second, the integral [P(sin i®/sin 8)/B dB will end by constantly 
differing from (m/2)/(0) by a quantity smaller than any assignable 
number, when one makes i increase beyond every positive limit" 
(1829, p. 127). 

In the same way Dirichlet shows that the integral {g(sin iB/sin 
B)f(B)dB converges to (m/2)f(0) when 0 < g < hk < n/2, and therefore 
that when the limits of integration are g and # (that is the integral 
(5.2.1) is taken between g and h), it converges to zero. 

At this point Dirichlet can move on to demonstrate the 
convergence of Fourier series. "The steps that we are going to 
follow,” he writes, "will lead us to establish the convergence of these 
series and at the same time to determine their values" (1829, p. 128). 
We are here facing a new approach, that is, the idea of showing that, 
under certain conditions, the series (2.3.14) is convergent (which was 
the object of the earlier demonstrations by Poisson and Cauchy) and 
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in fact converges to $(x),8 
Dirichlet begins by considering the series 


COs Hx d(a)cos na da 


: 


r 
1 


aio 


5.2.9 ~ f d 
(5.2.9) on P(a)d ax + 


sin Ax f o¢a)sin Ha da 


where the integrals are taken from —7 to 7. 
By taking the first 2n + 1 terms of the series, that is 


1 
a" J_. tarda ? —+ P cos i(a — »), 


, 


and summing, this can be put in the form 
sin(# + 1/2)(a — x) 
2 sin (1/2)(« — x) 


(which is also commonly called "Dirichlet’s integral"). 

In order to solve the problem it is necessary to study the behavior 
of the integral (5.2.10) as m increases, utilizing the results obtained 
from the similar integral (5.2.1). 

In the case of (5.2.10) we divide the interval of integration into 
two parts, from —7# to x and from x to 7, and substitute x — 2B = « 
into the first integral obtained and x + 2B = «into the second. The 
integral (5.2.10) will then be transformed, leaving aside the factor 
1/nm, into the following: 


per sin(2n + 1)B 
0 sin B 


5.2.10 ~ fn ¢ 
(5.2.10) = f° oe) 


d(x — 2B)dB; 
(5.2.11) 


“x in(2 ] 
ge )/2 sin(2n + 1)B d(x + 2B)aB. 


0 sin B 


We now consider the second of these integrals. We suppose that 3(7t 
— x) §$ M/2 (when x = 7 the integral is zero for every value of #) and 
let £2, 2', 2”, ., 2™) be the points corresponding to the values of 8 in 
which the function d(x + 2B) has discontinuities or maxima and 
Minima between B = 0 and B = ne — x). We now consider the second 
integral to be split into RY + 1 integrals between the limits of 
integration 0, 2, 2', 2", ..,, in — x). 

If we suppose that Un - ~~ ii/2, then from what has already been 
demonstrated, all the integrals will have zero as a limit as 7 
increases, excluding the first which will tend to the limit (m/2)6(x + 
E), € being a given arbitrarily small positive quantity. 

If int — x) > W/2, then we will again divide the interval of 
integration into two parts, from 8 = 0 to B = m/2 and from this value 
to B = nL — x). In the first case we will find the situation already 
discussed: in the second, by using the substitution B = 2 —- y, we will 
find a form like the preceding, the limit of the integral being zero, 
except for 0 = An + x), or x = —M, when the limit is ¢(7 — ¢). 

We can proceed in a similar manner for the first integral of 
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(5.2.11), finding that it is zero for x = —n, has (1/2)[¢(m — § + O(-n + 
€ )] as a limit when x = WM, and in the other cases converges to 
(n/2)¢(x — ©). 

Now from this Dirichlet concludes that, "it has been proven that 
this series (5.2.9) is convergent, and one finds by means of the 
preceding results that it is equal to: 


(5.2.12) = 16x + ©) + Hx - 8) 


(where € is an infinitesimal quantity) for every value of x between 
—-n and 7m, and that for each of these extreme values, —” and Qf, it is 
equal to 


= (on ©) + one)" (1829, p, 131). 


If x is not a point of discontinuity, (5.2.12) effectively gives $(x) 
as a value of the series in x, 

These are the conclusions that Dirichlet draws from the fact that 
the function (x) is continuous except at a finite number of 
discontinuities and that it has a finite number of maxima and 
minima, Then ¢(x) is of bounded variation, as we say today, using 
Jordan’s terminology.! 

"It remains to consider the cases where the assumptions that we 
have made concerning the number of solutions of continuity 
[discontinuities] and the number of maximal and minimal values do 
not hold," Dirichlet adds at this point (1829, p. 131). 

If the points of discontinuity are infinite in number, (5.2.10) makes 
sense only when the function is given in such a way that, for any 
two values a and 6 where -1 < a < b < 1, we can find two values r 
and s, with a <r<s < 6, such that the function is continuous in the 
interval (7,5). 

"One readily feels the necessity of this restriction on considering 
that the various terms of the series are definite integrals and on 
returning to the fundamental concept of an integral," Dirichlet says 
(1829, pp. 131-2). As an example of a function that does not satisfy 
this condition, he gives the celebrated ‘Dirichlet function,’ a 
function that is equal to a constant c when x is rational and a 
constant d # c when x is irrational. 

"The function so defined has finite and determinate values for 
every value of x, and yet one does not know how to substitute it in 
the series, seeing that the various integrals that enter into this series 
will loose all meaning in this case" (1829, p. 132). The restriction on 
the discontinuity of a function is thus directly tied to Cauchy’s 
concept of an integral, the only one at hand. Cauchy had defined 
the integral for continuous functions in an interval or discontinuous 
functions in a finite number of points. Dirichlet, probably working 
from the idea that the integrability of a function is equivalent to 
the fact that the set of its points of discontinuity form what is 
today called a "nowhere dense" set, overcomes the difficulty inherent 
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in the presence of an infinity of points of discontinuity by requiring 
that the function be "piecewise" continuous. This, together with the 
requirement that it not become infinite,!® is the only condition that 
must be imposed on ¢(x). 

Thus Dirichlet seems to be of the opinion that a continuous 
function, even though it has an infinite number of maxima or 
minima, can always be represented by a convergent Fourier series, 
More than twenty years later, in 1853, when Gauss returned to the 
subject and wrote to him suggesting that, probably without any 
particular difficulty, one could extend the demonstration of the 
convergence of trigonometric series to the case in which the function 
to be expanded has an infinite number of maxima and minima, 
Dirichlet replied, "After a detailed consideration of the issue I find 
your conjecture entirely valid, provided one wishes to ignore certain 
entirely singular cases" (Dirichlet, Werke 2, p. 386). 

The letter continued with a sketch of how one could demonstrate 
this. That Dirichlet’s optimism on the power of his theorem was 
misplaced did not become clear until 1876, when Du Bois Reymond 
(1831-1889) provided a counterexample of a continuous function 
whose Fourier series does not converge in isolated points.!® 

In this circumstance Du Bois Reymond confirmed that he had 
learned from a conversation with Weierstrass "that Dirichlet appears 
never to have lost confidence in his proof" (1876, p. xx, n, vi). 

Dirichlet himself, however, was well aware that the examination of 
cases excluded from his conditions of convergence involved the most 
delicate questions of analysis, those of the continuity and 
integrability of a function. He closed his paper with the observation 
that "the thing, in order to be done with all the clarity that one can 
desire, requires certain details linked to the fundamental principles 
of infinitesimal analysis which will be set forth in another article" 
(1829, p. 132). 


5.3. Dircichlet’s Concept of a Function 


The paper foreseen in this remark never saw the light of day, even 
though Dirichlet published a second article on the same argument 
several years later in the first issue of the Repertorium der Physik 
(1837), a review that was directed by Dirichlet himself, together with 
Jacobi and F. Neumann, although its editor was H. W. Dove 
(1803-1879). 

However, Dirichlet’s work here does not present any substantial 
advance with respect to the contents of the 1829 paper. Thus it was 
with good reason that Kronecker (1823-1891), in a discussion he had 
with the Italian mathematician Casorati in Berlin in 1864, said, "the 
paper on continuity published by Dirichlet in Dove’s Repertorium 
does not contain anything essential that is not already in Crelle’s 
journal."!” 

In the Repertorium article Dirichlet limited himself to a 
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restatement of known results, together with the definition of a few 
fundamental concepts -- that of an integral (in Cauchy’s sense), and 
that of the continuity of a function in an interval. 

The notoriety that this work later acquired probably came from 
this latter definition. Kronecker himself left this impression by 
calling it simply "the paper on continuity." The real argument, 
however, as given by the title, was "the representation of completely 
arbitrary functions by means of series of sines and cosines." 

This is the definition in question: 


One thinks of a and b as two fixed values and of x as a 
variable quantity that can progressively take all values lying 
between a and b. Now if to every x there corresponds a single, 
finite y in such a way that, as x continuously passes through the 
interval from a to b, y = f(x) also gradually changes, then y is 
called a continuous function of x in this interval. It is here not 
at all necessary that y depend on x according to the same law 
throughout the entire interval; indeed one does not even need to 
think of a dependence expressible by mathematical operations. 
Presented geometrically, that is with x and y thought of as the 
abscissa and ordinate, a continuous function appears as a 
connected [zusammenhdngende] curve which for every value of 
the abscissa contained between a and 6 has only one point. This 
definition prescribes no common law for the individual parts of 
the curve; one can think of it as being put together from the 
most dissimilar parts or drawn entirely arbitrarily. It follows 
from this that a function of this kind can only be seen as 
completely determined in an interval when it is either given 
graphically for its entire range or subjected to mathematically 
valid laws for its individual parts. As long as one has 
determined the function for only a part of the interval, the 
manner of its extension to the rest of the interval remains 
completely arbitrary (Dirichlet, 1837, pp. 135-6). 


In commenting on this definition in 1870, Hankel wrote that 
Fourier’s results had revealed that the older concept of a function 
was insupportable as well as a tacit although essential hypothesis, 
that the properties of algebraic functions as regards their continuity, 
expandability into power series, etc., can be extended to all 
functions, and that therefore the requirement that any given 
function be representable analytically is revealed to be without 
significance. "Once this knot had been cut," Hankel says, the way 
was open to a definition of function like the following: "y is called 
a function of x when to every value of the variable quantity x 
within a certain interval there corresponds a definite value of y, no 
matter whether y depends on x according to the same law in the 
entire interval or not, or whether the dependence can be expressed 
by a mathematical operation or not" (Hankel, 1870, p. 67). 

This is the form in which Hankel presents Dirichlet’s definition. 
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However, he goes well beyond Dirichlet’s intentions and words when 
he adds, 


This purely nominal definition, which in the following I will 
associate with the name of Dirichlet because it reverts 
fundamentally to his works on Fourier series which clearly 
demonstrated the indefensibility of all the older concepts, is 
however no longer sufficient for the needs of analysis, in that 
functions of this kind do not possess general properties, and with 
this all relationships between the values of the function for 
various values of the argument fall to the wayside (ibid.). 


Thus, says Hankel, there is a great deal of confusion over what is 
meant by a function, as even a rapid survey of the best textbooks 
will reveal. There are those who define it according to Euler, others 
who define it according to Dirichlet, others who say that a 
functional dependence is given by a law, and still others who do not 
give any definition at all. "But everyone draws from his concept 
conclusions that are not contained in it" (ibid.). 

There is consequently a need, Hankel continues, to give a 
definition of a function that is capable of establishing a theory and 
a calculus with functions that is consistent with the given definition, 
but is not so general as to become purely nominal and empty of any 
real content. Yet at the same time it must be able to identify the 
vast classes of interesting mathematical objects that are in sight. 
"But it is only in the most recent time [1851] that a solid foundation 
with a truly philosophical spirit has been newly laid by Riemann, in 
that he, beginning from Dirichlet’s concept, established the 
(monogenic) function of a complex variable, and thus gave that 
empty definition a new content which approaches that of the older 
concept" (1870, p. 68) (see §6.2). 

Now, Hankel’s objective is to distinguish, in the case of functions of a 
real variable, between the functions that he calls legitimate and those 
that are illegitimate (like Dirichlet’s function) with respect to the 
singularities that they can present, The instrument that he uses is an 
extension to the case of functions of the principle of the permanence of 
formal properties that he had enunciated for numerical systems.!® In the 
latter case, the whole numbers and the properties of the operations that 
can be performed on them are the givens that are taken as permanent in 
successive extensions. In the case of functions it is the algebraic 
functions that offer the typical form to which all other functions must 
be more or less directly referred. This then, according to Hankel, is how 
we can formulate this principle in an attempt to overcome the 
"nominality" of Dirichlet’s definition. 


When an expansion is given for a domain of the variable 
which cannot be directly extended beyond its limits because it 
loses its meaning outside [those limits], and when further for 
another domain of the variable another expansion is given which 
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cannot be extended into the first domain and there is no valid 
expansion for both domains, then both expansions will be seen to 
belong to one function when the function presents the same 
properties in each of the two domains (1870, p. 66). 


But we are dealing with a formulation whose ambiguity Hankel 
himself was the first to see, since in the observations concluding his 
article he writes that “an unambiguous and acceptable form for this 
principle has however neither ever been given nor could it ever be 
found" (1870, p. 103). 

The presence of points of discontinuity in functions of real 
variables, and particularly an infinite number of such points, forces 
us to search for other means of inquiry. We find, Hankel goes on to 
say, that such points can more easily be outflanked than overcome, as 
for example by considering complex variables instead of real ones, 
"in that by limiting the variability to the real values of the 
argument, one cannot arrive at a definition of a function 
satisfactory for the needs of analysis" (7bid.). 

Beginning from theoretical premises that were radically different, 
Karl Weierstrass (1815-1897) arrived at similar conclusions during 
these same years. In his introductory lectures on the theory of 
analytic functions, he maintained that Dirichlet’s definition, because 
it was too general, allowed one to "do too few things." If it has 
nevertheless come to be used, he says, it is because "we have tacitly 
transported the properties which all the functions considered possess 
to these general functions” (In: Dugac, 1973, p. 71). 

In regard to Weierstrass’ analytic work Dugac has said, 


One of the important tasks on which [Weierstrass] set his mind, 
which stands out clearly when we cast a synthetic look over his 
work, is to determine the largest class of functions for which 
one can give an analytic representation and which can most 
fully satisfy the needs of analysis. .. For Weierstrass this class 
was that of continuous functions, thanks to his theorem on the 
representation of continuous functions by uniformly convergent 
series of polynomials (Dugac, 1973, p. 71). 


On the basis of this conception, the Taylor series becomes the most 
suitable foundation for analysis and for Weierstrass’ theory of 
analytic functions. 

Through a coherent analysis, Weierstrass thus arrives at a critical 
approach to Dirichlet’s conviction that one can represent any 
continuous function whatsoever by a Fourier series. He first of all 
observes that the Fourier series of a continuous function does not 
always converge towards the function, In addition, an expansion of 
this kind does not permit a profound understanding of the 
properties of the function. "We cannot demonstrate that it is 
derivable," Weierstrass observes, “thus it lacks the most important 
means for knowing the properties of the variation of functions" (In: 
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Dugac, 1973, p. 71). 

The interpretations of Diurichlet’s definition of a continuous 
function that were given by Hankel and Weierstrass (but as we have 
seen, this specification completely disappears in their two 
comments!) have been wholeheartedly adopted by modern historians 
of mathematics. Thus E. T. Bell saw in it the first formulation of 
the modern concept of a correspondence between sets, writing, 
"Dirichlet’s definition of a (numerical-valued) function of a (real, 
numerical-valued) variable as a table, or correspondence, or 
correlation between two sets of numbers hinted at a theory of 
equivalence of point sets" (Bell, 1945, p. 156), This demonstrates a 
remarkable interpretative fantasy and an ability to read into the 
text things that are completely absent from it. 

For his part, C. B. Boyer gives this version of the story: 


Lejeune-Dirichlet .. in 1837 suggested a very broad definition 
of function: if a variable y is so related to a variable x that 
whenever a numerical value is assigned to x, there is a rule 
according to which a unique value of y is determined, then y is 
said to be a function of the independent variable x. This comes 
close to the modern view of a correspondence between two sets 
of numbers, but the concepts of "set" and "real number” had not 
at that time been established. To indicate the completely 
arbitrary mature of the rule of correspondence, Dirichlet 
proposed a very "badly behaved" function: when x is rational, let 
y = c, and when ~x is irrational, let y = d # c (Boyer, 1968, p. 
600). 


This is all very suggestive, but unfortunately has nothing to do 
with the real story. Dirichlet neither proposed such a definition nor 
gave the example of the "pathological" function cited to illustrate the 
arbitrariness of the "rule of correspondence.” Bourbaki is even more 
cavalier when he simply observes, "We know that it was on this 
occasion that Dirichlet, in clarifying the ideas of Fourier, defined 
the general notion of function as we understand it today” (1960, p. 
247), What both authors seem to have missed is the adjective 
"continuous" that accompanies the term "function;" without this 
awareness one ends by understanding nothing of Dirichlet’s ideas, 
Dirichlet was interested in defining in an explicit manner what 
Fourier had meant by an "arbitrary" function. In so doing he linked 
himself to a long discussion that had begun with Euler’s definition 
of a continuous function and later been extended by Cauchy’s new 
definition of continuity. What Dirichlet wanted to clarify was 
simply that a continuous function in an interval can be given either 
arbitrarily as a graph (where his idea of a continuous curve is 
largely intuitive), or as a mathematical formula which is not 
necessarily the same in every part of the interval. The fundamental 
idea is still that every continuous function, no matter how 
"arbitrary", can be expanded as a Fourier series. 
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How far Dirichlet was from what is today generally called 
‘pirichlet’s concept of a function’ also emerges in what he wrote in 
the same 1837 paper while discussing the value of the Fourier series 
at the discontinuous points of a function. After observing that one 
can find isolated points of discontinuity for the function, he adds, 


The curve whose abscissa is &B and whose ordinate is $(8) 
thereupon consists of many pieces whose connectivity is 
interrupted at those points of the abscissa that correspond to 
those special values of B For every such point on the abscissa 
there are exactly two ordinates, one of which belongs to the part 
of the curve that ends there while the other belongs to the part 
that begins there. In the following it will be important to 
distinguish these two values of ${x) [my emphasis] and we will 
indicate them by $(B8 — 0) and ¢(B + 0) (1837, p. 156). 


Having obtained formula (5.2.12), which he writes as 
1 
> [d(x + 0) + d(x — O)] 


(using the notation he introduced), Dirichlet comments on what is 
today called the right and left limits of $(x) at the point x: "Where 
an interruption of the continuity occurs and thus the function $(x) 
has exactly two values, [my emphasis] the series, which by its nature 
has a unique value for every x, represents half the sum of these 
values” (1837, p. 159). 

Such are the “completely arbitrary" functions that already appear 
in the titles of the two papers. The origin of the attribution of 
‘Dirichlet’s concept of a function’ to Dirichlet probably results from 
his example of a "pathological" function: 


c, if x is rational 
f(x) = 


d, if x is irrational. 


But all of this was already present in 1755 in Euler’s idea of a 
function as any correspondence whatever between variables. The 
crucial step must therefore be measured by the use of such functions. 
Dirichlet himself did not seem to show much interest in this 
function. He did not even include it among those "completely 
arbitrary" functions for which he bothered to speak of integrals and 
representation in Fourier series. Thus, the conceptual framework 
does not change until Riemann, and precisely with a new definition 
of the integral. 
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5.4. The Uniform Convergence of Series 


Dirichlet’s works illustrated in an unequivocal manner what Abel 
had already shown by a counterexample -- that Fourier series can 
represent discontinuous functions. There consequently existed an 
entire class of functions that contradicted Cauchy’s theorem on the 
continuity of the sum of a series of continuous functions. 

But the fact that a statement has been refuted does not mean that 
it will be clear where the incriminating point lies. Nor, on the other 
hand, did Dirichlet seem to have been aware of the contradiction 
that existed between the proper demonstration of the convergence of 
Fourier series and Cauchy’s theorem. In his works he made no 
comment about it. 

On the other hand, no one at the time seems to have had any idea 
of the convergence of a series different from that defined by 
Cauchy in the Cours d’analyse. Not until in the 1840s did there 
begin to emerge, with difficulty and in differing contexts, other 
ways of considering the convergence of a series of functions. The 
first person to explicitly denounce the patent contradiction in which 
the theory of series found itself was Seidel (1821-1896), who had 
been a student of Dirichlet at Berlin and then later studied under 
Jacobi and F. Neumann at Konigsberg. In an 1847 article devoted 
to series that represent discontinuous functions, he wrote, 


One finds in Cauchy’s Cours d’analyse algébrique .. a theorem 
which states that the sum of a convergent series whose 
individual members are functions of a quantity x and 
continuous in the vicinity of a particular value of x, is likewise 
always a continuous function of the same quantity in this 
neighborhood. It follows from this that series of this kind are 
not adapted to represent discontinuous functions in the vicinity 
of points where their values jump (Seidel, 1847, p. 35). 


After briefly outlining the path of Cauchy’s demonstration, Seidel 
continued, 


Nevertheless, the theorem stands in contradiction to, what 
Dirichlet has shown, that, for example, Fourier series also always 
converge if one forces them to represent discontinuous functions 
-- in fact, the discontinuity will frequently be found in the form 
of those series whose individual members are still continuous 
functions. ... 

When one begins from the certainty thus obtained that the 
proposition cannot be generally valid, then its proof must 
basically lie in some still hidden supposition. When this is 
subjected to a precise analysis, then it is not difficult to discover 
the hidden hypothesis, One can then reason backwards that this 
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cannot occur with series that represent discontinuous functions 
(ibid., pp, 36-7). 


The theorem that Seidel found to characterize these series was the 
following: "If one has a convergent series which represents a 
discontinuous function of a quantity x, whose individual members 
are continuous functions, then one must be able to give values of x 
in the immediate neighborhood of the point where the function 
jumps for which the series converges arbitrarily slowly" (Seidel, 1847, 
p. 37). 

The demonstration Seidel gave for this can be sketched as follows: 
if s(x) is the sum of the series and s(x) and r(x) are the sums of 
the first n terms of the series and the remainder respectively, then 


(5.4.1) (x) = 5(x) + r(x). 


Then, by taking into consideration the variation in s(x) when we 
add an increment 6 to x, we have 


(5.4.2) s(x + 8) — s(x) = [s(x + 8) —s,Co)] + [r(x + 8) — 7 Ox)), 


an equation that decides on the continuity or discontinuity of s(x) in 
the neighborhood of x. Since, in order for s(x) to be continuous, 
|s,(x + 6) — s,(x)| must be < T, the entire question is reduced to 
studying the behavior of |r,(x + 6) —r,(x)l. 

Now, in order for the series to converge both r(x + 6) and r,(x) 
must be smaller than an arbitrary small p', p respectively, when # is 
suitably large. If the function s(x) is continuous, then for positive € 
smaller than p and p', one has |r,(x + 8) — r,(x)| <e for a > nofe). 
And if, as & tends to zero, there exists an integer N that is the 
largest of the successively determined x, such that, for n> N 


(5.4.3) [s(x + 8) —s(x))}< T+ptp', 


then this inequality precisely expresses the continuity required for 
5(x). 

If, however, the number n, increases beyond every finite value 
when 6, beginning from an initial value 7, tends to zero, then (5.4.3) 
ceases to be true and the convergence of the series in the 
neighborhood of x becomes arbitrarily slow. "However," Seidel 
remarks at the end of his work, "it is not impossible, barring further 
research, that the same thing may also happen with series whose 
values do not jump" (1847, p. 44). 

The question that Seidel left open, whether the continuity of the 
sum of the series by itself implies uniform convergence, would find 
a negative response only much later with the construction of suitable 
counterexamples by Darboux (1875), Du Bois Reymond (1876), and 
Cantor (1880). 
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When Seidel’s paper appeared, other mathematicians had already 
been studying what is today called the uniform convergence of a 
series of functions. Among these was Weierstrass, who was probably 
inspired by Gudermann (1798-1852), his teacher at the University of 
Miinster. In an article that was published in the 1838 issue of 
Crelle’s Journal, Gudermann had for the first time illuminated the 
property of the uniform convergence of certain infinite series that 
give the expansion of elliptic functions. 

Weierstrass had followed Gudermann’s course on elliptic functions 
in the Winter of 1839-40, "and it is thus that he had the opportunity 
to familiarize himself with this notion" (Dugac, 1973, p. 47), which 
he utilized in his first works on power series in 1841 and 1842, 
These works, however, remained unpublished until 1894, 

Thus, with the demonstration that a convergent power Series is 
uniformly convergent within the domain of convergence (see §7,3), 
Weierstrass also found a rigorous systematization of Abel’s theorem 
on the continuity of a function that is the sum of a series of powers, 
The fundamental role played in analysis by the concept of the 
uniform convergence of Series, however, was not. explicitly 
emphasized by Weierstrass until the early 1860s and was 
subsequently developed during the course of his long career as a 
professor at the University of Berlin. In his lectures Weierstrass 
gave the definition of uniform convergence in an interval that has 
since become classic: 


A,) The series © u,(x) is said to be uniformly convergent in an 
interval [a,b] when, for every arbitrarily small positive ¢, there 
exists an n,(€) such that |r,(x)| < € for n > ny and for every x, a < x 
<b 

But this is not the sense with which Seidel had introduced his 
notion. Seidel had not been interested in the "global" properties 
characterizing the convergence of a series in an entire interval, but 
rather in the small but predetermined neighborhood of a point. This 
is the concept expressed by the following definition: 


A.) The series XY u(x) is uniformly convergent in the neighborhood 
of a point ¢ of the interval [a,b] if there exists a 8(¢) such that 
lr,(x)| < « for every arbitrarily small positive €, for n > no(,€) and 
for 6 — 8(€) €x § 6 + 8(C). 


The uniform convergence of a Series in an interval as defined by 
A,) naturally implies uniform convergence in the neighborhood of 
every point in the interval. The converse is also true, but the 
demonstration is not easy and was given by Weierstrass for the first 
time in 1880.29 

Contemporary with Seidel, but as ignorant of his work as he was 
of Weierstrass’, another young mathematical physicist was 
investigating the question of the mode of convergence of series, the 
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Englishman George Stokes (1819-1903). A descendant of the 
tradition begun by Peacock and Babbage, Stokes was familiar with 
the work of French mathematicians like Cauchy and Poisson, but 
was completely ignorant of what Dirichlet had done. He approached 
the study of series, and of Fourier series in particular, on the basis 
of Cauchy’s theorem on the continuity of the sum of a series of 
continuous functions (he did not take it from the Cours d’analyse but 
rather from Moigno’s Lecons de calcul dif férentiel et de calcul intégral 
(1840-44) which was based on Cauchy’s lectures), and of Poisson’s 
research on Fourier series. Stokes used Cauchy’s definition of the 
continuity of a function and adopted his distinction between 
"convergent" and "divergent" series, but introduced an additional 
distinction between "essentially" and "accidentally" convergent series. 
This corresponds to the modern distinction between "absolute" and 
"conditional" convergence, which had already been introduced at the 
time by Dirichlet. Stokes also used Poisson’s method of sums and the 
integral (5.1.3) in order to find the sum of a series, once he had 
demonstrated convergence in another way, 

The most original point in Stokes’ work lies in his study of Fourier 
series in the neighborhood of a point of discontinuity of the 
function. It is the same problem as Seidel’s but Stokes followed a 
completely different approach, 

In his words, he deals with the following question: 


Let 


(5.4.4) Uy, tug t vrs HU tee 


be a convergent infinite series having U for its sum, Let 


(5.4.5) vty tines Pp fives 


2 n 

be another infinite series of which the general term y, is a 
function of the positive variable A, and becomes equal to u, 
when # vanishes. Suppose that for a sufficiently small value of 
h and all inferior values the series (5.4.5) is convergent, and has 
V for its sum. It might at first sight be supposed that the limit 
of V for h = 0 was necessarily equal to U. This however is not 
true (Stokes, 1849, p. 279). 


This is the problem that Abel had treated for the special case of 
power series, which involves a question of double limit. In fact, if, 
as usual, we indicate the sum of the first » terms of the series (5.4.5) 
as s (A), the question becomes that of knowing when we can 
exchange the operation of the limit in the two following limits: 


lim 1i =V,=Vv(0 
lim lim s,(*) o = (0) 


and 
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lim lims = U, 
nn? hoo nl*) 


If we think that Stokes supposes the » () to be continuous 
functions of 4, then the problem is essentially that treated by Seidel 
relative to the continuity of the sum-function V(h) when fh = 0, 
Stokes’ response is given by the following 


"Theorem. The limit of V can never differ from U, unless the 
convergency of the series (5.4.5) becomes infinitely slow when h 
vanishes. 

The convergency of the series is here said to become infinitely slow 
when, if n be the number of terms which must be taken in order to 
render the sum of the neglected series numerically less than a given 
quantity e which may be as small as we please, n increases beyond all 
limit as h decreases beyond all limit. 


Demonstration. If the convergency do not become infinitely slow, it 
will be possible to find a number a, so great that for the value of A 
we begin with and for all inferior values greater than zero the sum 
of the neglected terms shall be numerically less than e" (Stokes, 
1849, p. 281). 


There is a clear distinction between what Stokes meant by an 
"infinitely slow" convergence and Seidel’s “arbitrarily slow" 
convergence, as Hardy (1877-1947) has observed. "Stokes is 
considering an inequality satisfied for a special value of #, or at 
most an infinite sequence of values of n, and not necessarily for all 
values of n from a certain point onwards" (Hardy, 1918, p. 155). In 
other words, Stokes introduces the mode of convergence that is 
today called "quasi-uniform,” defined as follows: 


B,) A series EY u(x) is quasi-uniformly convergent in the 
neighborhood of a point § in an interval [a,b] if there exists a 6(¢) > 
0 such that |r,(x)| < € for every arbitrarily small positive § every N 
and #,(6,8,¢,N) greater than N and ¢ — 8(6) <x <6 + 8(6). 


In a manner similar to what has already been said for uniform 
convergence, also for quasi-uniform convergence we can think of a 
"global" definition for an interval. 


B,) A series Y u(x) is quasi-uniformly convergent in an interval [a,b] 
if, for every arbitrarily small positive € and every N, there exists a 
no(&N) greater than N such that |r,(x)| < €forn=n anda <x <b, 


In relation to Stokes’ research, it is also important to introduce the 
definition (B,) of quasi-uniform convergence at a point x = ¢. This 
is written like (B,), with the essential difference that 6 depends on 
the preceding choice of ¢, ¢ and N. 

The Italian mathematician Dini (1845-1918) in fact demonstrated 
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that a necessary and sufficient condition for s(x) to be continuous 
for x = ¢ is that the series be quasi-uniformly convergent at the 
point § (Dini, 1878, pp. 107-8). 

Thus, only after more than 20 years did the theorem set out by 
Cauchy in the Cours d’analyse begin to be clarified. Following 
Abel’s counterexample and the silence of Dirichlet on the subject, 
three mathematicians, all unaware of each other’s work and acting 
with different motives and objectives, produced different replies. 
Weierstrass introduced the idea of uniform convergence in an 
interval; Seidel that of uniform convergence in the neighborhood of 
a point; Stokes that of quasi-uniform convergence in the 
neighborhood of a point. Common to all three is the desire to 
surmount the idea of simple convergence as defined by Cauchy. For 
his part, Cauchy returned to his own theorem only in a note that 
appeared in the Comptes rendus of the Academy in 1853, observing 
simply that it is verifiable for a power series, but that it required 
restrictions "for other series." The example that he used is the same 
one that Abel had earlier given (see §3.5). 

But Cauchy did not mention either the Norwegian mathematician 
or the more recent work of Seidel and Stokes. Instead he assumed a 
somewhat haughty tone. Certainly, in the enunciation of his 
theorem there was something that didn’t work, he said, but after all, 
"it is easy to see how one can modify the statement of the theorem 
so that it will no longer have any exception. This is what I am 
going to explain in a few words" (Cauchy, 1853, pp. 31-2). 

After recalling the definition of a continuous function that he had 
given in the Cours d’analyse, which is "generally adopted today," 
Cauchy observes that, "If one calls #' a whole number greater than 
n, the remainder r, will be nothing else than the limit towards 
which the difference 


(5.46) s,-sS, =u, +u + u 


n+1 7 ean n’-1 


will converge for increasing values of n’. We now consider that by 
attributing a sufficiently large value to mn, we can render the 
modulus of the expression (5.4.6) (for any ') for all the values of x 
included between the given limits and, consequently, the modulus of 
r, smaller than a number ¢ as small as one wishes" (1853, p. 32), 
This latter hypothesis on the convergence of a Series in the interval, 
Cauchy says, is sufficient to guarantee the continuity of the sum- 
function s(x). His old theorem must therefore be supplanted by the 
following: 


Theorem (of uniform convergence). Jf the different terms of the 
series Lu, are functions of a real variable x, continuous with respect to 
this variable within the given limits; and if, in addition, the sum (5.4.6) 
always becomes infinitely small for infinitely large values of the whole 
numbers n and n' > n, then the series will be convergent and the sum s 
of the series will be, within the given limits, a continuous function of the 
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variable x (1853, p. 33). 

But the language of infinites and infinitesimals that Cauchy used 
here seemed ever more inadequate to treat the sophisticated and 
complex questions then being posed by analysis, Furthermore, when — 
Cauchy wrote this note in 1853, France was even less capable of © 
preserving its leadership in research mathematics, as Lamé 
(1795-1870) pointed out that very year in an alarming report to the 
Académie des sciences. We exhorted mathematicians to do "pure" 
research, lamenting that the almost exclusive interest in applied 
questions impeded the development of mathematics. He thereby 
denounced the limitations inherent in the "polytechnic" tradition. 

The problems posed by the study of nature, such as those Fourier 
had faced, now reappeared everywhere in the most delicate questions 
of “pure” analysis and necessarily led to the elaboration of 
techniques of inquiry considerably more refined than those that had 
served French mathematicians at the beginning of the century. 
Infinitesimals were to disappear from mathematical practice in the 
face of Weierstrass’ € and 6 notation, and even the analysis of 
functions of complex variables, which Cauchy had initiated, was to 
be reformulated on the basis of the works of Riemann and the 
lectures of Weierstrass. 


Notes to Chapter 5 


IThe Academy published this paper (Cauchy, 1827c) with as great a 
delay as it did (Cauchy, 1827a). In addition to the 13 notes in the 
original paper, Cauchy added “some new notes" which doubled the 
length of the paper that had actually won the prize. 


A detailed exposition of Poisson’s and Cauchy’s papers can be 
found in Burkhardt (1901-8, pp. 439-47). 


8For the technical aspects of this intricate question see the accurate 
account given by Burkhardt (1901-8, pp. 454-63). 


4Bucciarelli and Dworsky (1980) contains a scientific biography of 
Sophie Germain and a discussion of her contributions to the theory 
of elasticity. 


5In an unpublished paper of 1820, Navier also studied the 
vibration of a plate. The following year, in an article presented to 
the Academy that was not published until 1827, he succeeded in 
determing the so-called ‘Navier-Stokes equations,’ the partial 
differential equations that express the conditions of equilibrium and 
vibration for isotropic elastic bodies. Allowing himself to be guided 
by the analogy with elasticity, Navier also found the equation of 
motion for fluids using the hypothesis of viscosity that Euler had 
neglected. In 1822 Cauchy (the examiner of the paper Navier 
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presented to the Academy) also applied himself to this issue and 
reproduced Navier’s results. In 1828 he was also able to determine 
the equations of elasticity for the more difficult case of anisotropic 
bodies. In the same year Poisson also found the Navier-Stokes 
equations, beginning from a critique of Cauchy’s molecular 
conceptual scheme, 

These studies were naturally connected with the difficult and 
widely discussed problem of the propagation of light waves in the 
ether, which at that time was considered to be an elastic medium 
whose properties, however, were not well defined. The arguments 
and discussions that accompanied the emergence of the mathematical 
theory of elasticity were thus influenced by the scanty knowledge of 
the molecular structure of bodies available at the time. A treatment 
of this complex and fascinating story can be found in Burkhardt 
(1901-8) and Todhunter and Pearson (1960). See also Dahan (1985). 


SPoisson’s procedure has been revived by modern analysis for 
summing convergent series as well as summable divergent series. For 
a history of the latter theory see Tucciarone (1973). 


’This appeared in the June, 1815 issue of the Bulletin de la Société 
philomatique. 


8Schwarz gave a rigorous solution of ‘Dirichlet’s problem’ for a 
circle. (See the Appendix.) In fact, if u(x,y) is definite and 
continuous for all the points within and on the boundary of a 
surface 7, and the partial derivatives 

Gu Ou 2u y 

Ax’ Ay” Ax?” ay? ’ 
are finite and continuous and satisfy Au = 0 only for the points 
within the surface T, Schwarz demonstrates, by using ‘Poisson 
integral,’ that, if TY is a circle, the function u is uniquely 
determined by the values that it takes on the circumference. 

Schwarz shows that these values can be given by any continuous 
function f(¢) by proving the theorem: "If along the boundary of a 
circular surface S, there is arbitrarily given a continuous and 
definite real function f(¢), finite for all values of the real argument 
?, which with the increase of the argument periodically repeats 
about 27, but with no other conditions imposed, then there always 
exists one (and according to the preceding only one) function xz 
which satisfies the [above given] conditions for the surface S, and 
coincides with the given function f(¢) along the boundary of S. 

This function will be represented by the integral 

1.2m 1 -r? 1 
u(r,9) 27 “0 i) 1 — 2r cos(p — ¢) + r? v 


for all points z = re'® within S, r < 1" (Schwarz, 1872, p. 185), 
On the basis of this result Schwarz was able to solve ‘Dirichlet’s 
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problem’ for a large class of domains, using the so-called "method of 
alternating procedures [alternierendes Ver fahren}' (Monna, 1975, p. 48), 


°Harnack first drew attention to it in 1888. Cauchy (1827d, pp. 
398-400) gave the proof of the convergence of the Fourier series of a 
function f(x) as an application of a more general theorem 
concerning residues. According to Harnack, "On the basis of 
Dirichlet’s results, the older method of Cauchy acquired additional 
importance, in that it laid the essential foundations for the entire 
theory of the expansion of series of this kind in their most general 
form" (1888, p. 176). 


10The second edition (1871) of his lectures on the theory of 
numbers, which was first published by Dedekind in 1863, contains 
numerous supplements by Dedekind himself. Among these is the 
famous eleventh supplement, "On the theory of whole algebraic 
numbers," which first introduced many of the fundamental concepts 
of modern algebra. 


111 is titled, Sur la convergence des séries trigonométriques qui 
seryent a@ représenter une fonction arbitraire entre des limites données. 

Dirichlet wrote "trigonometric" series, but really meant "Fourier" 
series. The distinction between these and other trigonometric series 
was first clarified by Riemann (see §6.3). 


l2The other great mathematical journal at this time was the Journal 
des mathematiques pures et appliquées, which was founded by 
Liouville in 1836. It succeeded Gergonne’s Annales. 


18H irichlet adopted the attitude repeatedly expressed by Cauchy in 
his criticism of Lagrange’s use of the Taylor series (see §3.6). 


147 ebesgue (1905) has given a penetrating discussion of the various 
conditions Lipschitz, Jordan, and Dini used in order to make f(x) the 
sum of the corresponding Fourier series. 


18When the function becomes infinite at a point c, Dirichlet sets as 
a condition for the representability of the function in a Fourier 
series the convergence of the integral | $(a)da in a small interval 
that includes the point ¢ (Dirichlet, 1837b). 


16The techniques that Du Bois Reymond used to arrive at this end 
are quite complicated and are founded on a theory of the increase 
and decrease of functions that he calls Infinitarkalkiil. 

Du Bois Reymond finds a function f(x) such that: 


(a) (0) =0 
(b) for x # 0, f(x) = p(x)sin (x) where, as x tends to 0, (x) 
becomes infinite with infinite maxima and minima, and p(x) 
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tends to 0. "This function is continuous for an _ interval 
containing the point x = 0 and for a similar interval excluding 
the point x = 0, even with all their derivatives, and yet 
unrepresentable for x = 0. 


Furthermore, one can obtain still other unrepresentable functions 
from the function p(x)sin $(x), whose expansion into Fourier series 
or expression by a Fourier integral (see 2.4.1) becomes infinite in 
every infinitesimal interval. We then form the function 


f(sin px) = p(sin px)cos p(sin px). 


With the condition that f(0) = 0, then this function is continuous for 
all x. The same is true of this: 


F(x) = zo He(sin px)cos p(sin px). 
p= 


When we finally set 
; +B sin A(a — x) 
H(x) = lim J. da F(a) ————— 
then this function has, in every infinitesimal interval, a point in 
which it is infinite, or more precisely, the mw, can always be 
determined in such a way that this is the case" (Du Bois Reymond, 
1876, §§100-1). 

In commenting on this example of a function in his Lectures on 
the Theory of Simple and Multiple Integrals, Kronecker writes, "It 
can nevertheless appear questionable whether such expressions, 
obtained from merely taking the limit [Grenziibergange], can in 
any way still be considered functions" (1894, p. 94). 

Simpler examples of continuous functions that are not 
representable by Fourier series were given by Schwarz (see Sachse, 
1880, pp. 272-4) and Lebesgue (1906, p. 85 ff.). 

The ideas and techniques elaborated by Du Bois Reymond were 
largely forgotten until they were taken up again by Hardy. He 
devoted a number of works to them, particularly (1910) and (1913). 
The latter can be considered a reworking in modern, rigorous terms 
of Du Bois Reymond’s original paper. Nevertheless, as Hardy 
himself observes, "the method of proof is almost entirely different. ... 
The truth is that it is generally easier to find new proofs of Du Bois 
Reymond’s assertions than to satisfy oneself that he has proved 
them" (Hardy, 1913, p. 282). 


WbThe accounts of Casorati’s conversations with Kronecker and 
Weierstrass, from which this citation is taken, are preserved in the 
Casorati papers in Pavia, They have been published in part in 
Neuenschwander (1978a) and Bottazzini (1977). 
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181n his Theorie der complexen Zahlensysteme, Hankel states the 
principle of permanence as follows: "If two forms expressed in the 
general symbols of universal arithmetic are equal to each other, then 
they will also remain equal when the symbols cease to represent 
simple magnitudes, and the operations also consequently have 
another meaning of any kind” (1867, p. 11). 

For a comment on the mathematical works of Hankel, and this 
principle in particular, see Monna (1973b). 


19Weierstrass published it in his article, "Zur Funktionenlehre” 
(1880a). Today such a demonstration is obtained by applying the 
Heine-Borel theorem. 


Chapter 6 
RIEMANN’S THEORY OF FUNCTIONS 


6.1. The Character of Bernhard Riemann’s Works 


There are times in history when a man flashes across the field of 
mathematics like a meteor, unexpectedly illuminating new domains 
before suddenly disappearing, although leaving behind him a durable 
and ineffaceable trail. It was so for Abel and for Galois; it was also 
so for Riemann (1826-1866). Although he was active in the 
mathematical world for little more than fifteen years, Riemann’s 
influence on modern science has been enormous, Entire fields of 
mathematics were reformulated and placed on new foundations as a 
result of his work, if they were not founded completely ex novo. 

In addition to fundamental work on complex analysis and the 
theories of trigonometric series and integration, Riemann initiated 
the field of algebraic topology and made substantial contributions to 
algebraic geometry (through the study of Abelian functions) and 
differential geometry, to mention only the more conspicuous 
examples. 

The breadth of his research reflects the variety of interests and 
motives that underlay his conception of mathematics. 

This is how Riemann himself described his activities in an undated 
note which was probably written around the middle of the 1850s: 


The tasks which now particularly occupy me are 

1. To introduce the imaginary (/magindre) into the theory of 
the other transcendental functions in the same way in which 
they have already been introduced into the algebraic functions, 
the exponential or trigonometric functions, the elliptic, and the 
Abelian functions, with such notable results. I have already set 
out the most important general preliminary work in my 
inaugural dissertation. 

2. In connection with this there are new methods of integrating 
partial differential equations which I have already successfully 
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applied to many physical problems. 

3. My major work involves a new interpretation of the known 
laws of nature -- this very expression requires the help of other 
fundamental concepts -- whereby the use of experimental data 
concerning the interaction between heat, light, magnetism, and 
electricity would make possible an investigation of their 
interrelationship. I was led to this primarily through the study 
of the works of Newton, Euler, and, on the other side, Herbart? 
(Werke, p. 507). 


The central aspect of Riemann’s work is in fact the unifying 
character that he continually brings to his mathematical] research. 
Mathematics is the touchstone of his physical and philosophical ideas 
and, at the same time, the indispensable instrument of his "natural 
philosophy," taking this phrase in its classical sense. Thus, his "pure" 
mathematical results have deep roots elsewhere. He himself, for 
example, wrote that a large part of his initial research into Abelian 
functions began with the study of the conformal mapping of 
multiply connected surfaces, a study that was motivated by a subject 
quite different from that of Abelian functions (Riemann, 1857b, p. 
102), 

According to the historical reconstruction by Brill and Noether 
(1894), this subject involved the electrostatic equilibrium of 
cylindrical surfaces having circular cuts. They cited one of 
Riemann’s posthumous notes that in fact contains almost all the 
theoretical tools that were used so extensively by Riemann in his 
published works (Riemann surfaces, crosscuts, etc.). Brill and 
Noether maintain that this can give us an idea of how Riemann 
arrived at his results (1894, p. 259), 

When the tendency towards specialization was already widespread 
in the scientific world (and the mathematical world in particular), 
Riemann instead constantly aimed at a synthesis of differing 
theories, utilizing for this purpose devices that were often obtained 
in contexts seemingly far removed from his own field of research, 
such as mathematical physics. 

The formative years he spent studying under Weber (1804-1891), a 
physicist who Gauss had wanted at Gottingen and with whom 
Riemann formed a lasting scientific association, seem to have been 
decisive for this. Equally important was the influence of Dirichlet, 
professor at Berlin and then at Gottingen after Gauss’ death. From 
Dirichlet Riemann learned about potential theory, the essentials of 
trigonometric series, and the historical details of their most recent 
developments. He also completed and generalized Dirichlet’s work 
on definite integrals and shared his (and Gauss’) interest in the 
theory of numbers.” 

In a talk delivered at Vienna in 1894, Felix Klein (1849-1925) 
emphasized the unified character of Riemann’s works, finding in 
this the fecundity of Riemann’s approach in contrast to the risks of 
specialization. 
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I believe that the longer our advancing knowledge continues 
under the influence of modern development, the greater danger 
it runs of becoming isolated. The close relationship between 
mathematics and theoretical natural science, which has benefited 
both fields since the emergence of modern analysis, is 
threatening to break up. In this lies a great, daily increasing 
danger (Klein, 1894, pp. 482-3). 


In searching for the bases of Riemann’s thought, a man "who, like 
no other, has determined the course of modern mathematics” (1894, 
p. 483), Klein recalled "the great tradition that is associated with the 
names of Gauss and Wilhelm Weber, and influenced by the 
philosophy of Herbart." Riemann had been raised in this tradition, 
"and he always sought to find in mathematical form a uniform 
formulation of the laws lying at the basis of all natural phenomena" 
(1894, p. 484). According to Klein, it is in this train of ideas that 
we must search for the origins of the developments in pure 
mathematics that are due to Riemann. 

This unified conception of science and mathematics already 
emerges clearly in Riemann’s first paper, his inaugural dissertation 
of 1851, on the foundations of a general theory of functions of a 
complex variable. 
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"Very few mathematical papers have exercised an influence on the 
later development of mathematics which is comparable to the 
stimulus received from Riemann’s dissertation," Ahlfors asserted at 
the opening of a conference held in Princeton in 1951 to 
commemorate the centenary of Riemann’s work. “It contains the 
germ to a major part of the modern theory of analytic functions, it 
initiated the systematic study of topology, it revolutionized algebraic 
geometry, and it paved the way for Riemann’s own approach to 
differential geometry" (Ahlfors, 1953, p. 3). 

The dissertation opens with the definition of a function of a real 
variable that had been established by the mathematical tradition 
from Euler to Dirichlet. 


If we think of z as a variable quantity that can progressively 
assume all possible real values, and, if to every one of its values 
there corresponds a single value of the indeterminate quantity w, 
then w is called a function of z; and if, as z continuously passes 
through all the values lying between two fixed values, w also 
continuously changes, then this function is said to be continuous 
within this interval (Riemann, 1851, p. 3). 


The following note, which was found among Riemann’s papers, 
clarifies his ideas of continuity. 
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By the expression, "the quantity w varies continuously with z 
between the limits z = @ and z = b," we understand: in this 
interval every infinitely small change in z entails an infinitely 
small change in w, or, more clearly stated: for any given 
quantity one can always find a quantity « such that, within an 
interval for z, which is smaller than a, the difference between 
two values of w is never greater than €. The continuity of the 
function thus implies that it is always finite, even if this is not 
specifically emphasized (1851, p. 46). 


But according to Dirichlet, this was the content of a theorem on 
continuous functions that he had given in his lectures on integration 
at Berlin in 1854. At that time he had stated it as follows: 


Let y = f(x) be a function of x continuous in the finite 
interval from a to b. By subinterval I mean the difference 
between any two values of x, that is to say, every part of the 
abscissa between a and b. Then it is always possible to make 
correspond to a number p, as small as one wishes, a number o... 
in such a way that in every subinterval which is ¢ oa, the 
function y varies at most by p" (In: Dugac, 1976a, p. 7). 


This proposition, which, according to Dirichlet, had to be 
demonstrated, became the definition of continuity for Riemann, as it 
also did for Weierstrass. The latter had probably also been inspired 
by Dirichlet’s course (Dugac, 1976a). It was in his lectures at Berlin 
in 1861 that Weierstrass gave his definition of continuous function 
in terms of € — 6 for the first time. 


Now, if it is possible to determine a limit 6 for 4 such that for 
all values of # which are smaller in absolute value than 6, f(x + 
h) — f(x) will be smaller than any other arbitrarily small 
quantity e, then we say that infinitely small changes of the 
function correspond to infinitely small changes of the argument 
(In: Dugac, 1973, p. 119). 


According to Dugac (1976a, p. 7), it is from this moment that we 
can date the substitution of inequality, which implies the topological 
notion of neighborhood, for the intuitive idea of "tend towards." 

We see here a process that is not infrequent in the history of 
mathematics. The central (and therefore the most profound) 
property of a class of objects emerges from practice, and it is 
subsequently natural to make precisely this property their definition. 

After having so defined a function, Riemann comments, "This 
definition obviously does not set up any fixed law between the 
individual values of the function, since, once this function has been 
defined for a particular interval, the manner of its extension outside 
this interval remains completely arbitrary" (1851, p. 3). 
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These words recall those used by Dirichlet in (1837). The 
dependence of w on z, Riemann says, can be arbitrary or given by 
mathematical laws. It is completely indifferent which is used, since 
"modern research has shown that there are analytical expressions by 
which any continuous function can be represented in a given 
interval" (jbid.). The researches he refers to are precisely those of 
Dirichlet on Fourier series. 

But if for Dirichlet, as had also been the case for Euler, the 
generality of the definition did not go along with a consistent 
practice in the study of equally "general" functions, the opposite is 
true for Riemann. In his thesis (Habilitationsschrift) of 1854 (see 
§6.3 below), he revealed to the mathematical world a universe 
extraordinarily rich in "pathological" functions. 

If we look at the actual history of mathematics, then it seems to 
me undeniable that the modern concept of a function of a real 
variable, in its full generality, began to emerge in mathematical 
practice only towards the end of the 1860s as Riemann’s writings 
became more widely known, At the same time the word spread that 
the Berlin mathematicians, primarily Weierstrass and Kronecker, 
were devoting special attention to the study of such functions in an 
effort to rigorize the fundamental concepts of the infinitesimal 
calculus, like those of continuity and derivative. 

In his dissertation Riemann limited himself to the preceding few 
observations on real variability. The situation changes considerably, 
he observed, when we let the variable z assume complex values. In 
this case, if the dependence of w = u + iy on z = x + iy is arbitrary, 
the ratio 


dut+idy 
dx +idy 
will in general vary as dx and dy vary. 


But, no matter how w may be determined as a function of z 
through a combination of simple algebraic operations [ein fachen 
Grossenoperationen}, the value of the derivative dw/dz will 
always be independent of the specific value of the differential 
dz.4 Clearly not every arbitrary dependence between the 
complex quantity w and the complex quantity z can be expressed 
in this way (Riemann, 1851, p. 4). 


Now, since we wish to consider functions independently of their 
analytic expressibility, this is a good property which we can use as a 
starting point for the definition of functional dependence, "without 
now proving its general validity and its adaptability [Zugdnglichkeit] 
to the idea of a dependence expressible by algebraic operations 
[Grdssenoperationen]' (ibid.). 

For Riemann, then, "A complex variable quantity w is called a 
function of another complex variable quantity z when the one 
changes with the other in such a way that the value of the 
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derivative dw/dz is independent of the value of the differential dz" 


(1851, p. 5). 
This condition is satisfied when 
ea Ha% ang He 
Ox dy ay Ox 
hence, 
Gy = atu ary ay 
(6.2.2) ax? * ae =O ax? Taye VO 


which derives immediately from being the value of 


& Sa (¢ Ou Ja 
au WW) ey fOr — 
ax axle lay ay J 


dx+idy 


independent of dz = dx +i dy.® 

Riemann thus places at the center of the concept of a function of 
a complex variable the existence of (6.2.1), which for Cauchy was a 
particular property of the function in question, that of being 
monogenic, 

Casorati emphasized the same thing by noting “the greater 
simplicity" that the entire theory acquires from "the immediate [my 
emphasis] establishment of the fundamental properties of functions 
of a complex variable by the equation 


0 
(6.2.3) —— =i 
y 


instead of first establishing the fundamental properties of the 
component functions that satisfy the equation Au = 0" (1868, pp. 
139-40 n. 2). He continues, 


We believe that it is truly admirable with what assimilating 
power [Riemann] knew how to gather and establish in one 
compact, simple, and general theory, together with his own, all 
of the other studies that had an important relation to them. Of 
particular importance were Cauchy’s many studies, spread over 
numerous publications, which were conducted with differing 
purposes and often wrapped in a heterogenous variety of terms 
and special notations. .. In particular, it is especially worth 
observing how [Riemann] always sets up his own conventions 
and definitions in such a way that every theorem can be stated 
as true without exception, or how many formulas or theorems 
ordinarily thought to be different from each other can be united 
into a single formula or theorem (Casorati, 1868, p. 140 n. 2), 


In addition, Riemann is the first to have fully understood the 
importance of equations (6.2.2), with which he became familiar 
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through his studies in physics. In his hands, these equations became 
the foundation of the entire theory.® 

At this point Riemann has no difficulty showing how the 
dependence of w on z defined in this way allows one to interpret it 
geometrically as the conformal mapping of the plane z over the 
plane w, something that had been noted elsewhere.’ 


a) Riemann Surfaces 


The initial paragraphs of Riemann’s dissertation are followed by 
others dedicated to illustrating an entirely new concept of 
mathematics--the Riemann surface. Riemann introduces this as the 
geometrical realm best suited to presenting his thoughts about 
functions, 


We choose this covering [Einkleidung] so that it will be easy to 
speak of superimposed surfaces, thus leaving open the possibility 
that the place of point O extends many times over the same part 
of the plane. However, in such a case we assume that the 
superimposed parts of the surface are not connected along a line, 
so that a folding of the surface or a division into superimposed 
parts cannot occur (1851, p. 7). 


This is the way, contrary to geometric intuition, in which Riemann 
introduced the idea of multiply covered surfaces, which turned out 
to be one of the most brilliant and profound achievements of his 
dissertation. 


The reader is led to believe that this is a commonplace 
convention, but there is no record of anyone having used a 
similar device before. As used by Riemann it is a skillful fusion 
of two distinct and equally important ideas: 1) A _ purely 
topological notion of covering surface, necessary to clarify the 
concept of mapping in the sense of multiple correspondence; 2) 
An abstract conception of the space of the variable; with a local 
structure defined by a uniformizing parameter, The latter 
aspect comes to the foreground in the treatment of branch 
points. 

From a modern point of view the introduction of Riemann 
surfaces foreshadows the use of arbitrary topological spaces, spaces 
with a structure, and covering spaces (Ahlfors, 1953, p. 4). 


One of the intuitive reasons for introducing such surfaces lies in 
the idea that, when w is a multi-valued function, then there will be 
several points of the plane B of w that correspond to the same point 
of the plane A of z. 

Riemann introduces these surfaces in such a way that, if w is 
multi-valued, every point of the surface represents a single value of 
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w corresponding to a single value of 2. 
On this Casorati comments, 


A geometrical realm constructed in such a manner is designed 
to be the intuitive field of the author’s speculations. It is in his 
entirely original creation that one finds the reason for his 
language and for certain of his unusual procedures. At first this 
was not adequately explained outside of the Gottingen school, a 
fact which created a severe obstacle to the wider circulation of 
these admirable speculations (Casorati, 1868, p. 120). 


Riemann himself recognized that his ideas were encountering 
difficulties, even among German readers. He wrote of this to Betti 
(1823-1892) in June of 1863, during his first stay in Italy (see note 
18 below). We can see Riemann’s constructions more clearly by 
taking the example of the function w? = z. 

To every point O of the plane A there correspond two points in the 
plane B that vary continuously as z varies in A, and which coincides 
with the origin for z = 0. We now imagine another plane 4,, 
extended above A and cut along a line (for simplicity, a straight 
line) that begins from the point z = 0 and extends to infinity 
without repeatedly passing through one and the same point. 

Now let A, be the locus of point O. We associate to any O one of 
the two corresponding values of w in such a way that, by letting O 
vary continuously, in every single successive position of O one can 
always associate the value of w that we obtain by preserving the 
continuity. 

Thus to every point of A, there will be associated a value of w. 
We now consider a second plane A, (in Riemann’s terms, a shect), 
that is cut like A, from the origin to infinity. 

If we now associate to every one of its points (representing a value 
of z as in A and 4A,) the value of w that is not associated with the 
point underneath the plane A, and we further consider O to be 
mobile in A,, as we have seen above in the case of A,, in such a way 
as to associate to every point of A, a value of w that varies 
continuously with z, 


In this way to every two points of A,, 4, superimposed above 
one and the same A it is possible to place the two values of w 
corresponding to one and the same z. And, by considering the 2 
+ 2 = 4 edges of the cuts of A, and A,, we recognize that the 
values of w placed along the right edge of a plane are 
correspondingly equal to those placed along the left edge of the 
other. Therefore, by imagining that the right edge of 4A, is 
connected along its entire length to the left edge of A,, and the 
right edge of A, with the left edge of A,, we obtain a unique 
surface of two planes or sheets endowed with the property that 
every distinct pair of values of w and z, or every distinct solution 
of the equation w? — z = 0 has one and only one representative 
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point, and that any continuous and simultaneous variation of 
these two variables can be represented by a _ continuous 
movement of a point on the surface, and vice versa (Casorati, 
1868, pp. 121-2). 


Casorati was one of the most convincing advocates of Riemann’s 
ideas in Italy. Together with Betti, he made an _ essential 
contribution to their diffusion and comprehension. We have 
followed his discussion of this example literally, because it seems 
admirably clear. 

Casorati himself, in order to help his students understand the 
mathematical objects introduced by Riemann, used to give a visually 
effective representation of them in his lectures, that is, as far as this 
could be done within the limits of material models. He suggested 
imagining these surfaces "as nets, whose knots represent the points 
while the threads are variable in length, flexible, and overlapping," 
or in other words, essentially "to imagine them as systems of points 
insensibly separated from each other" (1868, p. 123 n.) 

To this point, then, Riemann surfaces appear as instruments well 
suited to the study of algebraic functions, which we have already 
seen put forward by Cauchy and Puiseux (see 84.6). 

It is this research, which matured within the ambience of Cauchy’s 
"school," to which Markusevic (1908-79) was led in his search for the 
origins of Riemann’s conceptions.® After observing that Riemann 
made hardly any explicit reference to other mathematicians in his 
thesis (apart from Gauss and Dirichlet), and that "Riemann behaved 
on the continent of analytic functions like Robinson Crusoe on his 
uninhabited island," Markusevic asserted that, notwithstanding his 
many innovations and the force of his genius, Riemann "was in 
many respects a mathematician of the old school" (1978, p. 1). He 
went on to claim that Riemann had found in Cauchy’s research in 
general and in that of Puiseux in particular the "scaffolding" for his 
construction of many-sheeted surfaces. 

As far as Cauchy is concerned, Markusevic recalled the discussion 
that Eisenstein (1823-1852) and Riemann had had concerning the 
fundamental concepts of complex analysis in 1847, while the latter 
was a student at Berlin attending the classes of Dirichlet, Jacobi, 
and Steiner (1796-1863). In that year Eisenstein was giving a 
course on the theory of elliptic functions. Riemann attended the 
lectures and formed a close friendship with the young professor. 

In his biography of Riemann, Dedekind wrote that 


Riemann later said that they had discussed with each other the 
introduction of complex magnitudes into the theory of functions, 
but that they had been of completely differing opinions as to 
what the fundamental principles should be. Eisenstein stood by 
the formal calculus, while [Riemann] himself saw the essential 
definition of a function of a complex variable in the partial 
differential equation (In: Riemann, 1876, p. 544). 
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It is very likely that the starting point for the reflections of the 
two young mathematicians was Cauchy’s approach to the theory of 
complex functions, which emphasized to the formal aspect of the 
subject. Both men were familiar with Cauchy’s Cours d’analyse as 
well as with his Exercices de mathématiques. But as far as Cauchy’s 
"school" is concerned, Riemann’s point of view had already been 
shaped in a completely original manner. In order to discover the 
deepest motivations for his work we must not look to Paris, but 
rather to Gottingen and Berlin. In fact, the differential equations in 
which Riemann saw the essence of the definition of functions of a 
complex variable are the conditions of monogeneity (6.2.1) and 
Laplace’s equation (6.2.2), This latter played a fundamental role in 
potential theory. Not more than eight years before, in 1839, Gauss 
had written a fundamental work on this theory, and Weber had also 
worked on it in connection with his studies on magnetism (see the 
Appendix). 

As Ahlfors had said, Riemann "virtually puts equality signs 
between two-dimensional potential theory and complex function 
theory" (1953, p. 4). 

This is an approach that leads one to define a function from its 
singularities, as Riemann himself repeatedly and explicitly stressed. 
"This approach calis for existence and uniqueness theorems, in 
contrast to the classical conception of a function as a closed analytic 
expression," Ahlfors wrote (ibid.). It is a conception that Riemann 
attributed more to Euler than to Cauchy, as he wrote in his thesis 
and affirmed in his lectures. If we believe to the words of Prym 
(1841-1915), one of his students at Gottingen, Riemann said that he 
had been led to attribute decisive importance to equations (6.2.1) and 
(6.2.2) after he had asked under what conditions it was possible to 
"extend" the expansion in series of a function from one domain to 
another, and why, in so many cases, one obtains correct results when 
Operating with divergent series, as Euler repeatedly did. 

Dirichlet, when he was asked about this by Riemann, showed 
himself to be of the same opinion regarding the role of these 
equations, 

It was just at this time, consistent with this point of view, that 
Riemann began to study the integral f X dx + Y dy. He realized 
that the multiplicity of values of the integral depends on the fact 
that there are closed paths that do not bound a region. From this 
followed the introduction of crosscuts (to make the domain simply 
connected) and of surfaces of many sheets to represent multi-valued 
functions, Their determination was achieved by means of boundary 
conditions and discontinuities with the tools provided by potential 
theory and by Dirichlet’s principle. 

As far as the conjecture about Puiseux’s influence on Riemann is 
concerned, Markusevic recognizes that there are no facts to support 
it,” other than the observation that many of Puiseux’s results are 
found in a generalized and unified form in Riemann’s dissertation, 
and that 
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the very appearance of the concept of a many-sheeted surface at 
the beginning of Riemann’s work, with the definition of the 
branch points of a surface and the description of the connections 
of the sheets with each other, distributed in cycles in the 
neighborhood of each branch point, must have seemed 
completely unexpected and extremely artificial to anyone who 
has not studied Puiseux’s memoir. 

But a shrewd reader of that memoir could discover in the new 

and unaccustomed concept an excellent geometrical explanation 
and, in its own terms, a summary of the fundamental content of 
the memoir (Markusevic, 1978, p. 8). 
Certainly, by appealing to Riemann’s surfaces we can better "see" 
the cycles and branch points of Puiseux, but the fundamental 
theoretical problem for Riemann was not the investigation of the 
properties of algebraic functions, as it had been for Puiseux. As 
Riemann himself repeatedly stated, he was searching for a general 
method capable of embracing larger classes of functions and treating 
them in a unified manner. It is precisely this that led him to his 
approach, 

In his dissertation, for the many-sheeted surfaces that he 
introduced, Riemann defined branch points of the (m — 1)th order as 
points where the m sheets of the surface are connected in such a 
way as to return to the point of departure when the variable has 
completed m circuits, passing continuously from one sheet to the 
next in the neighborhood of the point in question. 

After explaining what is meant by crosscuts ("lines which cut through 
the interior simply -- at no point multiply -- from one boundary point 
of a domain through the interior to another boundary point" (1851, p. 
9)) and the connectivity of a surface ("A connected surface is called 
simply connected when it is divided into parts by every crosscut; 
otherwise it is multiply connected" (Riemann, 1851, p. 9)), he states and 
demonstrates the fundamental theorem: 

"If a surface T is disconnected by n, crosscuts q, into a system 7, 
of m, simply connected regions and by x, crosscuts gy into a system 
T, of m, regions, then , — m, cannot be greater than n, — m," (ibid., 
p. 10), 

From this theorem Riemann obtained the definition of the 
connectivity number of a surface as the number n — m, where # is an 
indeterminate number of crosscuts and m is the number of simply 
connected regions into which the surface is disconnected by them. 

In a later paper (1857b), Riemann prefaced the treatment of 
Abelian functions with a few observations of a topological nature 
(relative to analysis situs, as it was then called), On this occasion he 
gave a second definition of the connectivity number of a surface. 


If n closed curves @,, dy .., @, can be drawn in a surface F, 
which [curves] neither by themselves nor with each other 
completely bound a region of this surface F, but with their 


224 6. Riemann’s Theory of Functions 


assistance every other closed curve can build a complete bound 
of a region of the surface F, then this surface is said to be 
(u+1)-ply connected (1857b, p. 92-3), 


Here the decisive thing is to show that "this character of the surface 
is independent of the choice of curves a4dy, ... a,""° (ibid.). 

Riemann was certainly not the first to concern himself with 
topological questions. (They are already found in Euler, for example, 
in Gauss, and above all in Listing (1808-1872), although in an 
embryonic form). Nor are Riemann’s definitions of the connectivity 
number completely satisfactory from the modern point of view, 
although the second contains the germ of the ideas that led Poincaré 
(1854-1912) to the concept of homology in 1895, Nevertheless, it is with 
Riemann that topology reveals its true fruitfulness for the study of 
analysis and shows its deep links with geometry. 

In comparing Riemann’s approach with that of Cauchy, Hadamard 
(1865-1963) has written that, 


Cauchy’s theory of functions does not throw the light on the nature 
of algebraic functions that one would have expected and that, in 
consequence, it has effectively shown itself capable of providing. 
An essential element seems to have escaped him, which it is 
necessary to remember in all important problems, namely that we 
deal with algebraic functions and curves. When one studies the 
geometry of one of these curves, or the expression of the 
coordinates in functions of auxiliary variables, everywhere the same 
whole number introduces itself, the genus of the curve. The theory 
to which we have just alluded does not allow us to foresee its 
introduction (Hadamard, 1909, pp. 813-4). 


Thus, the "glory of laying the definitive foundations" of the theory 
of algebraic functions belongs properly to Riemann (ibid., p. 817). 

It is in this geometrical context that Riemann places his study of 
functions, In fact, he said that a variable magnitude which in general 
(that is, except at isolated points and lines) assumes a well determined 
value for every point O of the surface, and that varies continuously in 
dependence on its position, can clearly be considered as a function. 
This is how we will think about functions of x and y, Riemann wrote. 
He then considers two functions ¥ and Y of x, y, continuous in every 
point of the surface T, and the integral 


(6.2.4) f [= + = lar 


extended to the surface 7. He obtains the theorem already known to 
Cauchy and Gauss, which is that the integral (6.2.4) is equal to the 
integral —[(x cos € + Y cos n)ds taken around the boundary of 7, 
where — and " are the angles formed respectively with the x and y 
axis by the normal at each point of the boundary, with the positive 
Orientation towards the interior, and that, 
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where s indicates the length of a part of the boundary from any 
fixed initial point to an arbitrary point O,, and p indicates the 
distance of an indeterminate point O calculated along the normal to 
the boundary at O,, oriented as stated. This is sufficient to express 
the coordinates x, y of the generic point O as functions of s and p. 

With the additional hypothesis that the integrand of (6.2.4) be 
equal to zero, every integral of the second member of (6.2.5) will 
also be equal to zero when the integral is extended along the entire 
boundary of the surface 7. 

Also under the same hypotheses, the value of the integrals (6.2.5) will 
not be changed by increasing or decreasing the surface Tin any manner 
whatsoever, provided that every time this operation does not add or 
substract any part of the surface in which the given hypothesis ceases 
to be valid (1851, p. 15). It is at this point that the importance of the 
connectivity of the surfaces emerges. If the surface is simply 
connected, the integral 


ax dy Ox ay 
(6.2.6) [x apt Y >» |e = f x Jas 
is zero when it is taken along the entire boundary of any part of the 
surface, and it retains the same value if it is taken along two 
different paths that run from any fixed point of the surface O, to 
any other point O, without lcaving the surface T. If in T, where in 
general 


6.2.7 —++— =0. 
( ) ax * 


is true, we Omit the points of discontinuity by drawing closed paths 
that encircle them, then it will also be true that the integrals of the 
second member of (6.2.5) are zero in every remaining part of the 
surface 7*, which is obtained by making suitable cuts in such a way 
as to render it simply connected, Then, the integral 


as 


can be considered as a function of x, y (the coordinates of O), which 
assumes a well determined value whichever way one moves from Q, to O 
in 7*. Moreover, it is a finite and continuous function, whose 
derivatives are respectively 


AZ eZ 

— = Y, 

ax dy 
On the edges of every cut made in 7 the difference of the values 
taken by Z is given by a constant, whose number is cqual to that of 


Z (° [y ox _y las (O, fixed) 
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the crosscuts (# — 1 if T is n-ply connected). The constants or 
"modules of periodicity," as Riemann calls them in (1857b), are in 
addition completely independent of each other. 
At this point Riemann studies the properties of the functions u, y! 
of x, y, introduced by setting 
du! , Ou y 4 du! , Ou y 
“u— -ul —s= and uw— -u' — =Y. 
Ox Ox oy dy 
If wand u! are harmonic, one can apply the conclusions just 
obtained to the integral 


ax oy au! Ou 
(6.2.8)  f [x > + y Jas = f [i —— — 4! — Jas, 

Op Op Op Op 
since (6.2.7) is valid. 

By now requiring that the function u and its first derivatives do 
not have discontinuities along a line and that, for every point where 
they are discontinuous, the quantities p(0u/0x) and p(du/dy) become 
infinitely small together with p, p being the distance of O from the 
point of discontinuity, and also supposing that the surface T is 
composed of a single sheet, then Riemann succeeds in expressing the 
value of u at any point O, of T by means of the integral 


1 Ou a lo 
aL ( ous 2] ds. 


the integral being taken along a closed path that enclosed the point 
Op, = (Xo) in which u is otherwise supposed to be continuous and 


] 
5 losl(x — Xo)? + (vy — ¥)*] = log +. 
From this expression he obtains the theorem: 


When a function uw within a surface T that everywhere simply 

covers the plane A satisfies, in general, the differential equation 
Au ay 
7 4 
Ax? Gy? 

in such a way that 

1.) the points which do not satisfy this differential equation do 
not form a part of the surface, 

2.) the points in which u, Ou/Ox, Ou/dy are discontinuous do 
not form a continuous line, 

3.) for every point of discontinuity the magnitudes p(d0u/9x), 
p(du/dy) become infinitely small together with the distance p of 
the point O from these points, and 

4.) it is impossible to remove the discontinuity of u by 
changing its value in isolated points, 


=0 


then it is necessarily finite and continuous together with all of its 
derivatives for all points within this surface (1851, pp. 20-1). 
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Under the same conditions for u and JT, Riemann proves the 
following propositions: 


(I) If uw and Ou/dp are zero in all points of a line, u is zero 
everywhere in 7. 

(II) If the value of uw and of Qu/Op is given along a line, w remains 
determinate in all parts of T. 

(III) The points within T where uw has a constant value necessarily 
form, when uw is not everywhere constant, lines that separate 
the parts of the surface where uw is larger than the constant in 
question from those where uw is smaller, 


This proposition is a combination of the two following, which 
constitute "Riemann’s maximum principle": 


(a) u cannot have either a maximum or a minimum at a point 
within T, 
(b) uw cannot be constant only in a part of the surface. 


At this point Riemann resumes the consideration of w =u + iv asa 
function of z which he had earlier interrupted. w is continuous and 
satisfies the conditions (6.2.1) in general, except in lines or isolated 
points. First we consider the hypothesis that T is simply connected 
and is formed by a single sheet. Then, if the function w of z is 
never discontinuous along a line and, in addition, for every point O' 
of the surface where z = z', w(z — z') becomes infinitely small as O 
comes indefinitely close to O', this function is finite and continuous 
with all of its derivatives within the surface T. 

In fact, (6.2.1) and hypotheses 1 to 4 of the preceding theorem are 
valid for u, v (components of w). In addition, we have 


where the integral is taken along the complete boundary of any 
region of T. Therefore the function U of x, y (as O varies) defined 
by 


O ax dy : 
U = [u > -v 2 Jas (for 05 fixed), 
s 
0 


O Os a 
whose derivatives are 
aU au 
ax =u and ay =~), 


is continuous and finite at every point of 7, and the same is true 
for its derivatives. 

Then the complex function w = 8U/dx ~— i(8U/dy) is also continuous 
and finite together with its derivatives, 

Riemann next shows that if the product w(z — z!) does not tend to 
zero as |z — z'| tends to zero, and if one can find an integer n for 
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which w(z — z‘')" tends to zero as |z — z'| tends to zero, then the 
function 


w-X -—1+—— (for a, constant), 


will be continuous and finite at the point O'. 

The restrictions imposed on T to be a surface of a single sheet is not 
essential for these two theorems, which are also valid when one 
considers a many-sheeted surface and when the point O' is a branch 
point of the (nw — 1)th order. 

In the latter case Riemann in fact asserts that the region of the 
surface ZT which includes the point O' can be mapped on an 
auxiliary plane A by means of the function ¢ = (z — z')¥/", 

"In this way we obtain, as an image of this part of the surface 7, a 
connected surface extended over A which has no branch point at 
point 6’, the image of point O'" (Riemann, 1851, p. 26). Riemann 
thus established Puiseux’s uniformization theorem (see §4.6) by 
considering the uniformization parameter ¢, which realizes a map of 
a neighborhood of the point O' on the surface in a connected 
neighborhood of a point @' of the complex plane A, where 6! = (e,n) 
and §€ = e+ i”, 

After giving a demonstration of this theorem in geometrical terms, 
Riemann adds, "If a function w of z becomes infinite as O 
approaches infinitely close to a branch point of the (nw — 1)th order, 
then this infinite quantity is necessarily of the same order as the 
power of the distance whose exponent is a multiple of 1/n. If this 
exponent is = —m/n, it can be changed into a [function] continuous at 
the point O' through the addition of an expression of the form 


m a 

k=1 (z — z')k/n 
where 4,4, .. @, are any complex quantities" (1851, p. 27). It 
follows as a corollary of this, Riemann adds, that w is continuous at 
O' if (z - ztyi/n becomes infinitely small when O approaches 


indefinitely close to O'. 

Having thus analyzed the behavior of the function at the poles and 
branch points, Riemann summarizes his results in the following 
manner. If the dependence of w on z (a variable in a surface T) is 
represented by means of a surface S$ in such a way that to every 
point O of T there corresponds a point Q of S with coordinates u, v, 
then the set of points Q will form the surface S in question as z 
varies. 

Since a function w = uv + iv cannot be constant along a line without 
being so everywhere, (as Riemann easily proves) Q will generally 
move in S$ in a continuous manner as O varies continuously in 7, and 
the boundary of S corresponds to the boundary of JT and to the 
points of discontinuity. At every point Q in the surface S, z has a 
single determinate value that varies continuously with Q in such a 
way that dz/dw is independent of dw and consequently z is a 
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function of w, continuous in the domain S. If O! and Q! are 
corresponding points respectively in 7 and S, the limit of the ratio 


w—wi 
z—az!' 
is finite as O tends to O' if O' and Q' are not branch points. The 


mapping is therefore conformal. If Q!' is a branch point of order n 
— 1 and O! of order m — 1, then the limit 


(z - z!)i/m 
will be finite as O tends to O', and the mapping of T in S is given 
according to the “uniformization theorem" stated above. 


b) Dirichlet’s Principle 


In the remaining part of his dissertation Riemann explains 
Dirichlet’s principle (see the Appendix) and uses it to prove the 
existence of a complex function subject to opportune conditions, 

He begins by stating the theorem: 


Let « and 8 be any two functions of x and y for which the 
integral 


(6.2.9) fl[ = - Sy + [ + =} Jer 


has a finite value for all parts of a surface T which covers A in 
any manner. If a@ is changed by continuous functions or by 
those discontinuous only in isolated points which equal zero at 
the boundary, then the integral always has a minimum value for 
one of these functions and, if we exclude discontinuities which 
can be removed by changes in isolated points, only for one 
(1851, p. 30). 


This is the way in which Riemann utilizes Dirichlet’s principle. 


This is precisely the instrument with which Riemann makes 
possible a more general determination of functions, by means of 
suitable systems of strictly necessary and sufficient conditions. 
Independently of the statement of an analytic expression, these 
permit .. the treatment of questions more with pure reasoning 
than with calculation. The use of Dirichlet’s principle as an 
analytic instrument as well as the surface T as a geometrical 
support, is characteristic of the theory of functions taught in 
Gottingen (Casorati, 1868, pp. 132-3). 


In regard to this principle Riemann observed some years later: 
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As a foundation for the study of a transcendent [function] it is 
above all necessary to set up a system of independent conditions 
sufficient to determine it. In many cases, particularly for 
integrals of algebraic functions and their inverse functions, we 
can uSe a principle which Dirichlet utilized to solve this problem 
for the case of a function of three variables satisfying Laplace’s 
partial differential equation -- certainly inspired by a similar 
idea in Gauss. This was some years ago in his lectures on a 
force proportional to the inverse square of the distance?! 
(Riemann, 1857b, p. 97). 


The common attribution of this principle to Dirichlet begins here. 

Riemann’s demonstration of the stated theorem follows a path that 
had already been anticipated by Gauss. Riemann considered aq 
function 4, continuous or at most discontinuous in isolated points, 
zero at the boundary, for which the integral 


(CE) (8) Je 


is finite relative to the surface T. He then indicates with w + \ any 
of the functions « + \ and with Q the integral 


a) dp)? a) op)? 
Q= — —-— — +— . 
lk "a “[S+a| Jer 


The set of the \ functions, Riemann says, is such that one can pass 
continuously from one to the other. None of them can tend 
indefinitely towards a discontinuous function along a line without L 
becoming infinite at the same time. (He reserves the demonstration 
of this for later.) 

"Given | = @ + 4, A now has a finite value for every 4, which 
becomes infinite with Z and which varies continuously with the 
form of \ but can never fall below zero. Consequently, Q has a 
minimum at least for one form of the function w" [my emphasis] 
(Riemann, 1851, p. 30). 

The objections that can be raised against this conclusion are 
numerous and decisive (see the Appendix). However, having 
established the existence of a minimum in this manner, Riemann 
now has no difficulty showing that it is unique. 

Moreover, having indicated with uv the function that gives the 
minimum for 9, we also find that 4 + Ay (with A constant) satisfies 
the conditions imposed on the w functions. 

The integral 9, calculated for the function u + hd, gives 


du ap)? au OB)? 
Au+h)=f]]—-—] +] +o] Jar 
[ ax > | & =. | | 


+ 2h (S -= |= + [ + |S Jar 
Ox Oy J Ox dy Ox J ay 


6.2. The Foundation of the Theory of Complex Functions 231 


+ h?f (2) (A) ] ar = ars ann h? 
Ox Oy 7 ra 


By the definition of the minimum, N must = 0 for every \, since in 
the contrary case 


2N 
2HN + h?L = Lh? [1 + —| 
Lh 
would be negative, provided that # is taken with a sign opposite to 
N, and |h| < 2N/L. 

After having then demonstrated the stated property for \, that is, 
that it cannot tend towards a discontinuous function ¥ along a line 
unless the integral Z simultaneously becomes infinite, Riemann 
considers the integral N = 0. He separates the region T' containing 
the discontinuities of u, 8B, and \ from the surface T and lets 


Ou | E =| 
-|—-—],, Ye +—1]). 
Ox dy Oy Ox 


He finds that the part of N proper to the region of the surface 7" = 
T —T' is given by 


871 824, Ou OB 
6.2.10) —-|\| —> + - a 
(6.2.10) Dl 33 sr eT le +3) ° 
for (6.2.5). Since the second integral is zero for the conditions 
imposed on in the part of the boundary common to T" and 7, it 


follows that N can be considered to be given by the first integral of 
(6.2.10) relative to 7" and by the integral 
du OB 
f —+—l)r ds 


Ou OB )O Ou OB)Ar 
(6.2.11) ile ->|> + [ + | 5 ar + 

Ox dy JOx dy OAxJ dy Op as 
relative to T'. 

Now if Au = 0 everywhere in 7, from the condition that N = 0 it 
follows that (6.2.11) is also equal to zero. Thus (6.2.7) and (6.2.6) are 
valid with respect to ¥ and Y “in so far as this [second] expression 
really has a definite value" (1851, p. 34). 

Let us now reduce the surface JT, if it is multiply connected, to a 
simply connected surface 7* by means of crosscuts. The integral 


du «=6« OB . 
fi lat as =~ Jas (for O, fixed), 
taken along an arbitrary path from QO, to O in T*, can be considered 
as a continuous function v in 7, which is the same along the two 
edges of the crosscut. 

We now consider the function vy = 8 + v, whose partial derivatives 
are given by (6.2.1). Riemann states and demonstrates the 
fundamental theorem: 


If a complex function « + Bi of x, y is given in a connected 
surface T which can be reduced to a simply connected surface 
T* by crosscuts, and if (6.2.9) has a finite value throughout the 
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entire surface, then it can always and only in one way be 
changed to a function of z by adding a function p+ iv of x, 
which satisfies the following conditions: 

1) w = 0 on the boundary or is different from it only in 
isolated points, v given arbitrarily in a point, 

2) the variations of # in T and of v in 7* are discontinuous 
only in isolated points and only in such a way that 


(CD + Cy der ome GF + GQ Jen 

| ,] “ ~~ 

ax ay an ax ay 

remains finite across the entire surface and the variations of v 
are equal along both edges of the crosscut (1851, pp. 34-5). 


These conditions are sufficient to determine the function p + iv, 
The theorem just stated, Riemann says, “opens the way to an 
investigation of determinate functions of complex variables 
(independent of an expression for them)" [my emphasis] (1851, p. 35). 

To give an idea of his method for a specific case, Riemann treats 
the following: If T is a simply connected surface, the function w = u 
+ iv of z can be suitably determined from the following conditions: 


I) a value is given for u at every boundary point, which value, 
‘moreover, for an infinitely small change of position changes 
arbitrarily by an infinitely small quantity of the same order;* 


("In themselves the changes of this value are only subject to the 
restriction that they not be discontinuous along a part of the 
boundary; an additional restriction is only made here in order to 
avoid unnecessary prolixity.) 


2) the value of v is arbitrarily given in any point; 
3) the function must be finite and continuous in every point 
(1851, p. 35). 


Under these conditions w is completely determined. In fact, from 
the preceding theorem we can determine a + /B in such a way that « 
assumes the given values on the boundaries and a + if is continuous 
everywhere on the surface X¥. At the boundaries w can be given as a 
completely arbitrary function of s, which fact also determines v (and 
reciprocally) up to a determinable constant, when vy is known in a 
point. 

Finally, indicating the generality and fruitfulness of his approach 
to the theory of functions of complex variables, Riemann writes: 


Until the present, the methods for handling these functions 
have always used as a definition an expression of the function 
in which its value is given for every value of its argument. Our 
research has shown that, as a consequence of the general 
character of a function of a complex variable, in a definition of 
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this kind a part of the determining elements [Bestimmungsstiicke] 
is a result of the rest, namely, the range of the determining 
elements is traced back to those necessary for determining [the 
function] (1851, p. 38). 


Moreover, "a theory of these functions on the foundations here 
provided would make the form of the function (ie. its value for 
every value of its argument) independent of its determination by 
algebraic operations" (ibid.). (This was Cauchy’s approach, for 
example.) 


The unifying character of a class of functions which in the 
same way can be expressed through algebraic operations, 
presents itself then in the form of the boundary and 
discontinuity conditions imposed on them. For example, if the 
range of variability of the quantity z extends simply or multiply 
over the entire infinite plane A, and within it the function is 
discontinuous only in isolated points, namely it permits only 
infinities [Unendlichwerden] whose order is finite [that is, the 
function has only poles and no essential singularities] ..., then the 
function is necessarily algebraic, Reciprocally, every algebraic 
function fulfills these conditions (1851, p. 39). 


We see here the profundity and generality of Riemann’s approach 
to the theory of functions. Among other things, he is able to project 
a new light onto the entire theory of algebraic functions. 

As far as this argument is concerned, in his dissertation Riemann 
limits himself to observing that, in order to be able to apply his 
results to the foundations of a general theory of algebraic functions, 
it will be necessary to demonstrate "that this fundamental definition 
of a function of a complex variable completely agrees with one of a 
dependence on expressible algebraic operations."!? (1851, p. 39). 

Nevertheless, subsequent research has shown that Riemann’s 
conjecture is not sustainable. Seidel gave the first counterexamples 
(1871, p. 279) and Weierstrass later showed that "the concept of a 
monogenic function of a complex variable does not completely 
coincide with the concept of a dependency expressible’ by 
(arithmetic) operations" (1880a, p. 210), In fact, 


If the domain of convergence of a series whose terms are 
rational functions of a variable x can be cut up into many 
parts in such a way that the series uniformly converges in the 
neighborhood of every place situated within one of these parts, 
then it represents a unique branch of a monogenic function of x 
in every individual part, but not necessarily branches of one and 
the same function in different parts (1880a, p. 221). 


Finally, in the concluding paragraphs of his dissertation Riemann 
tackles the problem of the conformal mapping between two given 
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Riemann surfaces. "We limit ourselves to the solution of this 
problem for the case where every point of a surface corresponds to 
only one point of the other and the surfaces are simply connected" 
(1851, p. 40). 

The solution, Riemann continues, is given by the following 
mapping theorem: 


Two given simply connected plane surfaces can always be 
related to each other in such a way that, to every point of one 
there corresponds a point of the other moving continuously with 
it, and their smallest corresponding parts are alike; namely, the 
point corresponding to an interior point and to a boundary point 
can be arbitrarily given. Consequently, the relationship is 
determinate for all points (ibid.). 


Riemann then observes that when two surfaces 7 and R are 
conformally mapped onto a surface S, T and R can also be 
conformally mapped on each other. Consequently, “the problem of 
relating two given surfaces to each other in such a way that the 
similarity occurs in the smallest parts is reduced to the problem of 
mapping any arbitrary surface onto a determinate [surface] similar 
to it in the smallest parts” (ib/d.). 

Now, taking a circle K in a plane B with center at the origin and 
radius 1, in order to demonstrate the theorem it is only necessary to 
show that, "An arbitrary simply connected surface T which covers A 
can always be mapped onto the circle K connected and similar in the 
smallest parts, but, only in such a way that an arbitrarily given 
interior point 05 of the surface 7 corresponds to the center and an 
arbitrarily given boundary point O' to an arbitrarily given point of 
the circumference,"!3 (ibid.). 

Riemann demonstrates his claim in his peculiar geometrical 
language by using Dirichlet’s principle. But Riemann states the 
"Riemann mapping theorem" in a form that, as Ahlfors has said, 
"would defy any attempt at proof, even with modern methods" (1953, 
p. 4). 

This is, together with numerous other passages in Riemann’s 
writings, an example of what Ahlfors called his "almost cryptic 
messages to the future"!* (jbid., p. 3). 


c) A Glance Ahead 


The "new method” set out in the inaugural dissertation "is basically 
applicable to every function which satisfies a linear differential 
equation with algebraic coefficients,” Riemann wrote in a second 
paper devoted to the theory of functions representable by Gauss’ 
hypergeometric series (1857a, p. 67) (see §3.2). 

Both Gauss.and Kummer (1836) had based their research on the 
differential equations (3.2.1), With his method, Riemann continued, 
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"the results that had previously been found in part through fairly 
tiresome calculations can be derived almost directly from the 
definition" (ibid.). Riemann began by introducing the complex plane 
€ in the usual manner and then outlined the method of analytic 
continuation. "If we consider the function w to be given in a part 
of this plane," he wrote, "then by an easily proved proposition there 
is only one way in which it can be continuously extended from there 
by the equation Ow/dy = i(dw/dx). Of course this extension must not 
occur in bare lines where a partial differential equation cannot be 
applied, but in ribbons [Flachenstreifen] of finite width" (1857a, p. 
68). 

He then defined the branch points ("round which the function 
continues in another") and the branches of a function. 

In order to globally study the function F(o,B,y,x) defined by (3.2.1), 
Riemann introduces certain P-functions that have three branch 
points with a prescribed behavior on the complex sphere and where 
any three satisfy a linear relationship with constant coefficients. He 
then succeeds in showing that a P-function verifies a hypergeometric 
differential equation and determines its coefficients.1® This is a 
method that is basically still used in the "global" study of the 
solution of equation (3.2.1) (e.g. see Ahlfors, 1966, pp. 309-312). 

In the same year Riemann presented another example of the power 
of his "global" method in his famous paper on Abelian functions 
(Riemann, 1857b). Here the Riemann surface was taken to cover the 
"Riemann sphere" obtained by adding the point = to @ A multiply 
connected surface was made simply connected with (in general) 2p 
crosscuts, where p, following Clebsch, is called the "genus" of the 
surface. 

The fundamental theorem stated by Riemann in his dissertation 
could apply by simply assuming the behavior of a function at the 
poles (or at the logarithmic discontinuities) and at the branch points 
to be given, as well as the value of the real part of the 2p periods. 
Moreover, Riemann was able to classify Abelian functions into three 
fundamental types according to their singularities and further to 
determine the meromorphic functions on a surface, reobtaining 
Abel’s theorem and laying the foundation for the modern theory of 
birational transformations.1® 

In the first three paragraphs of (1857b) Riemann summarized the 
main topological content of his dissertation (connectivity, crosscuts, 
ramified coverings, etc.) as well as Dirichlet’s principle. He further 
clarified, in a more precise manner, the method of analytic 
continuation already discussed in his previous paper on _ the 
hypergeometric differential equation. From equation dw/dy = 
i(@w/Ox) it in fact follows "from a known proposition" that the 
function w "can be represented by a series of increasing whole 
powers of z — a of the form L,_,a.(z — a)", provided that 
everywhere in the neighborhood of a it has one determinate value 
which varies continuously with z, and that this representability 
extends to a distance from a or a modulus of z — a for which a 
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discontinuity appears" (1857b, p. 88). With the method of 
indeterminate coefficients one can then completely determine the 
coefficients a,. 

"Combining the two considerations, one is easily persuaded of the 
correctness of the theorem: 

"A function of x + iy that is given in a region of the (x,y)-plane can 
be continuously extended from there in only one way" (1857b, p. 89). 

With the publication of these two works in 1857 Riemann’s ideas 
were for the first time presented to mathematical circles outside of 
Gottingen, Following the completion of his doctoral work, Riemann 
treated the theory of complex, elliptic, and Abelian functions in 
various courses given at the University of Gottingen, beginning with 
the Winter semester of 1855/56. The part of his lectures devoted to 
Abelian functions in this year was used as a preliminary version of 
(1857b), while the part on elliptic functions was published by Stahl 
on the basis of his and Schering’s lecture notes (Riemann, 1899), 

In these two sets of lectures, Riemann presented complex function 
theory in a somewhat eclectic manner, combining the principles set 
out in his dissertation with Cauchy’s and Laurent’s results on 
residues and Series expansions, openly utilizing the method of 
analytic continuation. Particularly interesting from this point of 
view is the last course given by Riemann at GOttingen in the 
Summer semester of 1861.27 

Here, after introducing complex numbers and their geometric 
interpretation in a Gaussian plane, defining the derivative of a 
function, and reobtaining equations (6.2.1), Riemann abandons the 
path followed in his dissertation to adopt Cauchy’s point of view, as 
it has been presented in a unified manner in the recent treatise by 
Briot and Bouquet (1859). 

He thus introduces the notion of a curvilinear integral Soflz)az, 
demonstrates Cauchy’s integral theorem, and then Cauchy’s formula 
for residues 


J. f(z)dz = 2mi ZRes(f,z,). 


Cauchy’s formula, 


l f(z) 
th = — | — a, 
KO 2m J zt 
thus plays an important role in Riemann’s lectures. It allows him to 
obtain the successive derivatives, 


PDs Ls oy LID, vas 


and then to expand f(z) in a Taylor series. In a similar manner he 
then obtains the expansion in a Laurent series by considering the 
expansion with negative powers for the case of a pole. He then 
determines the circle (or the circular corona) of convergence, obtains 
formula (4.6.8) on the number of poles and zeros of a meromorphic 
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function, and finally confronts the problem of extending the domain 
of convergence by means of the method of “analytic continuation." 
"If f(z) is given for an arbitrary small part of the surface and 
remains finite and continuous within it," Riemann says in his 
lectures, "then f(z) can be extended beyond the limit of this part in 
only one way, which is, that the value of f(z) is determined within a 
whole region of the surface when it is given for an arbitrarily small 
part of it, for example, a line" (Riemann, 1861, p. 28). These words 
recall what Riemann had written in (1857b). 

In this latter work Riemann explicitly excluded thinking of a 
function defined by an analytic expression or by an equation and 
limited himself to asserting that however the value of the function 
was given in a limited part of the plane, one could continue it "in 
conformance with the differential equations (6.2.1)." In his lectures, 
however, he began with the expansion in power series defined above 
and presented the method made famous by Weierstrass, that of 
considering a point within the circle of convergenee with the 
expansion centered on that point, its relative circle of convergence, 
and so on. 

Only at the moment of studying "multiform" functions and their 
behavior in the neighborhood of the branch points does Riemann 
introduce in his lectures the idea of multi-sheeted surfaces, using for 
clarification the examples of f(z) = vz and of a function defined 
implicitly by an algebraic equation of the 7th degree. 

Having thus set the expansion of a function in a Taylor series as 
the foundation of his theory, unlike in his dissertation, Riemann no 
longer had any need either for the theorem of existence or for 
Dirichlet’s principle, which was in fact never mentioned in his 1861 
lectures, 

The theory of functions of complex variables constituted the 
necessary premise for the theory of elliptic and Abelian functions 
which Riemann presented in the second part of his coursc. Here he 
returned to his peculiar geometrical treatment which, as Stahl has 
written, "visually displays the most important properties of elliptic 
functions" and constitutes "the best preparation for the study of 
Riemann’s theory of Abelian functions, in that all the questions of 
the more generalized theory appear in it already in simplest form" 
(1899, p. iii), 

After briefly introducing the properties of a doubly periodic 
function and the parallelogram P of the periods, Riemann considers 
the differential equation 


(6.2.12) Cdzidv = Wz —a,)z — a,)(z — aghz — ay 
or, equivalently, 


(6.2.13) ve fe 
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which he takes as the definition of a doubly periodic function z = 
¢(v). He then adds, "This definition can serve as the foundation for 
further analytic research on doubly periodic or elliptic functions, 
One acquires a new geometrical meaning of elliptic functions and 
integrals by representing the parallelogram P of the plane vy on the 
plane z by means of equation (6.2.13)" (Riemann, 1899, p. 7). 

In fact, if we consider y to be a function of z, vy = yY(z), and its 
derivative wp'(z) to be given by (6.2.12), we immediately see that to 
every value of z there correspond two values of w'(z) in the 
parallelogram P; therefore, "we must extend over the plane z a 
surface of two sheets" in which the points z = a, (i = 1, 2, 3, 4) 
represent the branch points of the function wp'(z) where the 
representation ceases to be conformal (Riemann, 1899, p. 7). 

Riemann then resorts to the usual technique of "cutting" the sheets 
of the surface along the lines a,a, and a,a, and joining the sides of 
the cuts in a "crossing" manner in such a way as to construct a 
surface T able to geometrically represent the branching of the 
function p'(z) = dv/dz, 

The function v = ¢(z) further allows the representation of the 
boundary of the parallelogram P on the surface T. Riemann notes 
that to the curve vy), vy + k, there in fact corresponds a curve b of 
the surface T, a loop rising from a point z 9 which includes two 
branch points. Similarly, to the line vg + ky, vg + ky + ky there 
corresponds on the surface a curve a, a loop that runs partly on the 
upper sheet and partly on the lower (see Figure 8). 

With the exception of the two closed curves a and 6, the function 
y = ~(z) is defined everywhere and continuously on the surface T, 
Moreover, "the discontinuities of the function defined by the 
integral (6.2.13) are determined by the periods k, and k, of the 
doubly periodic function z = (vy), which can be defined as the 
inverse function of the integral (6.2.13)" (Riemann, 1899, p. 8). 

This "visual" example of the theoretical concepts already 
anticipated in Riemann’s dissertation constitutes the natural 
geometrical setting in which to interpret his successive studies on 


Vg + ky Vo + ky + ky 


Figure 8 
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Abelian functions, from the analytic representation by means of 
trigonometric series, quotients of infinite products, and theta 
functions, to the problem of adding, multiplying, and transforming 
elliptic functions. 

The path followed by Riemann in his lectures is probably a 
response to the need for didactic clarity, as he himself later wrote to 
Betti,®> but certainly the attempt to “familiarize” his students with 
the ideas of "surfaces of many sheets” led him to make explicit the 
fertile interaction of diverse ideas -- the global view dominant in the 
geometrical theory presented in the dissertation and the local view 
based on expansions in series developed in his lectures. This global 
view would be taken up with necessary rigor by Weyl (1913) in his 
classic introduction to the modern theory of Riemann surfaces, 

The importance of a “local” inquiry is a point that stands close to 
Riemann’s heart and constitutes a central aspect of his conception of 
physics and mathematics. 

In the introduction to his first course at the University of 
Gottingen, which was given in the Winter semester 1854-55 on the 
topic of partial differential equations and their application to 
physical questions, Riemann wrote: 


Truly elementary laws for points of space and time can only be 
based on the infinitely small [Unendlichkleinen]. But such laws 
will in general be partial differential equations, and the 
derivation of laws for extended bodies and periods of time 
requires their integration, It is therefore necessary to have 
methods by which one can deduce these laws for the finite from 
the laws for the infinitely small, and I mean deduce with all 
rigor without permitting any sloppiness. Only then can one test 
them empirically!® (Riemann, 1869, p. 4). 


This is essentially the same point of view expressed in his 
inaugural lecture, delivered a short time before in 1854, Here he 
had explained his local conception of an n-dimensional geometry. 20 
Turning to a discussion of the relationships between n-dimensional 
manifolds and real physical space he wrote that, "questions about 
the immeasurably great are idle questions for the understanding of 
nature. It is otherwise, however, for questions about the 
immeasurably small" (1867b, p. 285), 

After emphasizing that the advances of the past into the 
understanding of nature were dependent on the study of the 
infinitely small combined with the powerful tools provided by 
infinitesimal analysis, Riemann concluded that "questions about the 
measurability (Massverhdltnisse) of space in the immeasurably small 
are thus not idle ones" (ibid.). 

Riemann’s lectures had an enormous importance both for the 
development of modern differential geometry and for mathematical 
physics. According to Weyl, "The principle of understanding the 
external world from its behavior in the infinitely small is the driving 
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epistemological motive of infinitesimal physics as of Riemann’s 
geometry. It is also the driving motive in the rest of Riemann’s 
magnificent lifework, and above all, in that directed towards the 
theory of complex functions” (1919, p. 82). 

Riemann’s ideas on manifolds (mehr fach aus gedehnte 
Mannig faltigkeiten) would lead, with the emergence of the topology 
of scts of points, to the construction of the concept of differentiable 
manifolds of dimension » and class C4, defined as a topological 
space JT provided with a structure (atlas) of local coordinates 
(V..0.).¢7 Where V. is an open set of T and ¢, is a homeomorphism of 
V. on an open set of IR", with the condition that the change of local 
charts (local coordinates) be given by a differentiable 9, © ¢;* map 
of class C% 

If the $ take values in a complex space @" and the changes of 
coordinates are holomorphic, the manifold is holomorphic of 
complex dimension xn. It is precisely this latter concept that, 
according to Weyl (1913), stands at the basis of the theory of 
Riemann surfaces, defined as complex connected manifolds of 
dimension 1. "It can be taken for certain that the ideas Riemann 
expressed in that lecture are closely connected to his research on 
function theory, even though he did not explicitly emphasize this 
connection" (Weyl, 1913, p. 36). 

This conviction guided Weyl in his presentation of the concept of 
Riemann surfaces. They were thus freed from the original idea of a 
surface of many sheets extended over thc complex plane or sphere, 
as well as from the necessity of being thought of as embedded ina 
three-dimensional Euclidean space. They were instead defined 
abstractly as an analytic realm in which to define functions. 

Weyl states his own point of view with considerable vigor. 


We still encounter from time to time the view that the Riemann 
surface is nothing other than a "picture," a means (pcople say, 
"yery valuable, very suggestive") for representing and illustrating 
the multi-valuedness of functions. This view is fundamentally 
backwards. The Riemann surface is an indispensable, material 
component of the theory; it is, frankly, its foundation. Nor is it 
something that has been extracted a posteriori and more or less 
artificially from analytical functions, rather it must throughout 
be regarded as the prius, as the mother earth in which functions 
can first of all grow and flourish*! (Weyl, 1913, pp. vi-vii). 


6.3. Research on Integration and Trigonometric Serics 


At the end of December, 1853, Riemann wrote to his brother, 
Wilhelm, 


My work at the moment stands about so: at the beginning of 
December T presented my Habilitationsschrift®* and with it I had 
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to recommend three topics for the inaugural lecture, from which 
the faculty chooses one. I had completed the first two and 
hoped that they would pick one of these, but Gauss chose the 
third, and so I am now again in somewhat of a bind since I must 
still work on this?? (Werke, p. 547). 


The theme which Gauss chose for the inaugural lecture, which 
Riemann confessed to not having completely ready, is his now 
celebrated paper "On the Hypotheses that Lie at the Fundations of 
Geometry" (1867b). It was delivered in the spring of the following 
year, in Gauss’ presence, but remained in manuscript until after 
Riemann’s death. It was published for the first time by Dedekind in 
1867. 

Another of Riemann’s manuscript works, which was published by 
Dedekind in the same volume as the inaugural lecture, was the paper 
"On the Representability of a Function by Means of Trigonometric 
Series" (1867a). According to Darboux (1842-1917), this is a "master 
work,” one of whose pearls "is the definition of the definite integral. 
It is from this that I have drawn a mass of functions that have no 
derivatives,''”4 

The first part of Riemann’s paper provides a history of the topic, 
based primarily on Dirichlet’s testimony about his Parisian period 
and what he had learned from Fourier himself at that time. 

In Dedekind’s biography of Riemann we read in fact that during 
the autumn holidays of 1852 Dirichlet spent some time in GOttingen 
and that he met with Riemann almost daily. The latter wrote to his 
father at this time, "The other morning Dirichlet was with me for 
nearly two hours. He gave me the notes that I need for my 
Habilitationsschrift and they are so complete that my work has been 
made considerably easier. Otherwise I could have spent a long time 
searching for many things in the library".?® 

The first important step towards the solution of the controversial 
problem of the representability of a function by means of 
trigonometric series, Riemann writes, was the recognition by 
Dirichlet that infinite series divide into two essentially distinct 
classes: those that are absolutely and those that are conditionally 
convergent. Only to the first can one apply the ordinary rules valid 
for finite sums of elements, something that completely escaped the 
mathematicians of the eighteenth century, primarily because the 
series of integral powers with which they worked generally (that is, 
excluding isolated values of the variable) belong to the first class. 

This was certainly not the case for Fourier series, which also 
explains the failure of Poisson’s and Cauchy’s attempts to 
demonstrate their convergence. The idea that assured the success of 
Dirichlet’s attempt was that of conducting an analysis of the 
demonstration given by Fourier for particular cases in the light of 
the standards of rigor adopted by Cauchy. This in fact provides an 
explanation of Dirichlet’s results, which Riemann summarizes as 
follows: 
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A trigonometric series can represent every periodic function 
with the pertod 2m which 

1) is integrable throughout, 

2) does not have infinitely many maxima and minima, and 

3) takes on the mean value between its two limiting values 
wherever its value changes abruptly (1867a, p. 237), 


A function that does not satisfy condition (3) cannot, Riemann 
says, be represented by a trigonometric series. In fact, "the 
trigonometric series that represents it outside of the discontinuities 
would differ from it precisely at the points of discontinuity" (7bid,), 
But, when one or the other of the first two conditions is not 
satisfied, is it possible, and under which hypotheses, to represent the 
function by means of a trigonometric series? Riemann’s studies 
grapple with this issue, even though, as he himself admitted, the 
question still remained open after his work. In fact, if (2) is not 
valid the conclusions on Dirichlet’s integral are not valid; if instead 
(1) is dropped, where the integral is understood in Cauchy’s sense, it 
is not possible to determine the coefficients of the Fourier series. 

Riemann proposes to investigate the question without making any 
particular hypothesis about the nature of the function. His 
investigation will therefore be constrained by these conditions, "A 
path as direct as Dirichlet’s," he writes, "is by the nature of the 
thing impossible" (/bid., p. 239). 

It is consequently very interesting to read of the motivations that 
Riemann himself assigned to his own work. 


In fact, [the problem] was completely solved for all cases which 
present themselves in nature alone, because however great may 
be our ignorance about how the forces and states of matter vary 
in space and time in the infinitely small, we can certainly 
assume that the functions to which Dirichlet’s research did not 
extend do not occur in nature. 

Nevertheless, those cases that were unresolved by Dirichlet 
seem worthy of attention for two reasons. 

The first is that, as Dirichlet himself remarked at the end of 
his paper, this subject stands in the closest relationship to the 
principles of the infinitesimal calculus and can serve to bring 
these principles to greater clarity and certainty. In this 
connection its treatment has an immediate interest. 

But the second reason is that the applicability of Fourier series 
is not restricted to physical researches; it is now also being 
applied successfully to one area of pure mathematics, number 
theory. And just those functions whose representability by a 
trigonometric series Dirichlet did not explore seem here to be 
important (1867a, pp. 237-8). 


A crucial point that follows from condition (1) above is the 
rigorous specification of the concept of the integral, Thus, after 
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noting that much uncertainty still reigns over certain fundamental 
points of the infinitesimal calculus, Riemann asks the question, 
"What do we understand by fas(x)dx" (1867a, p. 239), 

In fact, he says, since the work of Cauchy and Fourier the integral 
has no longer been understood intuitively as the inverse operation of 
the derivative, but as an area. Nevertheless, he continues, Cauchy’s 
definition (which Dirichlet also adopted in his work of 1829) is 
applicable when the integrand f(x) is continuous in the interval of 
integration or presents at most a finite number of points of 
discontinuity. However, it ceases to be valid if these points are 
infinite in number. But it is precisely this case that interests 
Riemann. Even Dirichlet had exhausted himself in vain over this 
problem. 

The response that Riemann gives to the question "What do we 
understand by fes(x)ax?” consists of the definition of the integral 
that carries his name. 

Dividing the interval of integration [a,b] into parts [x,_,,x,] with 


A<X,<X s+ < XY <b, 
and letting 6 = x, — x, ,, Riemann considers the sum 
n 
S = 2 BAX + €,6,) 


(where x, = @ and the €, are positive fractions). S depends on the 
choice of the partial intervals 6, and of the numbers ¢. 

If, no matter how the 6 and the €, are taken, S tends to a fixed 
limit A as 6. tends to zero, this limit is what Riemann calls the 
integral foreadx. An extension of this definition "accepted by all 
mathematicians" occurs when, as f(x) becomes infinitely large as x 
tends to a value c, there nevertheless exists the limit of 


f ponax + [sod 
a Cc 2 


as a, and a, tend to zero. 

But, Riemann asks, "in what cases is a function integrable and in 
what cases not?” (1867a, p. 240). We need to find a necessary and 
sufficient condition for the integrability. of a function, a condition 
that Riemann sets out in the following manner: 


In order that the sum S converges, if all the & become 
infinitely small, besides the finiteness of the function f(x), it is 
still necessary that the total size [GesamtgroBe] of the intervals 
in which the variations are > o, whatever o may be, can be made 
arbitrarily small through an appropriate choice of d [= sup 6]. 


And vice versa: 
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If the function f(x) is always finite, and if, with the infinite 
decrease of all the quantities 6, the total size s of the intervals 
in which the variations of the function f(x) are greater than a 
given quantity a always becomes infinitely small in the end, 
then the sum S converges when all the 6 become infinitely 
small?® (1867a, p. 241). 


It is not difficult to convince ourselves that this constitutes an 
effective extension of Cauchy’s definition, in the sense that 
functions for which Cauchy’s definition is not applicable are 
Riemann integrable, 

As an example of a similar function, discontinuous in every 
rational point and nonetheless integrable, Riemann gives the 
following: 


2 [ax] 


(a) f(x) = » n? ’ 


where [nx] = x minus the nearest integer, or [vx] = 0 if x is 
equidistant from two integers. 

The series is convergent, and if x = p/2n (with p and n relatively 
prime) then, 
2 


16n? 


nen -bhete bh ; 
fx +0) =f) ~ salle get |= se 


0 ! ; 1 1 nt 
Nx y= fx) + 2n? [ * 9 * 25 * = fla) + 16n? ° 
while it is continuous in every other point. 

The integrability of f(x) results from the fact that the variation of 
the function is equal to m*/8n? at the points x = p/2n and 
consequently the points for which the variation is greater than any 
ao > 0 are finite in number. 

Having defined the concept of the integral, Riemann next 
confronts the central argument of his investigation, in a manner that 
was entirely characteristic. Preceding works, he says, have followed 
this scheme: if a function has such and such properties, then it can 
be expanded in a Fourier series. "We must proceed from the inverse 
question: If a function is representable by a trigonometric series, 
what consequences does this have for its behavior, for the variation 
of its value with the continuous variation of the argument?" (1867a, 
p. 244), 

In order to answer this he takes as given the series 


(6.3.1) A, +Ay+ Ants: , 


where for simplicity Ay = $b) and 4, = asin ix + bcos ix (i = 1,2, 
weds 

Let f(x) be the value of the series in such a way that the function 
is determinate only for the values of x for which the scries is 
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convergent, A necessary condition for the convergence of a series is 
that its terms tend to zero as the index m increases. Now, we have 
two cases: 


(A) the coefficients a, and 6, tend to zero as m increases, and 
consequently the terms of the series become infinitely small for 
any value whatever of x (i.e, A.(x) converges to 0 uniformly as a 
increases), 

(B) in the opposite case, they can become infinitely small only for 
particular values of x. 


Riemann begins by examining the first of these, Under this 
hypothesis he considers the series 


2 
x A A 
(6.3.2) C+ C'x + Ay 7 Ayo — ++. = F(x) 


obtained by integrating (6.3.1) term-by-term twice. He demonstrates 
that F(x) is continuous and integrable, and then gives several 
properties: 


(1) When the series (6.3.1) is convergent, the expression 
F(x + a + 8) — F(x + «— B) - F(x — a + B) + F(x —a — B) 
4aB 


where « and §8 are infinitesimals whose ratio is finite, converges 
towards the same value to which the series (6.3.1) converges. 

In the first place Riemann supposes « = B, which allows him to 
write (6.3.3) as Ap + Lr, -4,(sin ia/ix)*, an expression that he 
demonstrates is convergent to f(x) by showing that the series (6.3.1) 
implies 


(6.3.3) 


Ay + A, + Ag+ +++ + Any = AX) t+ &, 


By setting 4, = €,,, — €,, he obtains 


(634) I 4,{ 2) - fx) +E ., {el (aay | 


The 1 (2 — Dx na 
The series in the second member converges to zero, and this is 


sufficient to establish the proof. The demonstration is also valid 
when « # B, seeing that 
F(x + « + B) — 2F(x) + F(x — @ — B) = (a + BY Ef(x) + 8) 
F(x + «@ — B) — 2F(x) + F(x — « + B) = (a — B)*[f(x) + 8), 


which is sufficient to apply the results obtained to this point. 


In a similar manner Riemann proves the proposition 


246 6. Riemann’s Theory of Functions 


F(x + 20) + F(x — 20) — 2F(x 
(2) Lim DO 4 20 FPF 20) 7 2) 8d) for alll x 


ao 20 


He finally states the following proposition for F(x): 

(3) We designate with 6 and c two arbitrary constants where b < ¢, 
and with (x) a function continuous between 5 and ¢ that is null! at 
b and c, whose first derivative has the same properties, and whose 
second derivative does not have an infinite number of maxima and 
minima. The integral 


(6.3.5) in F(x)cos u(x — a)d(x)dx 


becomes smaller than any given magnitude as uw increases without 
limit.27 


At this point Riemann can state the following propositions: 


I. If a periodic function f(x) of period 2m can be represented 
by a trigonometric series whose terms ultimately become 
infinitely small for every value of x, then there must be a 
continuous function F(x), on which f(x) depends, such that 
(6.3.3) converges to f(x) when a and B become infinitely small 
and thereby their ratio remains finite. 

In addition (6.3.5) must become infinitely small for increasing 
H [under the same hypothesis for \(x), \'(x), and \"(x)]. 

II. If conversely these two requirements are fulfilled, then 
there exists a trigonometric series in which the coefficients 
ultimately become infinitely small and which represents the 
function wherever the series converges (1867a, p. 251). 


Propositions I and II express the necessary and sufficient condition 
for which a trigonometric series exists for the given f(x) that has 
f(x) as its generalized Riemann sum. This is in fact the generalized 
second derivative of F(x) given by expression (6.3.3), 

Riemann develops the proof in the following manner: 

We determine two quantities C' and A, in such a way that F(x) - 
C'x - A gx? /2 is a periodic function of period 2m which we expand 
into the Fourier series C — A,/1t —A,/4 — +++ by setting 


om dag FPO ~ Olt > Agt?/2)dt = 


ll 
- f 7 FO 7 elt Agt?/2]cos n(x — t)dt = -A_/n?, 
Then 
n a ' 2 
(6.3.6) 4,=-— __ [F() — C'l — Agt?/2]cos n(x — Hdl 


tends to zero as nv increases, and consequently for theorem (I!) the 
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series L A, will have f(x) as a sum when it is convergent. 
Riemann’s next theorem offers a method for studying the behavior 
of this series: 


Til, Let b < x < c, and let p(t) be a function such that p(t) and 
p'(t) have the value 0 when ¢ = b and ¢ = c and varies 
continuously between these values, p"(f) does not have infinitely 
many maxima and minima, and further that p(t) = 1, p'(4) = 0, 
and p'(f) = 0 for ¢ = x, while p'''(t) and p"(é) are finite and 
continuous. Then the difference between the series Ay + A, + 

- + A. and the integral 


2 Sin(2n+] )\(x—t)/2 


(63.7) + f FW) - sin“); (dt 

_ 2m *b dt? p 
becomes infinitely small as n increases. The series A, + A, + A, 
+ --- will then converge or not converge according to whether 


(6.3.7) approaches a fixed limit or not as wv increases (1867a, p. 
252). 


We consider the sum of the terms (6.3.6) extended from 1 to 4, 
Since 


d*cos i(x - 1) 
dt? 
where the second member is exactly equal to the second derivative 


with respect to ¢, which appears in the integrand of (6.3.7), we can 
write, 


n 2 n 
2X —-i*cos i(x —th=2 ZL 


> -d? sin (2n+1)(x-1)/2 

1 ,n Act SI Sin(x—t 

(6.3.8) EA =— [FC -C'- at ; 

i? 2ne*-n 2 dt 

On the basis of theorem (3), indicating the integrand of (6.3.8) by 
A(t,x), we find that 


dt, 


 " A(t,x)(0)dt 
2n°—a 


becomes infinitely small as mw increases under the same hypotheses 
for \(f) and its derivatives and, moreover, under the hypothesis that 
for f= x, 


M(t) = 0, (4) = X"(H) = 0, 


while \'''(f) and \""(é) remain finite and continuous. 

Having established this, if we take \(f) = | — p(t) between 6 and c 
and (f) = 1 elsewhere, we find that the difference between LA, and 
the integral (6.3.7) becomes infinitely small as m increases, aS was 
required. 
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This is the essential content of Riemann’s work. In the same way 
we can also treat the case where the trigonometric series (6.3.1) has 
terms that become infinitely small like [/n for a value of x of the 
argument, without this happening for every value of the argument. 
Riemann shows this by considering the series obtained by 
substituting x + ¢ and x —¢ in (6.3.1). Then summing term-by-term 
he in fact obtains the series 


2A, + 2A,cos f + 2A,cos 2f + --- 


whose terms tend to zero as n increases for every ¢ and for which we 
can therefore apply the results obtained. 

It is also necessary to emphasize at this point that in establishing 
his theorems on the representability of a function in a trigonometric 
series Riemann did not make any hypothesis about the form of the 
coefficients in the series (6.3.1). Consequently, this need not be a 
Fourier series with the coefficients given by (2.3.14), The distinction 
between Fourier and trigonometric series, which was first introduced 
by Riemann, was to become important only after Cantor’s work (see 
§7.2b below). 

Riemann did not at this time consider the problem of all those 
cases which are excluded from Dirichlet’s conditions, but limited 
himself to considering a few important examples. In actual fact, 
these examples raised more problems than Riemann was apparently 
able to solve, and this could be the reason why Riemann left his 
Habilitationsschrift unpublished during his lifetime. 

As far as functions with an infinite number of maxima and 
minima are concerned, he asserts that he can give examples of 
integrable functions that are not representable in Fourier series, such 
as, 

d(x¥cos(1/x)) 


f(x) = ———__ (0< v<« 1/2). 
ax 


He further notes that, 


when the Fourier series of a function does not converge, in spite 
of the general possibility of integration, and its term itself can 
eventually become infinitely large, -- then, in spite of the 
general impossibility of integrating f(x), there can be infinitely 
many values of x between any two values, no matter how close, 
for which the series (6.3.1) does converge (1867a, pp. 262-3). 


An example of this is the function given by the series 


. (2x) . 
1 nH 


where (nx) has the same meaning as it was given at the beginning. 
Riemann says that this function 
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exists for every rational value of x and is representable by the 
trigonometric series, 


E_(4-1)9 
sa! ~ ) sin 2nlx, 
Hn 


oO 
n=1 


where all the divisors of w are set for 6.28 But it is not 
contained in any interval, no matter how small, between finite 
limits, and consequently never integrable (1867a, p. 263), 


Similar examples are given by the series 


oO oO 


Ly c,, cos ne 2 
0 


x and Le, sin n*x, 
0 


where the c, are positive quantities decreasing to zero, but for which 
the sum DS a1} becomes infinitely large. 

Finally, "the trigonometric series can also converge infinitely often 
between any two arbitrarily close arguments if its coefficients do 
not ultimately become infinitely small" (1867a, p. 264). An example 
(with which he concludes the paper) is given by the series 
Er, sin(#!x7), which not only converges for every rational value of x, 
but also for infinite irrational values such as, for example, the 
multiples of sin 1, cos 1, 2/e. 

That Riemann had other “pathological” functions in mind is 
evident from what Weierstrass affirmed several years later in a 
communcation to the Berlin Academy of Sciences (1872). 

On this occasion Weierstrass said that he had learned from those 
who had attended Riemann’s lectures that in 1861 or perhaps even 
earlier he had maintained that the function represented by the 
trigonometric Series 

fo) 1 2 
. sin(#*x) 


n=1 ne 


does not verify a property apparently admitted by mathematicians like 
Gauss, Cauchy, and Dirichlet, that is, that a continuous function of a 
real variable always has a first derivative (except in isolated points), 


Unfortunately [Weierstrass continues] Riemann’s proof of this 
has not been published, nor does it appear to have been 
preserved in his papers or by oral communication. .. Those 
mathematicians who have concerned themselves with the problem 
after Riemann’s conjecture became known in wider circles, seem 
to be of the opinion (at least the majority thereof) that it is 
enough to prove the existence of functions that have points in 
every interval of their argument, no matter how small, where 
they are not differentiable. That there are functions of this 
kind is unusually easy to prove, and I consequently believe that 
Riemann had in mind only those functions that have no 
determinate derivative for any value of their argument (1872, 
pp. 71-2). 
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That the given function has this property is somewhat difficult to 
demonstrate, Weierstass adds.2? It was simple enough to find 
functions that were continuous but not differentiable in any point, 
The example that Weierstrass produces in this context is the function 


f(x) = 5 pn cos(a"x7), 


with a an odd integer, 6 positive and smaller than 1, ab > 1 + 8m (see 
§7.1). 

There also are traces of the perplexities and difficulties raised by 
Riemann’s function in several letters and notes written by the 
Italian mathematicians Betti and Casorati in the early 1860s. They 
probably learned of these from Riemann himself during his repeated 
stays in Italy during the years 1863-65. (This was due to his 
precarious state of health, which led to his death the following year 
during another trip to Italy.) 

Betti communicated Riemann’s ideas to Tardy (1816-1914), who 
replied that Dirichlet had already "noted similar things" during his 
trip to Italy in 1843, It is doubtful, however, that he really 
understood the matter. Indeed, Tardy’s letter continues by citing the 
example of y = x sin(1/x), “which cannot be said to have any 
determinate derivative for x = 0." Tardy concludes with the 
statement, "I believe I can generally demonstrate the existence of the 
derivative in a way somewhat different from the one normally 
used,"°° 

Uncertainties and misunderstandings over Riemann’s works also 
appear in Casorati’s notes, as for example in the report in his 
scientific diary of a discussion that he had with Prym on this 
subject in 1865.3! But this was only one example of the complex and 
delicate questions, which were nevertheless fundamental for real 
analysis, that Riemann had been led to face by his studies of 
trigonometric series. These questions began to be answered a short 
time later, in the course of the rigorous reconstruction of analysis 
undertaken by Weierstrass and the Berlin mathematicians. 


Notes to Chapter 6 


‘For Herbart’s influence on Riemann, see Scholz (1982). After 
discussing how Herbart’s philosophy was of particular interest for 
Riemann on the basis of their published works and of excerpts and 
notes found among Riemann’s papers, Scholz concludes, "The 
assumption that Herbart’s philosophy of space had an important 
impact on Riemann’s formulation of the manifold concept cannot be 
confirmed. On the other hand, Herbart’s epistemology and his ideas 
on the relationship between philosophy and science do seem to have 
influenced Riemann and thus Riemann’s perception of the task of 
mathematics” (1982, p. 427). 


Notes to Chapter 6 251 


2On this subject, however, Riemann wrote only a brief but 
profound note on the number of prime numbers smaller than a given 
number (1859), (See Edwards (1974),) 


3Like Dirichlet, Riemann also seemed to share the then prevalent 
opinion that any function that is continuous in a given interval can 
be represented as a Fourier series and that Dirichlet’s conditions are 
in a certain sense too restrictive (see §5.2). 


4At this point Riemann adds the following note: "This assertion is 
clearly justified in all cases where an expression of dw/dz in z can 
be found from an expression of w in z by means of the rules of 
differentiation. Its rigorously general validity remains for the 
moment there established" (1851, p. 4 n). 


5Peano (1858-1932), in his notes to A. Genocchi’s Trattato di calcolo 
differenziale e principi di calcolo integrale (1884), has observed that 
"the conditions 0u/@x = Qv/dy and 9u/dy = —dy/dx are necessary and 
sufficient for the existence of the derivative. The conditions 
Gu/Ax* + d7u/Ay? = 0, like those for vy, are also necessary, but not 
sufficient." 

Nevertheless, in 1936 Menchoff observed that, while "it is well 
known that a function f(z), monogenic in a point z, satisfies the 
Cauchy-Riemann conditions (6.2.1) there .. Moreover, the reciprocal 
proposition is not true" (1936, p. 5). He illustrates his claim with the 
counterexample of f(z) = z) + rel? where z = zy tre", r,6 € Rand r 
2 0. Hence, "in order to have a sufficient condition of monogeneity 
in a point, it is necessary to add to conditions (6.2.1) some other 
supplementary condition" (ibid., 6). To this end he defines the 
concept of the Stoltz- Fréchet total differential for a function f(z) in 
a point z if 


(1) there are finite Of(z)/Ox, Of(z)/ay in z; 


(2) tm fz + bz) ~ fz) ~ (Off 8x)Ox ~ (B//BV)OY yn. ay + jay, 
Az70 AZ 

and then shows that a function f(z) is monogenic in a point z if it 

there possesses a Stoltz- Fréchet total differential and satisfies (6.2.1). 

For a discussion of this point see also Hille (1963, I, pp. 78-81) and 

Remmert (1984, pp. 35-44). 


SPicard observes that, "In Cauchy’s writings and that of the 
majority of his disciples the equation (6.2.2) seldom appears, and one 
reasons on the complex function itself." He then says of Riemann’s 
concept, "This point of view is assuredly more philosophical; it has 
the great advantage of leaving aside every symbol, and the theory of 
complex functions is, definitively, the study of the two associated 
functions wu and y" (Picard, 1893, p. 7). 
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This view was taken up more recently by Dieudonné when he 
wrote that Riemann "is moreover the first mathematician who knew 
how to profit from the fact that U and V are then harmonic 
functions” (1974, Vol. 1, p. 50). 


"Riemann himself referred in a note to Gauss’ paper of 1825, 
Nevertheless, it is well to point out, with Ahlfors, that "Riemann was 
the first to recognize the fundamental connection between conformal 
mappings and complex function theory: to Gauss, conformal mapping 
had definitely been a problem in differential geometry" (Ahlfors, 
1953, p. 3). 

This provides yet another demonstration of the vigorous thrust 
towards the synthesis of different theories present in Riemann’s 
works. 


®An inquiry into the origins of Riemann’s ideas in the field of 
complex analysis formed the basis of A. I. Markusevic’s 
communcation to the International Congress of Mathematicians at 
Helsinki in 1978. The citations are taken from an (unpaginated) 
copy graciously lent to me by H. Mehrtens. The original Russian 
text is printed in the proceedings of the congress. 


°F. Neuenschwander’s recent research on Riemann’s papers has 
brought new evidence on the relationships between Riemann and the 
French mathematicians, in particular Cauchy and  Puiseux. 
According to Neuenschwander, in a draft copy of the defense for his 
dissertation Riemann wrote about the definition of a complex 
function: "This is the view of Cauchy, who is the first and foremost 
among the French to have occupied himself with the theory of 
complex magnitudes, a view which he expressed in the session of the 
Paris Academy of March 31 this year on the occasion of a report 
on a work by Puiseux and which he pursued further in several later 
addresses” (In: Neuenschwander, 1!98la, p. 91), See also 
Neuenschwander (1981b). 

In my view, it is not at all astonishing that Riemann was aware of 
Cauchy’s papers on "geometrical magnitudes” (see §4.6). Cauchy’s 
work had been published in the Comptes rendus of the Paris 
Academy and through Cauchy’s (185lc) Riemann could have learned 
of Puiseux’s work. However, this does not undercut the view that 
Riemann’s ideas developed by following a path that was more 
original than a simple translation of Puiseux’s results into 
geometrical terminology. 


104 Tonelli, who was a student of Betti in the 1870s and studied 
for a period in Gottingen, was the first to note that "no rigorous 
demonstration of this important proposition has been given that can 
serve as a basis for the definition of the order of connectivity of a 
simply connected space" (Tonelli, 1873-4, p. 594). A history of 
algebraic topology from its origins to the end of the last century can 
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be found in Pont (1974). For Tonelli’s criticisms in particular see 
pp. 82-3, 


MlAccording to Ahlfors, Riemann’s approach can be expressed in 
modern terms as follows: "Given a closed differential a with 
given periods, singularities and boundary values, he assumes the 
existence of a closed differential B such that « + B* (B* denotes the 
conjugate differential) has a finite Dirichlet norm, Then he 
determines an exact differential w, with zero boundary values, whose 
norm distance from @ + B* is a minimum. But this is equivalent to 
an orthogonal decomposition 


a+ BF =w, +0} (W, exact, w, closed) 
from which it follows that 
a7 W, = wh — B* 


is simultaneously closed and co-closed, that is to say harmonic, 
Hence the existence theorem: there exists a harmonic differential 
with given boundary values, periods, and singularities" (Ahlfors, 
1953, p. 5). 

In order to render Riemann’s reasoning rigorous we can place it in 
a Hilbert space, where the closed and exact differentials can be 
defined by conditions of orthogonality. 


To this passage Riemann adds the following note: "Under this 
will be understood any dependence expressible by a finite or infinite 


number of the four simple arithmetical operations 
[Rechnungsoperationen], addition, subtraction, multiplication, and 
division, The expression Grdssenoperationen (in contrast to 


Zahlenoperationen) will mean arithmetic operations of this type, for 
which the commensurability of the magnitudes does not come into 
consideration" (1851, p. 39 n.). 


181n modern terms Riemann’s theorem states that every simply 
connected domain D of the complex plane is biholomorphically 
equivalent to K. 


l4This "cryptic" and inspiring "message" has found its natural and 
rigorous formulation in the modern theory of uniformization, one of 
the richest and most stimulating fields of research in complex 
analysis, Many distinguished mathematicians have contributed to it 
in the last one hundred years, from Klein and Poincaré to Koebe, 
Caratheodory, Bierberbach, Montel, and others. The principal result, 
the uniformization theorem, states that every simply connected 
Riemann surface is biholomorphically equivalent to either C, C VU ®, 
or the unit disk K,. The three possibilities are distinct. As a 
consequence of Liouville’s theorem (see §4.6), it follows that there 
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exists no biholomorphic mapping of the unit disk onto the whole 
plane C, 


15Riemann’s (1857a) paper, together with Weierstrass’ lectures, had 
a strong influence on Fuch’s work on differential equations (see 
Gray, 1984), 


*SRiemann’s approach to Abelian functions has been thoroughly 
discussed by C. Houzel in Dieudonné (1978, Il, pp. 1-113). In 
particular, see pp. 92-101. 


7For the following presentation of Riemann’s lectures for the 
Summer semester of 1861 I have utilized the unpublished notes taken 
by E. Schultze, who was one of Riemann’s students at the time. I am 
grateful to Dr. Kirsten of the Akademie der Wissenschaften der 
DDR (Berlin) for having put this manuscript at my disposition. 


187) 1863 Riemann wrote to Betti that, "My presentation of the 
branching of functions through surfaces in the form in which I set 
it out in Borchardt [Riemann, 1857b] has created difficulties even 
for German readers. It has therefore been necessary in my lectures 
to make this presentation clear and familiar to my listeners through 
simple, appropriately chosen examples" (In: Bottazzini, 1982, p. 255). 


191n his lecture on Riemann, Klein, after recalling his research in 
the fields of optics and electromagnetic phenomena and his belief in 
the existence of the aether, was led to assert that, "What in physics is 
the banishment of action at a distance and the explanation of 
appearances through the internal forces of a space-filling aether, is 
in mathematics the understanding of functions from their behavior in 
the infinitely small, and thus in particular from the differential 
equations that they satisfy" (1894, p. 484). In order to emphasize this 
aspect even more strongly, he sought to draw a Strict parallel 
between Faraday’s work in physics and that of Riemann in 
mathematics. 

20An historical account of Riemann’s achievements in this field 
can be found in Torretti (1978) and in Scholz (1980). 


17 y 1913, Weyl took up the concept of an analytic element of a 
function according to Weierstrass. He then introduced Weierstrass’ 
analytisches Gebilde, the set of (x,y) satisfying a polynomial equation 
f(x,y) = 0, including poles and branch points. After abstractly 
defining the notion of a bidimensional manifold in Riemann’s sense, 
Weyl discusses under what conditions an analytisches Gebilde can be 
considered as a surface, and as a Riemann surface in particular. He 
further shows the relatively "secondary" character of the analytisches 
Gebilde concept. 

With respect to Riemann surfaces, Weyl asserted: "The fundamental 
idea that lies behind its introduction is by no means limited to the 
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theory of complex functions. A function of two real variables x, y 
is a function in the plane, but it is certainly just as justified to 
examine functions on a sphere, on a torus, or on a surface in general 
as those in the plane. Of course, as long as one only worries about 
the behavior of the function ‘in the small’ -- and most of the 
considerations of analysis are based on this -- the concept of a 
function of two real variables is general enough to represent the 
neighborhood of every point of a two-dimensional manifold by x, y 
(or x + iy). But as soon as one advances to study the behavior of 
functions "in the large," functions in the plane present an important 
but special case among infinitely many other equally so. Riemann and 
Klein have taught us not to stop at these special cases. Applied to 
the theory of complex functions this means: before one begins to 
study any class of functions, the surface that furnishes the domain of 
the independent variable must always be defined; then it must be 
clarified what an “analytical function" means on the surface, whereby 
the surface becomes a Riemann surface. Only then can one finally 
approach the functions themselves" (Weyl, 1913, p. 42; 1955, p. 38). 


*2This is the thesis required for promotion to Privatdozent, the first 
step in an academic career in the German universities. 


23The other two topics Riemann prepared for his inaugural lecture 
were: 


(1) The history of the question of the representability of a function 
by means of trigonometric Series, 

(2) On the solution of two equations of the second degree in two 
unknowns, 


24This is found in a letter to Houél of March, 1873, printed in 
Dugac (1973, p. 150). 


Riemann, Werke, p. 546. Riemann’s historical reconstruction 
remained standard until the end of the century, before it was 
corrected in several points and integrated into the works of 
Burkhardt (1901-8) and (1914-5). 


267n modern terms, following Lebesgue, we can say that, "in order 
for a bounded function f(x) to be integrable, it is necessary and 
sufficient that the set of its points of discontinuity be of measure 
zero" (1904, p. 29). 


27The demonstration is found in Riemann (1867a, pp. 249-51), as 
well as in Tonelli (1928, pp. 76-82). The latter uses the uniform 
convergence of the series £ A,, which follows from the hypothesis 
that, for every x, a, > 0 and 6, + 0. See also Lebesgue (1906, pp. 
113-20). 
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*8The symbol Y9(- (-1)°) signifies a sum of units, positive or 
negative according to whether the divisor of mw is odd or even 
respectively, 


*°Weierstrass’ intuition was correct. Gerver (1970) has recently 
shown that Riemann’s function has a finite derivative = —-1/2 for 
values (7, with ¢ a rational number of the form (2A+1)/(2B8+1). In 
1916 Hardy had proved that the function does not have a derivative 
if ¢ is an irrational or rational number of the form 2A4/(4B+1) or 
(2A+1)/2B (for integer A and B),. 


20This letter is printed in Bottazzini (1982, pp. 257). Tardy was 
one of the most distinguished mathematicians active in Italy at that 
time, and was also highly regarded abroad. 


3lCasorati’s text is given in Neuenschwander (1978b). 


Chapter 7 
THE ARITHMETIZATION OF ANALYSIS 


7.1. Discussions with Kronecker and Weicrstrass 


In the autumn of 1864 F. Casorati, then a young professor of 
analysis at the University of Pavia, traveled to Berlin to meet the 
men who at that time constituted the point of reference for 
European mathematics. Primary among them were the "triumvirate" 
of Kummer, Kronecker, and Weierstrass. 

Kummer had succeded to the chair of Dirichlet after the latter had 
moved to Gottingen in 1855, to fill Gauss’ chair. Kronecker also 
gave lectures at the university, even though he did not have an 
official position, on the basis of a privilege that was granted to 
members of the Berlin Academy of Sciences. Weierstrass had been 
named an "extraordinary" professor at Berlin when he was already 
nearly forty, after having taught for many years in provincial 
gymnasia. The publication of a major paper on Abelian functions in 
Crelle’s journal had brought him to the attention of the 
mathematical world and, with Kummer’s support, he had been called 
to Berlin in 1856. Kronecker arrived in the capital in the same year, 
after accumulating a private fortune as a banker, 

The notes that Casorati took during his conversations with 
Kronecker and Weierstrass, in which Schering (1833-1897), Kummer, 
Roch (1839-1866), and others also participated, provide a concise and 
penetrating account of the questions that were then at the forefront 
of their thought. In many points they anticipate results that would 
not come to public attention until much later. 

The topics that they discussed centered on different aspects of real 
and complex analysis, from continuity to Dirichlet’s principle to 
elliptic functions, but there was one point of view shared by the 
Italian mathematician and his distinguished colleagues -- it was 
necessary to introduce greater rigor into analysis. This was a 
problem that Weierstrass had begun to treat in his lectures beginning 
in 1860, after having dedicated his first courses to a variety of other 
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subjects, from mathematical physics (in the first course during the 
Winter of 1856/57) to geometry to the theory of representing 
analytic functions by means of convergent series. (In the latter he 
set out results he had already obtained in 1841 but never published.) 
The integral calculus and the theory of elliptic functions were also 
among the topics covered in these first years. Elliptic and Abelian 
functions at that time seemed to be the principal objective of 
Weierstrass’ scientific work. Indeed, in his inaugural lecture to the 
Berlin Academy of Sciences he had said, 


In a few words, I will now clarify the course of my earlier 
studies, and indicate the direction in which I henceforth intend 
to proceed. 

A comparatively younger branch of mathematical analysis, the 
theory of elliptic functions, has, from the time in which I first 
became acquainted with it under the direction of my honored 
teacher Gudermann, who I will always hold in grateful memory, 
exercised a strong attraction on me, and has retained a definite 
influence on the entire course of my mathematical development 
(Werke 1, pp, 223-4). 


It was an influence that endured throughout Weierstrass’ life and 
profoundly influenced the course of his research on the foundations 
of the theory of analytic functions. 

Weterstrass’ inaugural address is interesting in many respects. For 
example, he here forcefully emphasizes the need for a more 
profound understanding of the relationship between mathematics 
and natural sciences, a theme that he said “lies very close to my 
heart," but he did not say a word about the program of rigor, for 
which his name has become famous! 

It would not be rash to suppose that Weierstrass began to feel the 
need for greater rigor in analysis when he began to face the problem 
of presenting the theory of analytic functions in his lectures. This 
theory was, of course, an indispensable prerequisite for the theory of 
elliptic and Abelian functions. In his 1859/60 lectures on the 
"Introduction to analysis," Weierstrass treated the problem of 
foundations for the first time. This course was followed in the next 
semester by one on "The integral calculus."! In 1863/64 the topic of 
his lectures was "The general theory of analytic functions." 
According to Dugac (1973, p. 56), it was at this time that Weierstrass 
began to set out his theory of the real numbers. 

It is important to note that at almost the same time, Dedekind was 
also displaying a similar dissatisfaction with the foundations of the 
calculus in his lectures on the infinitesimal calculus at the Zurich 
Polytechnic, 

Thus, in the second half of the last century, in the face of an 
extraordinary wealth of new results, those mathematicians who were 
most attentive to methodological questions were beginning to realize 
that the fundamental theorems of analysis and even those ideas 
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which appeared to be the most secure lacked a rigorous foundation. 

Examples were Cauchy’s criteria for the convergence of series, the 
criteria for the term-by-term differentiability and integrability of a 
series of functions, and the theorem that every magnitude which 
continually increases, though not beyond all limits, necessarily 
approaches a limiting value. In regards to this theorem, Dedekind 
said that it "can to a certain degree be seen as a sufficient 
foundation for infinitesimal analysis" (1872, p. 316). Even the 
concept of continuity seemed uncertain, while the study of 
trigonometric series was far from complete. 

There was the steadily growing conviction (although it did not 
become dominant without argument and stubborn opposition) that 
the desired rigor could only be achieved by abandoning the intuitive 
realm of geometric evidence, which had always been the natural 
frame of reference for analysis, and taking the arithmetic of natural 
numbers as the foundation on which the structure of analysis should 
be built. 

It is therefore noteworthy that Kronecker, one of the most 
convinced advocates of this point of view, told Casorati that he had 
learned "to be more exact by cultivating the theory of numbers and 
algebra. In the use of infinitesimal analysis he had not found the 
occasion to acquire this exactitude" (Neuenschwander, 1978a, p. 75). 

Weierstrass made a similar "confession of faith" about ten years 
later when he wrote to Schwarz in October of 1875, 


The more I think about the principles of function theory -- and 
I do it incessantly -- the more I am convinced that this must be 
built on the foundation of algebraic truths, and that it is 
consequently not correct when the "transcendent," to express 
myself briefly, is taken as the basis of simple and fundamental 
algebraic propositions. This view seems so attractive at first 
sight, in that through it Riemann was able to discover so many 
of the important properties of algebraic functions. (It is self- 
evident that, as long as he is working, the researcher must be 
allowed to follow every path he wishes; it is only a matter of 
systematic foundations)" [my emphasis] (Werke 2, p. 235). 


Weierstrass then asserted he had been “especially strengthened [in 
this belief] by his continuing study of the theory of analytic 
functions of many variables" (ibid.). 

When it is a matter of foundations, we do not need "brilliant 
intuition," which leads to discovery, but the rigor of simple 
"algebraic truths." It is difficult to say how much Weierstrass was 
initially influenced in this way of thinking by Kronecker, whose 
contribution to this matter has perhaps not been fully appreciated by 
historians. 

It is a well known fact that the two men later disagreed over the 
proper approach to the infinite in mathematics, in particular over 
the theory of real numbers and more generally Cantor’s theory of 
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infinite sets. But, as becomes clear from his conversations with 
Casorati, at the beginning of the 1860s Kronecker and Weierstrass 
agreed on the need for rigor in analysis and shared the conviction 
that the foundation was given by algebra and the arithmetic of 
natural numbers. 

What do we mean when we say that the concept of natural number 
and the arithmetic of the natural numbers constitutes the foundation 
of analysis? Dedekind (1831-1916) expressed it with his usual clarity 
many years later when he wrote that with this conception 


it appears as something self-evident and completely without 
novelty, that every theorem of algebra and higher analysis, not 
matter how remote, can be expressed as a theorem about the 
natural numbers, a claim that I also heard from Dirichlet’s lips 
many times. But I in no way see anything useful -- and this was 
also far from Dirichlet’s intention -- in actually undertaking this 
wearisome reformation and insisting on using and recognizing 
nothing other than the natural numbers (1888, p. 338). 


The point is otherwise. Here we are only concerned to establish, at 
least as a principle, the possibility of such a reduction and 
consequently, according to Dedekind, the existence of a secure 
foundation for all of analysis. The introduction of new concepts has 
instead a fundamental importance for the development of the 
theory: 


The greatest and most fruitful advances in mathematics and the 
other sciences have primarily been achieved through the creation 
and introduction of new concepts, after the frequent recurrence 
of complex phenomena, which were only poorly explained by the 
old concepts, had forced us to them (Dedekind, 1888, p. 338). 


Thus the changes in the standard of rigor, like the tendency 
towards generalization and the introduction of new concepts, were 
motivated by necessity and were measured by the concrete standards 
of working mathematicians. How, for example, can we explain 
functions that are continuous in every point yet differentiable in 
none if we hold to the definition of continuity that could still be 
read in the Traité elementaire of Lacroix, "One must understand by 
the law of continuity that which is observed in the description of 
lines through movement, according to which the consecutive points 
of a single line follow each other without any interval"? (Lacroix, 
1858, p. 88) 

Such a theoretical notion renders the study of series of functions, 
and of trigonometric series in particular, impracticable. This is a 
topic that bristles with difficulty, but for which Riemann had 
shown there was a great potential for the devclopment of real 
analysis. 
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These are the topics that wind through Casorati’s discussions with 
Kronecker and Weierstrass. The Italian mathematician recorded 
them as they were expressed, still in the provisional and hypothetical 
form of research in progress. The account of his first meeting with 
Kronecker opens precisely with the question of continuity. 


Continuity is still a confused idea. In class [Kronecker] defines a 
real function $(x) of a variable x to be continuous when, by fixing 
a quantity 5 as small as one wishes, we can make 


$(x) — O(x') < 8, 


and this inequality persists when we set in place of x! any other 
value that is nearer to x than it (Neuenschwander, 1978a, p. 74). 


This is the definition that we have seen Riemann give in his 
inaugural dissertation and Weierstrass in his lectures* (see §6.2). 

"But is it really necessary," Casorati asks, "in order for a function 
to be called continuous, that lim,._[6(x) — 6(x')]/(« — x') be finite?" 
(ibid). 

In other words, is a continuous function necessarily differentiable? 


On this question Kronecker shares with me the opinion that in 
a certain Sense continuity exists even when 


. Ox +k) -— &x) _ o(x + k) — (x) 

lim |) or lim pls or etc. 

is finite, adding that a function could probably be called 
continuous whenever lim[¢(x + k) — O(x)]/f(k) is finite, where 
f(k) is a certain function that vanishes together with k. 
However, it still remains to be decided what function should 
be taken for f(k) (ibid,). 


Casorati returned to the difficult and delicate question of 
continuity many times, pressing his colleagues with observations and 
questions. He asked Kronecker and Weierstrass if a continuous 
function must therefore be finite; he thought so and observed that 
one could omit the property of being finite from the definition of a 
continuous function. Weierstrass said he agreed, asserting that 
"continuity requires this condition: that to a finite portion of the 
plane of the variable there must correspond a finite portion of the 
plane of the function" (Neuenschwander, 1978a, p. 80). For his part, 
Kronecker specified that in the difference ¢(x + a) — o(x), which is 
used to define continuity, (x) is taken to be a value of @ that is 
fully determinate, which would not be the case if $(x) = ©5 But he 
nevertheless added that it would be better "not to omit the finite 
[endlich] so as not to believe that we can hold the two concepts of 
continuity and the finite to be identical, and to indicate that one 
cannot usually carry any judgement about continuity to infinity" 
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(Neuenschwander, 1978a, p. 75). 

From here the discussion with Kronecker turned to the continuity 
of functions defined by series of continuous functions. Casorati 
noted that Kronecker 


was led to say that Abel, in his paper on the binomial series 
(where he does not define continuity precisely enough), although 
correcting Cauchy’s error, gives a demonstration that is not 
valid. This is because it [the demonstration] rests essentially on 
this, that when, by taking for x any value in a given interval 
(for example from —1 to +1), we can always assign an upper 
limit to the value of a function ¢(x), the function ¢(x) must have 
a maximum in this interval. Kronecker says that Abel did not 
consider that if this upper limit depends on x, we cannot assert 
the existence of the maximum, He sees the defect in Abel’s 
demonstration, but says he cannot see the means of obtaining a 
rigorous proof (Neuenschwander, 1978a, p. 76). 


In reality, the rigor of a demonStration rests on the rigorous 
definition of the concepts one uses in it. It is therefore not 
Surprising when Kronecker says that 


mathematicians .. are a bit arrogant (hochmiitig) in using the 
concept of function. Even Riemann, who is generally very 
precise, is not beyond censure in this regard. If a function 
increases and then decreases or vice versa, Riemann says there 
must be a minimum or a maximum (see the demonstration of the 
so-called “Dirichlet’s Principle"), while we should restrict the 
conclusion to the realm of functions which we might call 
"reasonable" [verniinftig] (Neuenschwander, 1978a, p. 74). 


The implicit assumption here is to free analysis from constant 
reference to geometry, and in particular from the intuitive concept 
of the function f(x) as a plane curve. In fact, this becomes 
unnecessary when one thinks of a function purely as a way of 
associating the values of a variable x with the values of a variable 
y. It is for this reason that the "pathological" functions to which 
Riemann called attention in his Habilitationsschrift aroused particular 
interest. (Although the dissertation had not been published, it was 
well known in Berlin.) 

Thus Casorati reported that, "Kronecker knows functions that do 
not admit differential coefficients, that cannot represent lines, etc." 
(1bid.). And later, ,"The conversation moved to discontinuous 
functions, like, for example, those that have the value 1 for rational 
values of x and the value O for irrational values, which are 
generally said not to be integrable" (ibid., pp. 76-7). 

In regard to this subject, it was Schering who “lingered with 
Kronecker over a function that is discontinuous in the said way but 
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which nevertheless has an integral" (ibid., p. 77). However, the 
example that Schering gave was precisely the one that Riemann had 
proposed as a discontinuous yet integrable function (see §6.3). 

Riemann seems to have been continually mentioned in Casorati’s 
discussions with Kronecker and Weierstrass. In the majority of cases 
these concern criticisms from the point of view of rigor. 

From Casorati’s conversations we further learn that, "Riemann’s 
things are creating difficulties at Berlin" (ibid., p. 78), and that, in 
Weierstrass’ view, "the disciples of Riemann are making the mistake 
of attributing everything to their master, while many [discoveries] 
had already been made by and are due to Cauchy, etc.; Riemann did 
nothing more than to dress them in his manner for his convenience" 
(ibid., p. 79). This reveals, among other things, a substantial 
undervaluation and misunderstanding of the geometrical aspect of 
Riemann’s theory on Weierstrass’ part, and of Riemann surfaces in 
particular. Yet Weierstrass did not hesitate to assert that "he 
understood Riemann, because he already possessed the results of his 
research" (ibid., p. 78). 

The difference between Riemann’s point of view and that of the 
Berlin mathematicians emerges even more clearly in the approach to 
the theory of functions of a complex variable, where Weierstrass and 
Kronecker anticipate the essential elements of the methods of power 
series and analytic continuation. 

This is a topic that had already been presented in_ the 
mathematical literature in different ways. Riemann had referred to 
it in various places (see §6.2c), but it had never been treated with 
the necessary rigor. According to Casorati, Kronecker first observed 
that 


we always suppose that a function can always be continued, in 
any part of the plane where the variable must go (Briot and 
Bouquet, Cauchy, ...), that is, that we can always give it a path 
that avoids the critical points, as if such points could not quite 
interrupt the connection between the parts of the plane. 
Riemann is a little more scrupulous, but maintains too much 
Silence on this, so that his disciples can be thrown into the 
said error.® 


As an example, Kronecker takes the function 
Q(¢)=1+2q¢+2q¢4+---, 


which is defined only for |g] < 1, that is, in a circle with its center 
at the origin and a radius 1. "In order to know what the function is 
beyond this circumference it iS necessary to resort to other means 
and not to those of making g follow a path joining a with b.” 

In a later conversation Weierstrass agreed with Kronecker and 
further observed that Riemann had also examined the possibility of 
prolonging a function to any point in the plane. 
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But this is not possible, [Casorati writes] and it was precisely 
while searching for the demonstration of the general possibility 
that he [Weierstrass] realized it was in general impossible. He 
found the theorem that every function (monodromic understood) 
which does not have points in which it ceases to be definite is 
necessarily rational. (The function e!/* is not defined at the 
point x = 0 because it can have any possible value.) He believed 
that such points could not form a continuum and consequently 
that there is at least one point P where one can always pass 
from one closed portion of the plane to any other point M of it. 
But he [later] realized this was not the case (Neuenschwander, 
1978a, pp. 79-80). 


As for the function proposed by Kronecker, Weierstrass said it 
could not be extended outside of the circle where it is defined, 
asserting that 


there is another expression for it that also has meaning outside 
of the circle, that is, inside and outside but not on the 
circumference. And yet this function satisfies a differential 
equation, A circumference of this type is therefore entirely 
composed of points in which the function is not defined; it can 
assume any value whatever there® (Neuenschwander, 1978a, p. 
80). 


The study of functions with unusual or "pathological" behavior 
thus has as its object the clarification and delimitation of concepts 
like continuity, analytic function, or the singularities of a function. 
(There here emerges the radical difference between the polar 
singularities and the essential ones, where, in Weierstrass’ words, the 
function e!/* is not defined because it can have any value whatever 
(ibid.).) It also permits clarifying the concepts of minimum and 
greatest lower bound, following the criticism that Kronecker had 
made of Riemann’s use of Dirichlet’s principle. All of this 
illustrates the constant effort that Weierstrass made to state his 
theorems with the maximum possible generality and to rigorously 
deduce all the consequences derivable from them. This is an 
approach and a style that gradually became dominant in Germany, 
and which grew along with the increasing prestige of the University 
of Berlin, sited in the capital of the new nation that had recently 
been united under the political and military leadership of Prussia. 
Before long this approach to mathematics overflowed its national 
boundaries to become, towards the end of the century, the way of 
understanding mathematics, while Weierstrass’ rigor became the 
model of rigor at which to aim. 
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7.2. Continuity and the Theory of Real Numbers 


Several years later, by a variety of different routes, the topics that 
we have seen Casorati discussing with his colleagues in Berlin 
became part of the public domain of the mathematical world. In 
papers read to the Berlin Academy of Sciences in 1870 and 1872, 
Weierstrass published a counterexample to "Dirichlet’s principle" (see 
the Appendix) and to the ‘theorem’ according to which a continuous 
function f(x) is always differentiable except at isolated points (see 
§7.3). In the 1872 issue of Crelle’s Journal Heine published the first 
article on the elements of the theory of functions according to 
Weierstrass. In this same year, Dedekind and Cantor (1845-1918) 
published their theories of the real numbers, which, joined to that of 
Weierstrass, gave a rigorously arithmetical systematization of 
continuity. This proved to be a problem preliminary to any 
arithmetical treatment of analysis. Nevertheless, the different 
motives that lay behind Dedekind’s, Cantor’s, and Weierstrass’ works 
led to the formation of three conceptually different theories, even if 
the numerical domains obtained were easily shown to be. mutually 
isomorphic. For Dedekind the most urgent problem was that of 
finding a rigorous arithmetical foundation for the differential 
calculus; for Cantor it was to arrive at a uniqueness theorem for the 
representation of a function by trigonometric series; while 
Weierstrass considered the theory of real numbers to be an 
indispensable step in the construction of his theory of analytic 
functions. 


a) ‘Man Arithmetizes’ 


In 1888 Dedekind summarized the convictions that had animated 
him since the first draft of his work on continuity and irrational 
numbers in 1872 by modifying Plato’s famous aphorism, “God 
geometrizes," to "Man arithmetizes." But, as he pointed out in the 
preface to his (1872), the first elaborations of his theory actually 
revert to 1858, the year in which he began to give lectures on the 
infinitesimal calculus at the Zurich Polytechnic. Nor should we 
ignore the influence of his formative period as a student at 
Gottingen. Dedekind had there been a student of Gauss, under 
whom he finished his doctoral degree in 1854, a few weeks after his 
friend Riemann. Nevertheless, the thing that made Dedekind "a new 
man," as he himself wrote, was the arrival of Dirichlet in Gottingen 
after Gauss’ death. Dedekind attended Dirichlet’s "deep and 
penetrating" seminars as well as his lectures on integration and 
potential theory. 

Also of great importance for the future development of Dedekind’s 
mathematical research were Dirichlet’s lectures on the theory of 
numbers, which Dedekind edited in 1863. To this and later editions 
he added several long and important appendices which signaled a 
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turning point in the history of modern algebra. 

During his student years Dedekind had attended a course on the 
differential and integral calculus given by Stern (1807-1894). In the 
notes taken during this course in 1850, we find that Stern held that 
the difficulties inherent in the infinitesimal calculus were not 
mathematical by nature but logical, and that "Mathematics does not 
analyse the concept of the continuum ... " 

"The differential calculus is concerned with representing, by means 
of mathematical formulas, what happens in the moment of the 
change from one condition to another. The difficulty of the concept 
of continuity again intrudes on it [the differential calculus]" (Dugac, 
1976b, p. 154). 

Dedekind was perhaps recalling these words of his old teacher at 
Gottingen when he wrote in the preface of his work, 


We often say that the differential calculus is concerned with 
continuous magnitudes, and yet a clarification of this continuity 
is nowhere given, Even the most rigorous presentations of the 
differential calculus do not base their proofs on continuity, but 
instead cither appeal with greater or lesser awareness to 
geometrical images or to those induced by geometry, or rely on 
theorems which themselves are never proved using purely 
arithmetical methods [my emphasis] (Dedekind, 1872, p. 316). 


Certainly the use of geometrical arguments is didactically effective 
and “indeed indispensable if one does not wish to lose too much 
time," Dedekind says, but the point is otherwise. "No one would 
want to maintain that this way of introducing the differential 
calculus can make any claim to being scientific" (ibid.). 

Refusing all recourse to geometrical evidence, Dedekind sees the 
necessity of finding the true origin of the theorems of the 
differential calculus in the elements of arithmetic, "and thereby at 
the same time acquiring a real definition of the essence of 
continuity" (ibid.). 

The first step consists of studying the properties of the rational 
numbers R, of which the following are of particular importance. 


lI. Ifa>band b>c, thena>ce.... 

Il. If a and ¢ are two distinct numbers, then there are always 
infinitely many distinct numbers /ying between a and c. 

III. If A is any definite number, then all numbers of the 
system R divide into two classes, A, and A,, each of which 
contains infinitely many elements; the first class A, includes all 
numbers a, that are < a, the second class A, includes all numbers 
a, that are > a (Dedekind, 1872, p. 319). 


Now, there is no difficulty in associating to every rational number 
a point on a line with a fixed origin and a unit measure of 
segments, but one discovers just as easily that there are points to 
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which no rational number corresponds, that is, "The straight line LZ is 
infinitely richer in distinct points than the domain R of the rational 
numbers is in distinct numbers" (ibid., p. 321). 

Therefore, the rational numbers are not sufficient to 
"arithmetically" account for the properties of the line, and it 
"therefore becomes absolutely necessary" to extend the numerical 
field "by the creation of new numbers," in such a way as to obtain a 
field having "the same continuity as the straight line," to which we 
will attribute the property of being complete and without gaps 
(ibid.). 

The road Dedekind followed is based on the ordered property of 
the line, by means of which we are able to formulate "a precise 
characterization of continuity, which can be used as the basis for 
valid deductions" (7bid., p. 322). 

In fact, every point p of the line divides the line into two parts in 
such a way that, once the orientation of the line has been fixed, 
every point of one part stands to the left of every point of the 
other. 


I now find the essence of continuity in the inverse, that is, in 
the following principle: 

If all the points of the straight line fall into two classes in 
such a way that every point of the first class lies to the left of 
every point of the second class, then there exists one and only 
one point which produces this division of all points into two 
classes, thus cutting the straight line into two parts (7bid.). 


This is such an evident principle, Dedekind says, that the great 
majority of people would take it to be banal, and "will be very 
disappointed to learn that the secret of continuity should be revealed 
by this triviality” (/bid., pp. 322-3). But that this principle is so 
clearly evident to everybody is a greater element of satisfaction, 
since “it is nothing other than an axiom ... through which we find 
continuity in the line" (ibid., p. 323). 

By defining continuity in an axiomatic manner, Dedekind also 
opens the way to an arithmetic characterization of it. In fact, every 
rational number determines a cut (A,,A,) of the rational field (as 
Dedekind now calls it). This has the property, 1) that every number 
of the class A, is smaller than every number of the class 4,, and 2) 
that either the class A, has a maximum or the class A, a minimum 
and vice versa. It is this second property that characterizes the cuts 
produced by rational numbers. 

"But one is easily convinced that there also exist infinitely many 
cuts which cannot be produced by rational numbers" (ibid., p. 324), 
An immediate example is given by the cut (4,,4,). In A, there are 
all the negative rational numbers, zero, and all the positive rational 
numbers p/q such that p7/q? is less than 2;'in class A, there are the 
rest of the rational numbers. 
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"Now every time a cut (A,,4,) appears which is produced by no 
rational number, then we create, a new, irrational number a which 
we regard as being completely defined by this cut (4;,A,). We will 
say that the number «& corresponds to this cut, or that it produces 
this cut" (7bid., p. 325). In this way Dedekind introduces a new 
numerical domain, that of the real numbers, defined by cuts to each 
of which there corresponds one and only one number, rational or 
irrational. 

Dedekind then demonstrates without difficulty the ordered 
property of the real numbers and subsequently the decisive theorem 
that the field R is continuous. "If the system R of all real numbers 
divides into two classes A,, A, such that every number a, of the 
class A, is smaller than every number a, of the class 4,, then there 
exists one and only one number a by which this division is 
produced" (ibid., p. 329). 

In other words, he shows that the field of real numbers is closed 
with respect to the cutting operation. For these numbers Dedekind 
introduces the standard arithmetical operations, He then shows how, 
by using the real numbers, we can give a rigorous demonstration of 
one ‘of the principal theorems of infinitesimal analysis, that of the 
existence of a least upper bound for every upperly bounded set of 
real numbers. 

The publication of Dedekind’s work, which was associated with the 
contemporary and similar works of Heine and Cantor, generated 
considerable interest and many lively reactions, not so much for the 
nature of the argument, which had been known to mathematicians 
since the time of Pythagoras, as for its author’s point of view. The 
need for a reduction of the principles of analysis to the arithmetic 
of the natural numbers was certainly a widespread conviction, but it 
was for from being dominant. Even less widespread was the idea 
that the essence of the continuity of the line resides in Dedekind’s 
axiom, It seemed indisputable that the basis of continuity lay in a 
primordial geometrical intuition. 

These were precisely the issues that were developed during a brief 
but lively debate between Lipschitz (1832-1903) and Dedekind, which 
offered the latter an opportunity to state his opinions on irrationals 
and the problem of continuity with much greater clarity. 

In June of 1876 Lipschitz wrote to Dedekind,!? 


I must confess that I do not deny the justification of your 
definition, but I am of the opinion that it differs from what the 
ancients established only in the form of the expression and not 
in the content. I can only say that I hold the definition given in 
Euclid V, 5, which I quote in Latin: 

rationem habere inter se magnitudines dicuntur, quae possunt 
multiplicatae sese mutuo Superare [magnitudes are said to have a 
ratio to one another which are capable, when multiplied, of 
exceeding one another] and what follows, to be entirely as 
satisfying as yours (In: Dugac, 1976b, p. 217), 
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Dedekind was resolutely opposed to this opinion. Heresponded 
that Euclid’s starting point was completely insufficient for. this 
purpose, “if we cannot add to Euclid’s principles the crucial point of 
my work, which nowhere appears there, the essence of continuity" 
(Dedekind, Werke 3, p. 472). 

Certainly the Euclidean definition allows one to treat the domain 
of incommensurable magnitudes, as is indeed done in book X of the 
Elements, “but nowhere in Euclid or in any later writer do we find 
the closure of such an extension, the concept of a continuum, that is 
an imaginably complete domain of magnitudes [Grossen-Gebiete]' 
whose essence is precisely given by the axiom of continuity (ibid., p. 
473). This is the decisive fact that separates the theory of Dedekind 
from that of Eudoxus and Euclid. It is here that Lipschitz’ and 
Dedekind’s conceptions of rigor diverge. 

In a subsequent letter Lipschitz objected, 


You have the intention to set out from the beginning only 
rational numbers and magnitudes that can be measured by rational 
numbers. Euclid proceeds otherwise in this point and this is the 
core of your difference with Euclid (In: Dugac, 1976b, p. 219). 


Euclid thought that any given magnitude could be defined by the 
measure of a segment. From this point of view it was not difficult 
for him to show that there exist segments whose ratio is not given 
by whole numbers. 

Lipschitz continues, 


I know very well that you will object that it is not enough for 
you to derive the existence of a ratio from a _ geometrical 
construction. I answer this as follows. The human spirit has in 
large part drawn the strength that it now has from its 
occupation with geometry, The rigor geometricus has served the 
highest requirements for thousands of years. If we now set up 
other requirements, then we owe this in large part to the 
occupation with geometry, and these requirements are also not 
yet substantially different (ibid.). 


In fact, Lipschitz concluded, "what you call the completeness of the 
domain that can be derived from your principles in fact coincides 
with the fundamental property of a line, without which no man can 
conceive of a line" (In: Dugac, 1976b, pp. 119-20). 

Dedekind’s reply, which concluded the debate, decisively clarified 
both the nature of the difference between the two, and the point of 
view that Dedekind firmly maintained. He observed first of all that 
the Euclidean definition of the ratio between homogencous 
magnitudes is not sufficient if we "want to construct arithmetic on 
the concept of ratios between magnitudes (which was not Euclid’s 
intention)" (Dedekind, Werke 3, p. 477). 
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This was also Weierstrass’ opinion. In his lectures he had observed 
the necessity of freeing the concept of number from every 
geometrical reference to the Euclidean theory of ratios between 
magnitudes, 

On the other hand, Dedekind was well aware that he had not 
illuminated any new phenomenon, seeing that, as he wrote to 
Lipschitz, "the appearance of cuts is cited in almost every textbook 
of arithmetic when it is necessary to approximate irrational numbers 
arbitrarily closely by means of rational numbers" (which, Dedekind 
emphasizes, commits a serious logical error, among other things) 
(ibid., p. 475). 

On the other hand, to approximate the real numbers by a 
succession of rational numbers corresponds to the concrete process of 
measuring magnitudes, and Dedekind’s theory presents itself here as 
an "abstract" given of a concrete procedure that is at the base of 
modern science. But while the practical process of approximation . 
presupposes the existence of a number to approximate, for Dedekind, - 
on the contrary, the cut determines the real number. 

We are faced with a fundamental reversal from the logical point of 
view, which implies a more substantial one. For the ancients, 
following Pythagoras, there was no problem of existence, since it 
went without saying that every magnitude could be associated with a 
measure, rational or not. It is precisely the question of measure that 
is posed and which justifies the axiomatic character of continuity, 
on which then the arguments for the existence and completeness of 
the real field are based. 

In substance, in the processes of approximation (from Archimedes’ 
method of exhaustion to Cauchy’s demonstration of the convergence 
of series) the point was always to prove what we today call the 
unicity of the limit, not its existence. In his notes to the Italian 
translation of Dedekind’s work, Zariski, in illustrating this aspect, 
observes that here resides 


the inadequacy of the methods of Greek mathematics in 
existential questions that are today resolved with the postulate 
of continuity. In all these examples we are faced with infinite 
sequences in which the limit is already given as a concrete 
geometrical form (length, area, volume), so that its existence lies 
before our eyes, so to speak (1926, pp. 252-3). 


In other words, for Zariski, the Greeks knew that, given a 
magnitude, one could construct a sequence that admitted it as a 
limit, "but I do not see that they dared to consider the inverse thesis, 
that an infinite sequence, given a priori and satisfying some 
elementary convergence criteria, for example that of being bounded, 
admits a limit" (Zariski, 1926, p. 253). Expressing this fact in the 
language of set theory, Zariski concluded that "the Greeks 
understood that the set of points of the line was dense, but they did 
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not understand its integrity, which is for us its true continuity"! 
(ibid.). 

For Dedekind, the intuition of the continuity of physical space was 
subordinate in a natural manner to this concept of continuity. "If 
space has any real existence at all, [my emphasis] then it does not 
necessarily need to be continuous; innumerable of its properties 
would remain the same if it were also discontinuous," he had written 
in 1872 (p. 323). “I can represent to myself all of space and every 
line in it as discontinuous throughout," Dedekind now wrote to 
Lipschitz, adding that Prof. Cantor of Halle is certainly able to do 
so "and I hold that every man can do the same" (Dedekind, Werke 3, 
p. 478). The fact is that the continuity of space is not "a postulate 
that is inseparably tied to Euclid’s geometry," Dedekind adds. "His 
entire system remains even without continuity--a result that is 
certainly surprising for many and to me therefore appears well 
worthy of mention" (ibid., p. 479). Dedekind concludes his letter to 
Lipschitz with the assertion that he felt no need to add anything 
more.!? 

For Dedekind, therefore, the arithmetization of analysis succeeded 
in transporting our knowledge of physical space into the theoretical 
realm of our “mental constructions," while its properties of 
continuity, which had always been held to be intuitively evident, 
were attributed to the "creative power" of our thought, as he 
expressed it on numerous occasions. In fact, all of the arithmetic 
was reduced to this. Answering the question, "Was sind und was 
sollen die Zahlen?" [literally, "What are numbers and what should 
they be?" although usually translated as "The nature and meaning of 
numbers"], which formed the title of the 1888 study in which he 
gave an axiomatic presentation of arithmetic beginning from the 
concept of the set, he wrote that numbers are "creations of our 
thought." 


b) Trigonomcetric Scrics and the Theory of Scts 


From the moment of his arrival in Halle as a Privatdozent in 1869, 
Cantor set aside his interest in the theory of numbers. In Berlin, 
under the direction of Kronecker and Kummer, he had devoted both 
his dissertation (1867) and his Habilitationsschrift (1869) to this 
subject, but in Halle he instead turned his attention to the study of 
trigonometric series, stimulated by the work of his elder colleague, 
H, E. Heine (1821-1881). The latter had for some time been working 
on problems involving these series, which had never stopped 
attracting the attention of mathematicians. 

In 1864, long before Riemann’s Habilitationsschrift had been printed 
and apparently without knowledge of its existence, Lipschitz had 
taken up the same argument, seeking to extend the research in the 
directions set out by Dirichlet at the end of his 1829 paper (see 
§5.2). 
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As for Riemann, so also for Lipschitz the problem was to study 
those cases where the given f(x) fails to satisfy Dirichlet’s 
conditions. In the first two cases Lipschitz discussed, f(x) might 
become infinite at isolated points in (-7,7) or have an infinite 
number of discontinuities in this range. Following up the idea that 
Dirichlet had expressed in (1837b), Lipschitz enclosed each point C 
(i = 1, ..,2), where the f become infinite, in arbitrarily small 
intervals (ce, — 6, c, + 6), while in the rest of the original interval 
f(x) satisfied Dirichlet’s conditions, Lipschitz claimed that 
Dirichlet’s proof could be applied provided that the integrals 


pee f(x)dx converge. 
6-6; 

For the second case of a bounded and piecewise monotonic 
function f(x) with infinitely many points of discontinuity, Lipschitz 
concluded that Dirichlet’s proof would apply if the integral concept 
could be extended to include such an f(x). According to Lipschitz, 
this could be done without difficulty if the set of points of 
discontinuity D was nowhere dense. He believed that by "a suitable 
argument" one could show that D! (the derived set of D) is finite. 
This was essentially the same argument Dirichlet had used. 

Much more difficult was the case where, of all of Dirichlet’s 
conditions, only the one regarding infinitely many maxima and 
minima was not satisfied. In studying the behavior of such 
infinitely oscillating functions Lipschitz emphasized that one was 
forced to be extremely careful because Dirichlet’s techniques could 
not longer be successfully applied. 

According to Lipschitz, f(x) could have infinitely many oscillations 
within a fixed interval [a,b] in two ways: 1) a < r < b is given in 
such a way that, in the intervals [a, r — 6] and [r + 6,d] (with 56 
arbitrarily small), the function presents a finite number of 
oscillations, and an infinite number in [r — 5, r + 5];2) given any two 
values r and s, such that a < r < s < b, a finite number of 
oscillations cannot exist in [r,s], ic. the oscillations are densely 
displayed over [a,b]. 

A third possibility was to combine cases 1) and 2). Lipschitz 
succeeded in proving Dirichlet’s result by replacing the piecewise 
monotonicity with a new condition for integrability. He 
demonstrated the theorem that the Dirichlet integral 


h sin kB nN 
{ 8) ———aB foce<n<t 
g sin B 2 
tends to (7/2)f(0) as & tends to infinity, if f(x) satisfies the condition 
[8 + 8) — f(B) < BE* (a> 0), 
where 8 is a positive constant and 6 is any positive, arbitrarily small 


constant (Lipschitz, 1864, p. 301). 
The flaws in Lipschitz’s paper as regards set theory (and nowhere 
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dense sets in particular) clearly show the difficulties the 
mathematicians of the time faced in understanding the topology of 
the real line. Thus, "the tendency, suggested by Dirichlet’s remarks, 
to regard ‘nowhere dense’ as synonymous with ‘negligible for 
integration theory‘ and the tendency, evident in Lipschitz’ paper, to 
conceive of a set of being dense either in the neighborhood of 
separated limit’ points or in an entire interval, continued until the 
early 1880’s" (Hawkins, 1970, p. 15). 

An uncertainty similar to that we have just seen in Lipschitz 
regarding the behavior of infinite sets of points is also found in 
Hankel (1870), an article that was clearly inspired by Riemann’s 
Habilitationsschrift. As we have seen, Hankel was primarily 
interested in clarifying the function concept (see §5.3) and 
Riemann’s concept of the definite integral. To this end, Hankel 
devoted particular attention to the study of singularities of real 
functions, He introduced the method of the "condensation of 
singularities" by which he was able to generate functions with an 
infinite number of singularities starting from a function with an 
assigned singularity at one point. 

He considered a function $(y) continuous and bounded on [—l,1]] 
except at the point y = 0 where $(0) = 0. He then defined 

(sin nx7) 


K(x) = © — z— (5 > 3). 
n=1 n 

After analyzing the behavior of f(x) at the points of the interval, 
Hankel concluded that the singularity of @$(y} at »y = O was 
"transported" to f(x) for all rational values of x, while for the 
irrational values f had a "legitimate" behavior.!? "I have therefore 
deemed it possible to call the principle of going from such functions 
¢ to f as that of the condensation of the singularities" (1870, p. 81). 
He then illustrated his "principle" with several examples, such as $(y) 
= ysin 1/y and $(y) = y’sin 1/y. 

He next defined a function to be discontinuous at a point x = a if 
for every € > O there exists a 6 such that |5| <e and |f(a + 5) - 
f(a)| > ©, where o is a certain positive number. According to 
Hankel, the function f(x) "makes jumps at the point x = a which are 
> o" (1870, p. 84). 

As far as discontinuities are concerned, Hankel says functions can 
be divided into two classes: 1) those that are pointwise discontinuous, 
and 2) those that are totally discontinuous. Functions of the first 
class are those "linearly discontinuous functions for which the points 
with jumps > 9 occur only in a loose distribution [zerstreut] and fill 
up no interval, however small the magnitudes o # 0 may be" (1870, p. 
89). Functions belonging to the second class are those "for which 
points with jumps which exceed a certain finite quantity fill up 
entire intervals" (ibid., p. 91). 

Turning to the integrability of discontinuous functions, Hankel 
thought (erroneously, as it were) that his distinction enabled him to 
conclude that a function would be Riemann integrable if and only 
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if it were of the first class. He actually believed that he had proved 
"the necessary and sufficient condition for a linearly discontinuous 
function to be pointwise discontinuous is that the totality of all the 
intervals in which oscillations > o occur, for every small o # 0, can 
be made arbitrarily small" (1870, p. 89), But the sufficient condition 
is in fact incorrect. 

As Hawkins has pointed out, "Hankel confounded ‘topologically 
negligible’ sets (ic. nowhere dense sets) with sets that are negligible 
from a measure-theoretic point of view. .. And, as was the case with 
Dirichlet and Lipschitz, it was the inadequacy of his understanding 
of the possibilities of infinite sets -- in particular, nowhere dense 
sets -- that led him astray"!4 (1970, p. 32). 

The clarification of these concepts and the development of the 
modern topology of infinite sets of points was undertaken in the 
1870s by Cantor, arising from his study on trigonometric series. 

Following the works of Dirichlet, Riemann, and Lipschitz, the 
situation had stood as follows: it had been demonstrated that a 
function, under hypotheses of a very general nature, can be 
represented as a Fourier series, but nothing was said about how many 
methods of expansion there were. It was this crucial problem that 
Heine, while working on it himself, called to the attention of his 
younger colleague Cantor. In an article published the year after 
Cantor arrived in Halle, Heine in fact wrote that Weierstrass’ 
demonstration of the necessity of uniform convergence for the 
term-by-term integration of a series of functions had rendered 
untenable the proof of the theorem that a function f(x} bounded on 
[—m,7] can be represented in at most one way by a trigonometric 
series of the form 


4) 


| 
(7.2.1) 5 ay + om (a,cos ix + b,sin ix). 


The unfortunate fact, Heine lamented, is that the significance that 
had until then been attributed to the representation of a function by 
means of trigonometric series rested in large part on the uniqueness 
of the expansion, that is to say, on the certainty that one could find 
the same series no matter what method one used to transform the 
function into a series (Heine, 1870, p. 353). 

Certainly a Fourier series that represents a discontinuous Function, 
even a bounded one, cannot be uniformly convergent, but we do not 
yet know, Heine says, if a series that represents a continuous 
function must be uniformly convergent. Until now this had always 
been tacitly assumed. 

"This matter will also not be clarified in what follows," Heine says, 
adding, "Furthermore, we still do not know today with certainty 
whether it is even possible to represent a given continuous function 
by a uniformly convergent trigonometric series" (ibid., p. 354). A 
short time later Du Bois Reymond (1876) would give a negative 
response to this question (see §5.2). 

In his paper on trigonometric series, Heine began with Dirichlet’s 
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results, which he reformulated in the following manner: 


Proposition I. The Fourier series for a finite function f(x) which has 
a finite number of maxima and minima ... converges uniformly when 
f(x) ts continuous from —n to 1 (inclusive) and f(m = f(-m. In all 
other cases it is only generally uniformly convergent [where "generally" 
means "except in a finite number of points") (1870, p. 354). 


He then set out the following two propositions, derived from the 
first. 


Proposition IL A generally contintious but not necessarily finite 
function f(x) can be expanded as a trigonometric series of the form 
(7.2.1) in at most one way, if the series is subject to the condition that it 
is generally uniformly convergent. The series generally represents the 
function from —Tl to 1. 


Proposition HL /f a trigonometric series (7.2.1) is generally uniformly 
convergent from —T to T and generally represents zero, .. then all 
coefficients a and b must vanish and the series consequently represents 
zero everywhere (ibid., p. 355). 


It is this last proposition which moved Cantor to prove his own 
uniqueness theorem, that is, that if a function can be represented by 
a trigonometric series, this representation is unique. Cantor's 
starting point, in March of 1870, was the so-called ‘Cantor-Lebesgue 
theorem,’ which generalized Heine’s Proposition III, 


If two infinite sequences: Ayla, vy A 
so constituted that the limit of 


.. and b,,b,, a, Dy we are 


n? 


a, sin nx + b, cos nx, 


for every value of x lying in a given interval (a < x < 5) of the 
real domain, is equal to zero as # increases, then both a, and 5, 
converge to the limit zero as ” increases!® (Cantor, 1870a, p. 71). 


The second instrument Cantor uses, adopting the conviction 
expressed by Heine (1870, p. 353), is Weierstrass’ concept of the 
uniform convergence of a series. 

Cantor observes that the problem of uniqueness cannot be resolved, 
as had previously been thought, by multiplying every term of the 
series (7.2.1) by cos n(x — ‘dt, and then integrating term-by-term 
from —m to 7 (1870b, p. 80). Such a procedure would require not 
only that f(x) be integrable, but also that the series converges 
uniformly. 

In order to attain this objective we must take a different approach. 
Cantor begins his demonstration by supposing that there are hyo 
representations of the same function f(x) in trigonometric series 
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converging for every value of x. "There follows, by subtracting one 
from the other, a convergent representation of zero for every value 
of x: 


OHCyot Cyt +O, t+, 


1 


where Cy = $d, C,, = ¢,8in nx + d,cos nx, and where the coefficients 
c,, d,, become infinitely small as # increases" (1870b, p. 81). 


At this point Cantor considers the Riemann function, 


2 
x Cc 
F(x) = Cg ~ Oyo Togo 


which, as Riemann had shown, is not only continuous and integrable, 
but also 
F(x + «) — 2F(x) + F(x — «) 


lim r 


a0 x 


Q (see §6.3). 


It follows from this that F(x) is a linear function, F(x) = ex + c!, 
Cantor gives a demonstration that, he writes, was sent to him by 
Schwarz and is based on Weierstrass’ theorem that if U is a compact 
set and f is continuous, f(U) is compact. 

Cantor could then conclude that 

2 
x C. Cc 
Coz ~ ex —e! =C,+ “+ me ++ ott 
2 4 n 
But the second member is periodic of 2m, and consequently C, =c = 
0. 

At this point Cantor was able to show that the series rc, /n* is 
uniformly convergent. By multiplying by cos n(x — ft)hdx and 
integrating term-by-term from —7 to 7, it follows from the property 
of the orthogonality of trigonometric functions that 


c, sin nt + d, cos at = 0, te R, 
and from the (1870a) theorem, c, = 0, d, = 0. Cantor could then 
conclude that "a representation of zero by a trigonometric series, 
convergent for every real value of x, is only possible if the 
coefficients dos Cw da. are all equal to zero" (Cantor, 1870b, p. 83). 

From this there immediately follows the uniqueness theorem, 
Cantor’s greatest result, which brought the admiration of all his 
contemporaries. "If a function of a real variable f(x) is given by a 
trigonometric series convergent for every value of x, then there is no 
other series of the same form which likewise converges for every 
value of x and represents the function f(x)" (Cantor, 1870b, p. 83). 

A short time later Cantor weakened the conditions of his 
uniqueness theorem by demonstrating that "we can now modify the 
assumption in the sense that, for certain values of x, fails cither the 
representation of the zero by [2.C,] or the convergence of the series" 
(1871, p. 85) It is these “exceptional” points that play a 
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fundamental role in the extensions that Cantor would make fairly 
soon, both in the theory of real numbers and in the theory of sets. 
In his first work of 1871, which was published in the form of an 
addenda to the article of April 1870, Cantor limited himself to 
requiring that these exceptional points be finite in number for finite 
intervals. The great result that he obtained the following year 
(1872), was the discovery that his uniqueness theorem is also valid 
when there are an infinite number of exceptional points, provided 
these are distributed in a suitable manner. 

The article in which Cantor announced this result contained, at the 
beginning, as its indispensable premiss, his theory of real numbers 
and of derived sets. 

As had been the case for Dedekind, so also for Cantor the 
definition of real numbers was achieved by following an 
arithmetical route. He in fact based his considerations on infinite 
sequences of rational numbers 4,,d, .. @, -» with the property that, 
"for any positive, rational value e€ there exists an integer nm, such 
that ja... —4@) <€ for n ? Ny for any positive integer m2" (1872, p. 
93). Every such sequence, which Cantor was to call "fundamental," 
and is today commonly called a Cauchy sequence, "has a determinate 
limit 5," by which we mean that to the series {a,} there is associated 
a symbol 5 (ibid.). 

This is the crucial point in the construction, Evidently Cantor 
meant to define b and was well aware of the logical error lying 
behind the practice of earlier mathematicians in introducing 
irrational numbers in terms of infinite series. Returning to this 
question in 1883, he wrote, "There is a logical error here, since the 
definition of the sum ¥ a, is first found by equating it to the 
finished number b, necessarily defined beforehand. I believe that 
this logical error, first avoided by Weierstrass, was earlier committed 
quite generally, and was not noticed because it belongs to those rare 
cases in which real errors can cause no significant harm in 
calculations" (1883, p. 185). 

For fundamental sequences Cantor then introduces an equivalence 
relation in the following manner: if to the sequence {a@,} there is 
associated a limit 5 and to the sequence {a'} the limit b', then if, 
for any €> 0, there exists an nm, such that ja, —a}| < € for n > ny, 
then the two sequences are equivalent in the sense that b = b!. 

In a natural manner he then defines the order relations and the 
arithmetical operations for fundamental sequences. The set of 
symbols 5 so defined constitutes the new numerical domain B of the 
real numbers, 

Cantor next considers sequences of elements b,,b,, ..., by, .. of B and 
in a similar way defines a fundamental sequence {b,}. He constructs 
the domain C of symbols c associated with every fundamental 
sequence {b,}, and proves that it substantially coincides with 8B, in 
the sense that B and C have the same mathematical structure and 
can be put into one-to-one correspondence, even if (and this is a 
fundamental fact for Cantor), the elements of B and those of C have 


278 7. The Arithmetization of Analysis 


a different conceptual content. After demonstrating the closure of B 
with respect to the operation of the limit, Cantor, by reiterating this 
procedure » times, arrives at the definition of the numerical domain 
LE whose elements he calls "numerical quantities, values or limits of 
the d-th kind" (1872, p. 95). 

"The concept of number, in so far as it has been developed here, 
contains in itself the seeds of an infinite extension, necessary and 
absolute in itself" (7bid.), Cantor writes in commenting on this 
process of generating new elements. And it is precisely in this 
generative procedure that he recognizes the objectivity of those 
numbers, every one of which "is normally unobjective in itself, and 
only appears as a component of propositions that attain objectivity, 
for example, of the proposition that the said sequcnce has the 
numerical quantity as a limit" (/bid,). 

We are faced with a kind of objectivity that is substantially 
different from that which we are used to recognizing in the natural 
or the rational numbers, It is one that is closely linked with 
Cantor’s most general “formalistic" point of view on the question of 
the existence of mathematical entities. 

"But what advantage will be gained by even a purely abstract 
definition of real numbers of a higher type, I am as yet unable to 
see, conceiving as I do the domain of real numbers as complete in 
itself," wrote Dedekind in regards to Cantor’s construction (1872, p. 
317). For Cantor such a "purely abstract" construction had a precise 
meaning, even if he could not at that time present it explicitly. 

In fact, in Cantor’s concept of real numbers of a higher-order there 
is already, in essence, the idea of generating "transfinite" sets that he 
later set out in many papers. When he turns to translate his thoughts 
about real numbers into the language of corresponding point sets on 
the line,t® Cantor emphasizes the central importance of the concept 
of a “derived set" of a point set for the entire theory, He begins by 
defining the concept of the limit point of a point set (what is today 
usually called the accumulation point).in this way: 


By a "limit point of a point set P" I understand a point of the 
line so placed that in every neighborhood of it we can find 
infinitely many points of P where it is possible that it also 
belongs to the set. But by "the neighborhood of a point" should 
here be understood every interval which has the point in its 
inferior, Thereafter it is easy to prove that a point set consisting 
of an infinite number of points always has at least one limit 
point (1872, p. 98). 


This result is better known as the "Bolzano-Weicrstrass theorem." 
Thus, for every point set P of the line, there is always its "derived" 
set P', which is the set of its limit points. (This will be empty if 
the point set P is finite.) 

The repeated derivation of an infinite point set P presents itself 
conceptually to Cantor as the natural counterpart of the generation 
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of the numerical domains B, C, .., ZL. If, after n derivations, P'™ 
contains only a finite number of points (whereupon pln+1) ig empty), 
P is called a set of the n-th kind. An example of a set of this kind 
is "a single point, if its abscissa is given as a numerical quantity of 
the n-th kind" (ibid.). Indeed, Cantor wrote, by "solving" this number 
step-by-step in its constitutive terms, we arrive at an infinite 
sequence of rational numbers. By translating it into the 
corresponding language of point sets, we have a set of the n-th 
kind}? 

In his 1872 paper Cantor limited himself to considering point sets 
of the first species, that is where P®) = 0 for n < +* If the set of 
exceptional points of a trigonometric series is given by a set in this 
way, then his uniqueness theorem of representation is still valid. 
This was how he demonstrated it in the last part of the paper, but 
already at this time Cantor’s primary interest was more concerned 
with the preliminaries of his theorem regarding derived sets. He 
had already considered the possibility of pushing the operation of 
derivation to the set P') and from here to go on to consider the 
sequence of derived sets of the second species, creating "a dialectical 
generation of concepts that always leads farther, and free from all 
arbitrariness, remains necessary and consequent in itself" (Cantor, 
1880, p. 148). He wrote this a few years later when his attention 
was completely devoted to developing the theory of sets and of 
transfinite numbers, something that was only glimpsed here. 

The possibility of an infinity of "exceptional" points admitted by 
his theorem of unicity had in fact posed for Cantor the problem of 
a more precise characterization of this infinity. The set of rational 
numbers was not continuous, as was that of the real, but how could 
one translate this into the language of infinite sets? 

"The question is simply whether IN and R may be set in 
correspondence in such a way that every member of one set 
corresponds to one and only one [member] of the other?" 
(Cantor/Dedekind, 1937, p. 12). So Cantor asked Dedekind in 1873, 
with whom he had begun to correspond some time after the 
publication of his 1872 paper. 

The demonstration of the impossibility of doing this, which Cantor 
found in 1874, was the first of a series of important results on the 
topology of point sets which Cantor obtained in the following 
decade. The concept of a one-to-one correspondence and the power 
of a set provided him with the natural key for penetrating the 
universe of infinite sets and exploring their nature. He was thus 
able to clarify the weaknesses present in the fundamental fields of 
mathematics, from the theory of dimension to Riemann’s theory of 
integration. He was likewise able to disentangle concepts like those 
of dense sets and continuous sets and the difference between 
nowhere dense sets and sets of zero content, which the 
mathematicians of the day had debated in vain. /8 

The fruitfulness of Cantor’s ideas and findings for real analysis, 
together with those of Weierstrass and Dedekind, found their first 
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and splendid confirmation in Dini’s Fondamenti of 1878,a volume that 
gathered together the lectures Dini had given at the University of 
Pisa.!? Dini’s book made a_ strong impression on Cantor, who 
immediately suggested to his friend Dedekind that they jointly edit the 
German translation. (It appeared, however, independently in 1892.) 

The Fondamenti was followed two years later by a second volume 
which set out new and profound results on Fourier series and 
trigonometric series which Dini had obtained with a penetrating and 
rigorous analysis (Dini, 1880). 

The Italian mathematician belonged to that school of thought 
which had been nurtured by the "German mathematicians;" he sought 
to give "to the enunciations and to their demonstrations all the rigor 
appropriate to mathematics" (1878, p. iii). Dini’s volumes confirmed 
that "the new methods which Weierstrass and the other German 
mathematicians had used in their demonstrations" (ibid., p. iv) were 
becoming ever more widely diffused throughout Europe. 


7.3. Weierstrass’ Theory of Functions 


One tends to assume that Riemann’s approach to the theory of 
complex functions became dominant almost immediately in the 
second half of the last century, but this was not the case. On the 
contrary, Riemann’s ideas were not widely accepted until much later. 
At first they had only a few isolated supporters among his students 
and a few others, to the extent that Betti, writing at the beginning 
of the 1863 academic year, could assert that 


[Riemann’s] method has the advantage over the others of its 
immense generality and of completely satisfying the principal 
tendencies of modern analysis, since the mechanism of the 
calculus hardly enters at all and it is almost entirely a 
magnificent work of pure thought. But so great is the force of 
the mind, so great is the concision and obscurity of the style of 
this eminent geometer, that af the moment it is as if his works did 
not exist in the scientific world [my emphasis] (In: Bottazzini, 
1982, p. 250), 


For his course on analysis at the University of Pisa in 1860/61, 
Betti had chosen a different method for explaining the theory of 
elliptic functions.2° He took up “another kind of function that is the 
simplest encountered in analysis, .. which is single-valued and does 
not become either infinite or discontinuous for finite values of the 
variable, which [I call ‘entire™ (ibid... Such functions can be 
represented by power series in z, convergent for any real or complex 
value, which become infinite for z = ~. 

After proving that an entire function w always has a root and 
that, if this root is not finite the function is of the form e™, Betti 
notes that if the infinite product 
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moo} 
h ia a 


where « assumes an infinite number of values which are the zeros 
of an entire function W, is convergent for every finite z, then it 
represents an entire function that has all and only the a for zeros 
and can be given in the form 


W=e"T f a | 
1 om 
where w is an entire function.” 
Betti’s next problem was to find an entire function when an 
infinite system of complex numbers a, is given which are the zeros 
of the function. Under the supposition that these zeros are at a 
finite distance from each other, Betti concludes that, "the entire 
function can be split into an infinite number of factors of the first 

degree and of exponentials" (1860-61, p. 246). 

For Betti, this study provided the necessary foundation for 
introducing Jacobi’s theta functions in a more direct manner, that is, 
the entire functions whose zeros are of the form mw + nw!, with m,n 
é€ Z, and ww!’ ¢€ € Im w/w!’ > 0. In fact, with such functions one 
can readily define elliptic functions as the quotients of theta 
functions. "Their theory," Betti observes, "can be entirely derived 
from a single principle with simple reasoning, without ever needing 
to resort to the ingenious devices of the calculus" (7did.), 

The factorization theorem which Betti used was independently 
found in its full generality by Weierstrass a few years later. 

Excerpts from Weierstrass’ letters to Sonia Kowalewski (Mittag- 
Leffler, 1923) show that towards the end of 1874 he had discovered 
that for any sequence of complex numbers (a,}, a4, 7 © as n> %, 
there exists an entire function which has its zeros at the points a,. 
The multiplicity of zeros is, moreover, given by the frequency of the 
a, inthe sequence. 

Weierstrass presented this result in his lectures in 1875 and 
published it the following year. This paper (Weierstrass, 1876), one 
of his most influential, deals with the problem of infinite-product 
expansions of single-valued complex functions, a problem to which 
Weierstrass had been led by his studies on Gauss’ and Euler’s 
T-function (see §3.2). This is a meromorphic function, whose 
reciprocal is entire, 

“According to the definition given by Gauss," Weierstrass noted, "its 
expression is the everywhere convergent infinite product 


i @-JEET) = 8 (heen) 
n=1 A H n=1 rf] 


that is, the function is representable as the product of infinitely 
many factors which, although not entire linear functions of z, 
nevertheless like these are single-valued functions with only one 
singularity (*) and only one zero. 


1 
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"Proceeding from this remark I asked myself the question whether 
it might not be true that every function G(z) may be composed of 


factors of the form (kz + gle), and, by pursuing this thought, I 
finally arrived at a result through which the theory of single-valued 
functions with a finite number of essential singularities becomes a 
satisfying completion (Abschluss)" (1876, p. 91). 

Weierstrass’ paper follows his characteristic style of systematic 
exposition. He begins by establishing the "characteristic properties" 
of rational functions. He asserts that a function is regular in the 
neighborhood of a point z = a if it is there expandable in a power 
series Ea.(z — a)" and defines the domain of continuity of a 
function. He then notes that “for every function f(z) .. there 
necessarily exist singularities, as I will call them, which are the 
boundary points of the domain of continuity of the function, 
without themselves belonging to it" (ibid., p. 78). 

He distinguishes between polar and essential singularities according 
to whether or not there exists an integer m such that (z — a)"f(z) is 
reguiar in a, and shows that one can construct a function in such a 
way that it has infinite essential singularities. Then the class of 
rational (meromorphic) functions can be defined as "the totality of 
those single-valued functions of x which have only poles 
[ausserwesentliche singuldre Stellen] in the domain of this quantity" 
(1876, p. 79). 

It follows then that such a function /(z) can be represented as a 


quotient of the form G(z)/M, _,(z — a,) * where G(z) is a polynomial 
and the points a, are the poles of f(z) in the finite plane. 
Weierstrass remarked that his discussion "also gives a hint for the 
study and classification of transcendental single-valued functions of 
one variable" (1876, p. 81). 

If one adds to the domain of continuity of a function f(z) those 
points that are poles, then one finds a domain A!’ in which "/(z) 
everywhere behaves like a rational function. This domain is 
unbounded or bounded according to whether f(z) is a rational or a 
transcendental function" (ibid.). In the latter case the boundary 
consists of the essential singularities of the function. 

All those functions which have the same domain A! are taken to 
belong to the same class. Then the class of rational functions 
consists of precisely one of these classes. But, Weierstrass adds, there 
are also "countless classes of transcendental functions" (ibid.). He 
limits himself here to analyzing those single-valued functions that 
have only a finite number of essential singularities, "which are most 
like rational functions" (ibid., p. 82). 

The path Weierstrass follows is based on an analogy with the case 
of rational functions. Thus, given that a rational function is 
expressible as a quotient of two polynomials, is it possible, he asks, 
that something like this is also true for single-valued functions 
having a finite number of essential singularities? In other words, “is 
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it possible to form arithmetical expressions of the variable z and 
indeterminate constants which represent all functions of a certain 
class, and only those?" (ibid., p. 83). 

The simplest way of finding an answer to this question is to 
consider those functions having only one singular point. If such a 
point is at *, then a function G(z) is representable in series L,_j4,2" 
convergent for every finite value of z. Weierstrass calls this an 
"entire" function. G(z) is rational or transcendent according to 
whether the point © is a polar or an essential singularity. The case 
of n singularities can be reduced to that of only one. 

At this point Weierstrass states the following theorems, which 
provide the answer to his question. 


A. The general expression of a single-valued function of z 
having only one (essential or inessential}) singularity (c) is 
G(1/z-c), where, if c = » 1/(z-c) is to be replaced by z. The 
singularity is essential or not [a pole] according to whether G is 
a transcendental or a rational entire [polynomial] function of 
(1/z-c). 

B. The general expression of a single-valued function of z 
with m (essential or inessential) singularities (c,, .., ¢,) can be 
formed in various ways by a functions each having only one 
singularity. The simplest forms are, however, the following: 


n 1 n l 
1) Lk «| ——]. 2) TI oy{ ——]r*, 
v=1 Z—-, v=1 ZC, 
where R*(z) is a rational function which becomes zero or 
infinite only at the essential singularities of the function to be 
represented. 

C. Every single-valued function of z that has nv essential 
Singularities (c,, .., ¢,) and in addition arbitrarily many (even 
infinitely many) [poles] can be expressed in each of the 
following forms: 


n 1 
2 G,,|-—— 
=1 w= 


in such a way that the numerator and denominator do not both 
vanish for any value of z. , 

Conversely, if the functions G,,..,G,, are given arbitrarily, 
each of theSe expressions represents a single-valued function of 
z, which in general has n, in special cases fewer than n, essential 
singularities, while the number of [poles] in which the function 
becomes infinite is unlimited” (1876, pp. 84-5). 


The demonstration of these theorems constitutes the essential 
portion of Weierstrass’ paper. Theorem A in fact was fairly well 
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known, but in order to prove the others in a more general and 
rigorous manner, "I had first .. to fill in a gap which existed in the 
theory of transcendental entire functions. I was first able to do this 
in a satisfactory way not long ago following many unsuccessful 
attempts" (1876, p. 85). 

The "gap" which Weierstrass refers to is that we have seen 
discussed by Betti. Until what point is a function G(z) determinate 
from its zeros? And also the theorem of factorization stated above: 
given an infinite sequence of constants {a}, with lim a, = *, does 
there always exist a function G(z) whose zeros are given by (a,}? 


The infinitely many functions of the form G(z)e@), where G(z) is 
an arbitrarily given entire function, answers the first question, while 
Weierstrass’ reflections on Gauss’ function lead him to answer the 
second. In order to do this he introduced certain "prime functions" 
[Primfunktionen] which are single-valued functions having one 
singularity and at most one zero. Their most general expression is 


ke, | e(tfa-e) 
ZC 


where & and & are constants and c is the point of singularity. 

Weierstrass then shows that every single-valued function f(z) 
having only one singularity (a pole or an essential one) “is itself 
either a prime function or a product of prime functions with this 
same singularity"®® (ibid., p. 92). The expressions (B, 2) and (C, 2) 
then show how such a function with the properties required by 
theorems B and C can be formed from the multiplication and 
division of prime functions. 

In the final paragraph of his paper Weierstrass studied the 
behavior of a single-valued function in the neighborhood of an 
essential singularity. As a consequence of the theorems given above 
he asserts that, "It follows that the function f(z) varies 
discontinuously in an infinitely small neighborhood of the point c 
and that it can come arbitrarily close to any given value; 
consequently it has no determinate value for x = c. In the expanded 
expressions of the function it is seen that these [expressions] cease to 
have a meaning when x = c" (1876, p. 124). This is the famous 
‘Casorati-Weierstrass theorem,’ whose basic form had appeared in 
discussions between these two men in 1864 (see §7.1). Casorati 
published it in (1868b) and included it in his lectures on complex 
functions in 1868.74 

Representation theorems for entire functions like those given by 
Weierstrass were immediately extended to the case of meromorphic 
functions by G. Mittag-Leffler (1846-1927), who had attended 
Weierstrass’ lectures in 1875, Mittag-Leffler took as his starting 
point a variation of the demonstration of the existence of a function 
with prescribed zeros which Weierstrass had given in his lectures 
and included in his published paper (1876, p. 93). 

In the paper, by letting ay # 0, Weierstrass sets 
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where F(z) is analytic in the complex plane, except for the (simple) 
poles given by the points a,, where the residues of F(z) equal the 
frequency of a, in (a,j. He further says, referring to one of his 
earliest papers, that there exists an entire function G({z) whose 
logarithmic derivative G'(z)/G(z) equals F(z). G(z) therefore has the 
desired zeros. 

But at the same time Weierstrass had also proved that there exists a 
meromorphic function F(z) with given simple poles of arbitrary 
residue m ¢€ IN. The question that Mittag-Leffler posed was whether 
it was possible to demonstrate the existence of a meromorphic 
function with arbitrarily prescribed principal parts, 


G,| —— = vy) CMny/ (2 — a,)* 


Zz a. k=1 


at the arbitrary given poles (a,}? 

Mittag-Leffler published the first demonstrations of his theorem in 
several articles in Swedish after his return to Stockholm, extending 
it to the case in which (a,} has a finite number of accumulation 
points. He eventually assembled his findings into a paper (1884) in 
which he proposed a series of general topological notions on infinite 
point sets according to Cantor’s new theory. 

Mittag-Leffler stated the main theorem in the following way:24 


Let O be an isolated set in the extended complex z-plane whose 
points will be denoted by a,, dy, ..., a, ..; further let 


afshal2a} lz 
1 -—aJ’ 2 z- a) rLz-a —_ 


be a sequence of analytic functions, where G(1/(z—a,)) denotes 
an entire function of 1/(z—a,) that vanishes when 1/(z-a,) = 0. 
Then one can always form an analytic expression which is 
regular everywhere except in the neighborhood of the points 
belonging to Q + Q' [where Q' is the derived set of Q] and 
which, for all r, can be put in the form G1/(z-a,)) + (z7a,) in 
the neighborhood of z = a,, [where P(z—a,) is a converging power 
series of z — a,] (Mittag-Leffler, 1984, p. 8; trans. Birkhoff, 1973, 
pp. 88-9). 


The study of the behavior of analytic functions inthe neighborhood 
of an essential singularity, which was undertaken by Weierstrass at the 
end of his (1876), was extended three years later by an additional result 
found by the young French mathematician E. Picard (1856-1941). 
Utilizing methods appropriate for the theory of elliptic function, 
Picard showed, in a short note that appeared in the Comptes rendus of 
the Academy (1879), that "there is at most one value which an entire 
function does not take on anywhere in the finite [complex] plane" 
without reducing toa constant (ibid., p. 1024). 
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In a later, extended version of his work, which appeared the 
following year in the Annales de l’Ecole normale supérieure, Picard 
also proved that if there are at least two values, each of which is 
taken on only a finite number of times, then the function is a 
polynomial. A meromorphic function (taking infinity as a possible 
value) can omit two values without being reduced to a constant. 

Moreover, Picard demonstrated that in any neighborhood of an 
isolated essential singularity, a function takes on every value except 
at most one. Thus, even in France, where mathematicians had for a 
long time remained wedded to the tradition founded by Cauchy, 
people began to utilize Weierstrass’ arithmetical style of analysis. 
The authority of the Berlin mathematician, in Hermite’s words, "the 
great legislator of mathematics" (In: Dugac, 1973, p. 152), was openly 
acknowledged with the French translation of his 1876 paper, which 
appeared in 1879. This was followed two years later by the 
translation of Weierstrass’ (1880a). 

Riemann’s achievements in complex function theory, on the 
contrary, were viewed with suspicion in France, and his peculiar 
idea of covering surfaces was judged at most to be a_ useful 
geometrical framework for analytic research. Already in 1875, in 
the preface to the second edition of Briot’s and Bouquet’s Traité, 
they wrote, "The idea of surfaces of many _ sheets. presents 
difficulties. In spite of the fine results Riemann achieved with this 
method, it seems to us to present no advantage for the object we 
have in view" (Briot and Bouquet, 1875, p. iv). 

Casorati (1887) protested vigorously against this opinion. As we 
have seen, he was a strong advocate of Riemann’s approach. Yet he 
himself had nevertheless to forego publishing the second part of his 
Teorica, a book that Klein placed first among those inspired by 
Riemann’s ideas (Klein, 1926, p, 274), primarily because of his 
inability to overcome the difficulties Weierstrass had raised against 
Dirichlet’s principle. 

At the beginning of the 1880s Klein took up Riemann’s theory of 
algebraic functions and their integrals in his course at Leipzig 
(Klein, 1882). In order to retain the global, geometrical point of 
view of Riemann’s dissertation, he had to avoid the use of 
Dirichlet’s principle. Klein proposed using a physical model 
consisting of stationary currents on closed surfaces, made simply 
connected by suitable cuts. 

Klein’s work was received with much _ perplexity by 
mathematicians, given his repeated assertion that he had thereby 
found the deepest core of Riemann’s ideas. Klein’s physical model 
might have had some heuristic value, but it was certainly no 
substitute for a rigorous demonstration.”® 

Parallel with the growing tendency towards the arithmetization of 
analysis, Weierstrass’ arithmetical view was becoming dominant. As a 
consequence, his Berlin lectures became the reference point for 
European mathematicians and a goal for many gifted young men 
from German and foreign universities. Indeed, it was primarily 
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through the lecture notes that these young mathematicians took in 
Weierstrass’ lectures that his views were spread throughout Europe. 
The Saggio of Pincherle (1880) is a work of this type. It was 
written after a study trip to Berlin, where Pincherle (1853-1936) had 
followed Weierstrass’ course in 1877-78, and can be used to give us 
an idea of Weierstrass’ introduction to the theory of functions, 

The Saggio is divided into four parts. The first sets out the 
fundamental principles of arithmetic, the basis of the theory of 
functions. It includes the theory of integral, rational, and negative 
numbers, as well as Weierstrass’ theory of the real numbers, which in 
his terminology are numbers composed of an infinity of elements. It 
also discusses the theory of numbers formed from two principal 
units, that is, the complex numbers, and finally presents the theory 
of infinite numeric series and products. 

The second part sets out a few theorems about magnitudes in general, 
among which is found the so-called ‘Bolzano-Weierstrass theorem.’ 
This is stated in this way: if x is a letter to which we can assign 
any real value whatever (which is to say that the set of the values 
that x can take forms a simply infinite manifold), and we indicate 
by a place or point of the manifold a special value attributed to x 
(and we still define in the usual manner the concept of a 
neighborhood of a place, even if this is at infinity), then the 
following fundamental proposition is valid: 


If, in a manifold of one dimension, there are infinitely many 
points satisfying one common definition, we will find in this 
manifold at least one point having the property that in any one 
of its neighborhoods, no matter how small it is, there exists an 
infinite number of points satisfying this definition (Pincherle, 
1880, p. 237). 


Only in the third part of Pincherle’s account does the concept of 
function appear. The definition that we read there is the following: 


If a variable quantity, real or complex, that we will call y, is 
associated with another variable quantity, either real or complex, 
x, in such a way that to a value of x there corresponds within 
certain limits one or more determinate values of y, we say that y 
is a function of x in the most general sense of the word, and we 
will write it y = f(x) (ibid., p. 246). 


In commenting on the definitions of continuity and derivative that 
Weierstrass gave, which is done in a manner like that used today, 
Pincherle writes: 


It has been thought until recently that being continuous is 
enough for a function to be differentiable; many treatises of the 
differential calculus even give a demonstration of the theorem: 
"every continuous function is differentiable." But all these 
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demonstrations implicitly admit certain properties that are not 
contained in the general concept of a function (ibid., p. 247). 


As a counterexample, Pincherle gives the function 
© sin(nlx) 


(7.3.1) f(x) =L 
1 ni 
which is continuous and finite for every x ¢€ R but is not 
differentiable in any point. 
Weierstrass’ subsequent observations on the concept of function are 
also particularly interesting. Pincherle notes them as follows: 


If we imagine between x and y a relation [relazione di 
dipendenza] subject only to the condition that, given a value of 
x, there follows a corresponding value for y, we find that the 
links thus established between x and y are so vague and 
indeterminate that it is impossible to find any properties common 
to all the functions (ibid., p. 253). 


After claiming that he has a "purely analytic study of functions" in 
mind (ibid.), Weierstrass continues, "We cannot create a theory of 
functions if we do not in some way limit the class of functions for 
which we want to give common properties" (ibid., p. 254). These will 
be analytic functions, Functions that instead lose their meaning for 
complex values of the variable, like (7.3.1), "will not be treated as 
truly analytic functions, but only as limiting cases of them" (ibid.). 

In the light of this declared objective, which occupies the fourth 
part of the Saggio dealing with rational Functions and power series, 
Weierstrass introduces the concepts of rational functions and of 
functions defined as infinite sums of rational functions, that is, 
series of rational functions. For these he establishes the concepts of 
the domain of convergence of a series and of uniform convergence, 
setting out the theorem; "A sum of infinite rational functions 
uniformly convergent within a certain domain represents a 
continuous function within this domain" (ibid., p. 325). 

In Weierstrass’ approach a fundamental role is played by the 
theory of the power series of a variable for which he defines the 
circle of convergence and enunciates the "classic" theorem that if a 
series converges in a circle of radius R, then it converges uniformly 
in a circle of radius r, with r < R. 

After setting out the conditions of identity for two power series 
and the term-by-term derivation of power series, under the 
hypothesis of uniform convergence, Weierstrass goes on to illuminate 
the foundations of the principle of analytic continuation. Using 
p(x,a) to indicate a series of powers that converges in a circle of 
center a and radius R, he considers any point 6 of the circle. For all 
values of x such that |b — al + |x — b| < R, we can find an expansion 
of the series given by the powers of x — 6, and this series will 
converge within a circle of center 6 and radius R — |b — al, but it can 
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also converge in a circle of radius greater than this, and in points 
common to the two circles the two series p(x,a), p(x,a,b) (which 
Weierstrass uses to indicate the series derived from p(x,a)) give the 
same value. 

This is the basic idea of analytic continuation, In fact, 

A series of powers /(x,a), convergent within a circle a of 
radius r, determines for all values of x within the circle a 
function having an entirely rational character. 

Taking a point 5 within this circle we can deduce from the 
primitive series a series /(x,a,b) with respect to point b. This 
will give a circle of convergence r!’ that can also be extended 
outside of the circle (a,r). We say that this series gives the 
continuation of the Function defined by f(x,a) for the points of 
the circle (),r') outside of the circle (a,r) (Pincherle, 1880, p. 
353). 


The series introduced in this way constitute the elements of an 
analytic function, by means of which, through analytic continuation, 
we can obtain the analytic function in its totality. The singular 
points are those that do not belong to the "domain of validity" of 
the function. Weierstrass finally distinguished between monodromic 
functions and polydromic ones. The first are those for which, 
beginning from a first element /f(x,a) and following any path "traced 
by the points that are used for the intermediate expansion, we 
always arrive at a. unique expansion /(x,a, .., X,)) With respect to 
every point x, of the domain of validity" (ibid., p. 354). Polydromic 
functions are those where the contrary applies. 

In explaining his own point of view and his difference from 
Riemann’s approach, Weierstrass asserts that, 


The functions that we call analytic are those defined by 
Cauchy and Riemann by the following property: if w = u + iv is 
a function of z = x + iy, we must have 

Ou Ov Ou Ov 
Oy Ox’ Ox dy 

This general definition of a function appears to be based on a 
property of an arbitrary character, whose generality cannot be 
demonstrated a priori. It further requires that the functions w 
and v be chosen between those functions of two real variables 
that admit partial derivatives, whereas in the current state of 
knowledge those functions of real variables subject to 
differentiation do not constitute a class that can be precisely 
delimited. For these reasons this definition of an analytic 
function will not be adopted (ibid., p. 317-8). 


Thus by refuting the global point of view maintained by Ricmann 
in (1851), Weierstrass comes to conceive of the study of analytic 
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functions as a local theory. As Boutroux (1880-1922) has written, 


This involves representing a function and recognizing its 
properties in the immediate neighborhood of a given point. From 
this follows the privileged role attributed to the expansions 
converging in a circle or in a corona described around a point. 
For the Weierstrass school, to define a function is essentially to 
give a Taylor series, since from this series one can theoretically, 
by the method of analytic continuation, deduce the value of the 
function at every point where it is defined (Boutroux, 1908, p. 
2). 


At the end of the century the German word Funktionenlehre became 
virtually synonymous with the theory of functions of a complex 
variable according to Weierstrass’ principles. However, there was no 
lack of opposition. Lie, for example, did not hesitate to write to 
Darboux that it was entirely because of Weierstrass and his school 
that there was no serious research in geometry in Germany (In: 
Dugac, 1973, pp. 147-8). He even spoke of the "great stupidities" 
being uttered on this topic, which, apart from the polemics, reveals a 
profound difference in his understanding of mathematics. This 
difference was also shared (although in another way), by men like 
Poincaré and Klein. The latter, in a talk delivered to the Gottingen 
Society of Science on the occasion of Weierstrass’ eightieth birthday, 
recalled the “impulse” that had been given to contemporary 
mathematics by Weierstrass’ rigor and Kronecker’s extreme tendency 
"to ban irrational numbers and reduce mathematical knowledge to 
relations between whole numbers alone." He then continued, 


I would like to include all of these developments under one 
word: the arithmetization of mathematics. .. In this there lies, as 
you well know, both a complete understanding of the 
extraordinary importance of the developments connected with 
this, and a rejection of the view that the true contents of 
mathematics should already be completely contained in a sort of 
extract of arithmetic. I must accordingly divide my views into 
two parts, those positive and concurring and those negative and 
dissenting. Since I do not see the arithmetical form of the 
evolution of thought as the essence of the subject, but rather as 
a logical sharpening achieved by this means, there follows the 
challenge -- and this is the positive side of my lecture -- of 
subjecting the usual disciplines of mathematics to a reworking 
with reference to the arithmetical foundations of analysis. But 
on the other hand -- and this is the negative side -- I have to 
maintain and firmly stress that mathematics will never be 
completed by logical deduction, that in relation to this /ntuition 
also retains its Full specific importance (1895, pp. 233-4). 


Notes to Chapter 7 29) 


Even though he maintained that " he did not have anything 
particularly new" to say, Klein’s words in fact partook of a debate 
that already foresaw the developments of mathematics in our own 
century. 


Notes to Chapter 7 


1We can obtain an idea of the content of Weierstrass’ lectures from 
the lecture notes taken by Schwarz. Extracts of Schwarz’s 
manuscript have been published by Dugac (1973, pp. 118-125). In 
the same paper, Dugac gives a detailed analysis of Weierstrass’ 
courses at Berlin, with particular attention to the foundations of the 
theory of real numbers. 


2*Riemann is a man of brilliant intuition. When his interest is 
awakened he begins fresh, without letting himself be diverted by the 
tradition and without acknowledging the requirements of 
systematization, Weierstrass is first of all a logician; he proceeds 
slowly, systematically, step-by-step. When he works, he strives for 
the definitive form." Thus did Klein see the essential character of 
these two mathematicians’ methods (1926, p. 70), both of which were 
to have such a imajor influence on the future development of 
analysis. 


3) acroix continues, "The way of conceiving the quantities of the 
calculus does not at first seem to permit this law, since we always 
assume an interval between two consecutive values of the same 
variable; but by letting them vanish in order to pass to the limit, we 
say that there is continuity here" (1858, p. 88). According to him, 
this "métaphysique" contains "the philosophical explanation of the 
properties of the differential calculus” (idid.), Although it was 60 
years old, Lacroix’ textbook was still widely used at this time. The 
edition I have cited here includes among its addenda a long (more 
than 100 page!) note on elliptic functions by Hermite. 

Other treatises were not much different. Thus, for example, 
Duhamel (1860, I, p. 222): "A variable is continuous when it cannot 
pass from one value to another without passing through all the 
intermediate values." And, "a function is said to be continuous 
when, on allowing the dependent quantities to vary in a continuous 
manner, it is always real and finite, and itself varies in a continuous 
manner, that is to say, that it cannot pass from one value to another 
without passing through all the intermediaries" (1860, I, p. 222-223). 


40f course, in Kronecker’s definition we have to add the symbol 
for absolute value and the hypothesis that 6 > 0. It is also probable 
that this imprecision results from the private nature of Casorati’s 
notes. 
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5\Of the infinite we do not have any determinate concept; we 
understand it only as a limit," is the meaningful note that Casorati 
adds in the margin. 


®This citation is taken from Casorati’s original manuscript in 
Pavia. See also Bottazzini (1977b, pp. 64-7). 


"The function O@(q) = 1 + 2Ey_4g" discussed here by Kronecker 
was introduced by Jacobi in his study of elliptic modular functions. 
See also Kronecker (1894, p. 182). For a detailed discussion of 
Kronecker’s contribution to the theory of elliptic functions presented 
in terms appropriate for the modern reader, see Weil (1976). 


®The circumference of a circle with center at the origin and radius 
I is composed of singular points and is the so-called "natural 
boundary" for 6(g). Weierstrass did not publish these results until 
1880 (1880a, p. 227). In the same work he also showed that the 
circumference is the natural boundary for all series of the form 


V 
(1) r bYx? 
V 


where a is an odd integer # 1,0 < b <1 and ab > 1 + 3m. In fact, 
a series of this type "defines a function that cannot be extended 
beyond the domain of convergence of the series and consequently 
exists only for those values of x whose absolute value does not 
exceed one" (1880a, p. 223). It is in this context that Weierstrass says 
he has found a proof that the real part of (1) given by Yeoh “COs 
a™“t is not differentiable for any value of ¢. Series tike (1) are called 
"lacunary series." In 1892 Hadamard demonstrated that a lacunary 


nh 
series Ly _1@,Z . (a, # 0, lim, kK/m, = 0) has the circle of 
convergence as a natural boundary provided that there exists a fixed 
» > | such that for all k 


Mea > d. 

ny, 
For a proof and further properties of such a series, see Hille (1962, 
HU, pp. 87-92). 


In 1872 C. Méray, a student of Bouquet, published a book on the 
infinitesimal calculus in which he independently presented a theory 
of the real numbers analogous to that of Weierstrass. He too had 
been dissatisfied by the lack of rigor in earlier treatments of the 
irrationals. For a comparison of Weierstrass’ and Méray’s theories, 
see Dugac (1973). 


107 ipschitz’s letters to Dedekind were published by Dugac (1976b), 
while those of Dedekind appeared in his Werke, ITI, pp. 464-482. 
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See Dugac (1976b, p. 58) for a discussion of and interpretation of 
this point in modern algebraic terms. See also Krull (1971, pp. 34-5). 


2The relationship between Dedekind and Lipschitz nevertheless 
remained one of the highest mutual regard. Dugac (1976b, p. 53) 
tells us that at his death, Lipschitz expressed the desire to have 
Dedekind edit his works. 


18Hankel’s analysis of the behavior of f(x) was nevertheless less 
than rigorous, as Dini later showed (1878, pp. 117-147). He gave a 
precise analysis of Hankel’s arguments. 


14For a discussion of Hankel’s paper and its importance for the 
theory of integration, see Hawkins (1970, pp. 28-33). 


1BCantor demonstrated the theorem in a fairly laborious manner. 
His proof is summarized in Dauben (1971, pp. 184-189). 


16Naturally, in Cantor’s theory of the real numbers, the one-to-one 
correspondence between the points of the line and the real numbers 
is assured by means of an axiom of continuity similar to that of 
Dedekind, but it is not equivalent to it, in the sense that 
Archimedes’ postulate can be derived from Dedekind’s axiom, but 
not from Cantor’s. 


1™Tt might perhaps also have been worthwhile to have deliberately 
emphasized that this is not always the case," Zermelo, the editor of 
Cantor’s Abhandlungen, added in a footnote. "In general, the point 
set arising in any way from a numerical quantity of the v-th kind 
can not only be lower than but also higher than the n-th kind or it 
cannot be of any definite kind" (Cantor, 1872, p. 99, n. 1). 


18Cantor’s contributions to set theory and the theory of transfinite 
numbers have been amply studied by historians. For a detailed 
account and the related bibliography, see Dauben (1979). 


19There is a survey of Dini’s work on foundations in Bottazzini 
(1985), 


20Retti’s lessons were published in the issues of the Annali di 
matematica pura ed applicata. See Betti (1860-61). 


21There are similar observations in Briot and Bouquet (1859, p. 
135). In this regard Betti noted in a letter to Tardy in 1859 that 
Briot’s and Bouquet’s theorem that two functions which have the 
same zeros and infinites can differ only by a constant factor was 
true for rational functions which have a finite number of zeros and 
poles, but that it seemed to him not rigorous enough for the case of 
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an infinite number of zeros and infinites. In this case the two 
functions differ at most by a factor e”, where w is an entire 
function, 


224 modern presentation of Weierstrass’ theorem of factorization 
by means of "prime functions" can be found in Hille (1963, I, pp. 
225-229), 


*2This theorem was also published at about the same time by the 
Russian mathematician Y. V. Sokhotskii (1842-1927) in his Master’s 
thesis on "The theory of integral residues with applications." For the 
history of the ‘Weierstrass-Casorati-Sokhotskii theorem,’ see 
Neuenschwander (1978c). 


*4miittag-Leffler sent his theorem to Weierstrass in 1877, who was 
very interested in the result. It permitted him, among other things, 
to solve a question that had been left open in his 1876 paper, 
namely, that a single-valued function with infinite poles and finite 
essential singularities could be represented by a finite sum of 
functions, each with an essential singularity. Weierstrass published 
a simpler version of Mittag-Leffler’s theorem, together with the 
above observations, in (1880b). 


25A summary of Klein’s basic work in (1882) is given in Springer 
(1957). As noted (§6.2c), the integration between Riemann’s and 
Weierstrass’ conceptions was not achieved until the first decade of 
this century, following the vigorous impulse given by Weyl’s book of 
1913. 


Appendix 


ON THE HIS 
"DIRICHLET’ 


Following the publication of Newton’s Principia mathematica 
Philosophiae naturalis in 1687, one of the problems on which the 
scientists of the eighteenth century worked was that of determining 
the gravitational attraction of celestial bodies, particularly that of 
the earth on the moon. This problem could, in a first 
approximation, be reduced to that of determining the force of 
attraction of a body on a point mass. 

In classical Newtonian theory, we first determine the force of 
attraction of an infinitesimal mass of the body on a unit mass 
placed at a point P and then obtain the force of attraction exerted 
by the body as the sum of the forces exerted by the infinitesimal 
masses. This, however, leads immediately to a difficult problem of 
integration. In fact, by introducing a suitable coordinate system, the 
components of the force along the axes are given by the volume 
integrals 


fx 


~« Sffo ea 
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i= k [fo ar, 


where (€,7,6) is any point of the body, p as its density, r = {((x — t)? 
+ (y —n)* + (2 — 6)*})/?, and & is Newton’s constant. 

In order to calculate these integrals it is first necessary to know 
the shape of the body. This is the reason for the large number of 
studies both on the shape of the earth, the subject of Cairaut’s 
(1713-1765) famous Théorie de la figure de la terre of 1743, and on 
the attraction of ellipsoids (or more generally, of solids of 
revolution), since it was clear that the form of the earth was not 


aos 
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exactly spherical but ellipsoidal. Naturally, in the case of those 
studies on the attraction of the earth, the problem was complicated 
by not knowing the value of p. 

But there was a more practical way of arriving at this goal. In his 
Hydrodynamica (1738) Daniel Bernoulli suggested taking the function 
V = Y(mu/r,) for a point P of mass p attracted by a finite number of 
point masses m,, where r, is the distance from M to m. By replacing 
the finite number of masses m, with a solid M of density p and 
supposing P to lie outside of M, the function V becomes 


(2) Voxy.2) = a [ff Sas and. 


In (1773) Lagrange observed that from a knowledge of the function 
V one could without difficulty obtain the components of the 
attractive force exerted on P by means of a derivation under the 
integral sign. This idea was generally accepted and _ the 
determination of the properties of the function V became a major 
subject of research. é 

The first successes were reported by Legendre (1782), who 
determined the attractive force for solids of revolution by 
introducing infinite series of certain polynomials P, that are today 
called “Legendre polynomials," "Laplace coefficients," or "local 
harmonics." Later, Legendre showed how to simplify his 
calculations by "using a theorem kindly communicated to me by M. 
de la Place." This enabled him to obtain the attractive force as the 
gradient of the potential function V. 

Laplace was also working on these problems at this time. In the 
1770s he had published several papers on the force of attraction 
exerted by solids of revolution. Stimulated by Legendre’s results, 
though without mentioning him by name, he _ succeeded in 
determining V for the case of an arbitrary spheroid by assuming 
that V satisfies the equation 
3 AV vy ay ey 
(3) * ax? * ay? * a2 7° 
for the points within and outside the body? (Laplace, 1782), This 
had certainly been known to him earlier since it had already been 
known to Euler, The latter, in a work on the motion of fluids in 
1752, had shown that if u, vy, and w are the velocity components of 
any point in an incompressible fluid, then the expression 


udx+vdy+wdz 


must be an exact differential dS, and therefore 
as as os 

=, =; You, 
ox , oy az 


From the incompressibility of the fluid, it follows from the "law of 
continuity" that, during the movement, 


u 
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aes as as 

Ox? * ay? * az? 
an equation that Euler was able to integrate for the particular case 
in which S was given by a polynomial in x, y, z. 

The problem was taken up by Poisson in an article that appeared 
in 1813. After establishing equation (3), "which Laplace has made 
the basis of his beautiful investigations on the attraction of 
spheroids of any form," Poisson observed that (3), “holds when the 
attracted point lies outside the solid under consideration, or even 
when, this body being hollow, the attracted point is situated in the 
interior cavity: actually, these two cases are the only ones to which 
equation (3) has been applied. It is nevertheless not superfluous to 
observe that it no longer holds if the attracted point is an interior 
point of the solid. This is especially strange since, according to the 
usual proof, it would seem that equation (3) must hold identically in 
the coordinates x, y, and z" (Poisson, 1813, p. 388; Eng. trans. 
Birkhoff, 1973, p. 343). 

Poisson then showed by “direct integration" that if the point 
P(x,y,z) lies within a homogeneous or heterogenous body V, then the 
equation 


(4) AV = -47Ip 


holds, where p, the density of the attracting body, is a continuous 
function of x, y, z. Although correct, Poisson’s statement was not 
demonstrated in a rigorous manner, since the continuity of the 
function p(x,y,z) is not enough, as Holder later pointed out (1882). 

In the same year Gauss published a paper (1813b) on the attraction 
of homogeneous ellipsoids in which he obtained Green’s formula (6) 
(see below) for particular cases, This kind of problem, which is 
linked to the astronomical problem of determining the orbit of the 
moon, was one reason for Gauss’ interest in potential theory. 

Gauss was also concerned with two-dimensional potential theory 
and the solution of the equation 
; ey ay 0 
(6) ax? * ay? 
because of his work on the problem of conformal mapping, in 
particular, the conformal mapping of the interior of an ellipse onto 
that of a circle (Werke, 10(1), pp. 311-20). He recognized that the 
solution of equation (5) was found by replacing the function (2) by 


V = Nf, p log “at an, 


the so-called "logarithmic potential," for a bounded domain D in the 
plane. 

The problem is related to complex function theory, because every 
solution u(x,y) of (5) is such that in D, 
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is an exact differential. Moreover, up to an additive constant there 
exists an harmonic function y conjugate to u given by 


such that wu + 7y is an analytic function of x + fy (see §6.2b). 

But the principal reason for Gauss’ interest in potential theory lay 
in his studies of terrestrial magnetism. The study of equations (3) 
and (5) became particularly important in the first decades of the 
nineteenth century when physicists discovered the role these 
equations played in electrostatics (Coulomb’s law in particular), and 
in the theories of magnetism and heat‘ (see §2.2). 

Gauss in particular studied terrestrial magnetism intensively during 
the 1830s, while working at Gottingen with Weber. Together they 
founded the German "Magnetische Verein" and published a scientific 
journal, Resultate aus der Beobachtungen des Magnetischen Vereins. It 
was here that Gauss published his (1839), which became a landmark 
in the history of modern potential theory. 

In this work, Gauss gave a proof of (4), a theory of equation (3), 
and numerous results on the potential of a distribution of mass or 
electricity on a closed surface S. 

Among these, Gauss was particularly concerned with the 
equilibrium problem -- to determine a distribution of electric charges 
(or masses) on the surface S such that the corresponding potential is 
constant on S. On the basis of physical arguments, Gauss asserted 
that the problem always has a solution. 

In seeking to give a mathematical demonstration of this, Gauss 
introduces an idea that was to become central in potential theory. 
Taking a potential given by 


Ves ff, = as (p > 0) 


and any continuous function U on S, Gauss considers the family of 
integrals 


a= Jf (VY -2U)p ds, 


and shows that if p is chosen in such a way that 9 has a minimum, 
then V —U is a constant on S, Gauss then adds that the existence of 
such a p is evident. This was the first case of what later came to be 
called "Dirichlet’s problem." In terms of potentials, Gauss’ method 
solved the problem of determining an harmonic function in the 
domain bounded by S continuous in the closure of the domain and 
equal on S to a given function U. However, as Monna has pointed 
out, "there is an essential difference between the problems of Gauss 
and Dirichlet: the latter had to prove that the minimizing function 
satisfies Laplace’s equation. For Gauss this was no problem because 
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he only considered potentials (harmonic functions), generated by the 
admissible functions (the density [p])" (Monna, 1975, p. 32), and it 
was quite obvious that they satisfy Laplace’s equation outside the 
body. 

Before Gauss, and unknown to him, a_ self-taught English 
mathematician, Green (1793-1841), had concerned himself with the 
study of electricity and magnetism. He had even published an essay 
on the subject at his own expense in 1828. This work remained 
unknown until it was republished, after the author’s death, by W. 
Thomson (Lord Kelvin) in Crelle’s Journal in 1850, Among its 
principal results is a demonstration of "Green’s formula," 


av aU 
(6) JJJuav av + fJu = -do= ff fyau av + [fv — do, 
where U and V are continuous functions with finite derivatives in 
the domain, and # is the normal to the surface directed towards the 
interior. This formula was obtained in the same year by the Russian 
mathematician Ostrogradski (1801-1861). 

In a subsequent work of 1833, Green showed that if a continuous 
function V is given on the boundary of a body, then there exists a 
function that is harmonic in the interior of the body and assumes 
the given values on the boundary. In his demonstration Green made 
use Of the fact that there always exists a function that minimizes 
the integral 


is (CE) + (5) + Ge) de 

ax ay az * 
This idea was explicitly formulated a few years later by Thomson 
(1847), as well as by Dirichlet in his lectures on potential theory, 
which were delivered in Gottingen in the Winter of 1856-57. 

In these lectures, which were published by Grube in 1876, we read, 
"For an arbitrary bounded domain there is always one and only one 
function u of x, y, z which, together with its first-order derivatives, 
is continuous, satisfies the equation [Au = O] within this entire 
domain, and reduces to a given value at every point of the 
[boundary] surface" (Dirichlet, 1876, p. 127). "This proposition is 
known under the name of ‘Dirichlet’s principle’," Grube comments at 
this point (ibid, p. 182, n. 28), However, the problem of 
determining a harmonic function in the interior of a domain, 
assuming values given continuously on the boundary, is today called 
"Dirichlet’s problem." In modern terminology it can be stated as 
follows: "Let 9 be an open set in R® and let there be given a 
continuous real function f on the boundary 69 of & The problem is 
whether there exists a function F, defined on the closure of 9 of Q, 
harmonic in 9 and such that f = F on 40" (Monna, 1975, p. 29), 

‘Dirichlet’s principle’ is a method of resolving this problem, as is 
clear from Dirichlet’s own words. He in fact continued by observing 
that "the problem of finding this function uw cannot be solved: we 
can only speak of an existence proof for it. The latter presents no 


300 Appendix 


difficulty." At this point he stated ‘Dirichlet’s principle’ in these 
words: 


For every bounded connected domain TJ there are clearly 
infinitely many functions u continuous together with their 
first-order derivatives, for x, y, z which reduce to a given value 
on this surface. Among these functions there will be at least one 
which reduces the following integral 


yo MEE + (SF) + (ET 2 
( ax ay az , 
extended over the domain 7, to a minimum; it is evident that 
this integral has a minimum since it cannot become negative. We 
can now show the following: 
1. Every such function u which minimizes U, satisfies the 
differential equation 
au #u A 
ax? Ay? Gz? 
everywhere in the domain JT. This already makes it clear that 
there always exists a function » having the desired property, 
namely that function for which U becomes a minimum. 
2. Every function u which satisfies the differential equation 
[Au = 0] within the domain 7, minimizes the integral U. 
3. The integral U can have only one minimum. 
It follows from 2 and 3 that there is only one function u with 
the desired property (Dirichlet, 1876, pp. 127-8). 


= 0. 


Dirichlet’s argument is open to several criticisms. 1) It is not in 
fact evident, as Dirichlet assumes, that the class H of the functions u 
is not empty. 2) It is not stated that the integral (7) is finite for 
every function of the class H, Finally, and this is the crucial point, 
3) it is not said that the greatest lower bound of the class of the 
functions uv is a function that belongs to H, that is, that a minimum 
exists, Weierstrass clearly formulated this objection in 1870 by 
giving a counterexample. This is the integral 


1 dy 
8 J = “(2 | dx, 
(8) Y dx 
in which the functions y(x) are taken to be continuous together with 
their first derivatives between x = —l, x = 1, such that p(-l) =a # 


b = y(l). He shows that, among these functions, there exist those 
that satisfy the inequality J <e for every ¢ > 0, however small, and 
therefore that the lower bound of the integral (as y varies) is zero. 
And yet there is no minimum, since in this case y would equal a 
constant, which is impossible given that a # b. Using, as Weierstrass 
does, € to indicate a positive constant, we consider the function, 
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a+b baa arctg x/e 
2 2 arctg I/e 

which satisfies the required conditions. By substituting (9) into (8) 

in place of y, we obtain, 


(9) y= 


1 dy)? (b — a)? 1 dx 

Jef ot veh (2}iay = 2 Oat pt te 

. y (re) dx. dx (2 arctg 1/e)? y x? +e? 
_€ (baa) 
~ 2 arectg l/e | 


Therefore, J will become as small as we like when € is taken 
arbitrarily small, but there does not exist a function y that 
minimizes the integral and is continuous, In fact, as € tends to zero, 
y = a for x < 0 and yp = b for x > 0 (for x = 0, y = (atb)/2). 
Therefore this discontinuous function is that for which J is zero. 
"Dirichlet’s method of proof thus leads in this case to an obviously 
false result," Weierstrass concludes (1870, p. 54). 

"With this a large part of Riemann’s developments come to nought," 
Klein asserts (1894, p. 492), recalling that Riemann had based his 
existence proofs for the theory of functions of complex variables 
and for Abelian functions on Dirichlet’s principle. 


Nevertheless, the far-reaching results that Riemann based on the 
said principle are all correct, as Carl Neumann [1877] and 
Schwarz [1870b, 1872] later amply showed with rigorous methods. 
We must conclude that Riemann originally derived the theorems 
themselves from physical intuition, which here again proved its 
value as a heuristic principle, and only afterwards based it on 
the said method of reasoning in order to have an entirely 
mathematical train of thought. In doing so he clearly 
experienced certain difficulties, as long passages of his 
dissertation show. But since he saw this method of reasoning 
unhesitatingly accepted in similar cases in his surroundings, even 
by Gauss himself, he did not pursue it as far as would have been 
necessary (1894, p. 492). 


And in a note to this passage Klein added, 


I remember that Weierstrass once told me that Riemann had 
never laid any particular value on finding his existence proofs 
with "Dirichlet’s principle." Because of this his (Weierstrass’) 
critique of "“Dirichlet’s principle" would have not made any 
particular impression on him. In any case, the problem arose of 
demonstrating the existence proofs in another way (1894, p. 492 
n. 8), 


Weierstrass’ counterexample revealed the necessity of treating the 
calculus of variations with Weierstrassian rigor. Weierstrass and 
many of his students, among them Du Bois Reymond (1879) and 
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Schwarz, dedicated themselves to this task.® 

As for Dirichlet’s problem in particular, the works of Neumann 
and Schwarz’ mentioned by Klein should be joined by the 
contemporary works of Dini (1873, 1876), who had probably been 
inspired by Schwarz and Betti (Bottazzini, 1982, pp. 270-2; 1985), 

In fact, Weierstrass’ critique constrained mathematicians to do 
without ‘Dirichlet’s principle’ as a demonstrative argument. As a 
testimony to the situation this produced we can cite the words of 
Betti. In the preface to his Teoria delle forze newtoniane (1879), 
which collected in one volume results that had appeared in articles 
in the Nuovo Cimento over many years, he wrote that in order to 
prove the existence of a harmonic function in a domain with values 
given on the boundary, he had at first used the "Dirichlet-Riemann 
theorem," but that he had subsequently renounced it in the face of 
criticism and used other methods. 

But if Weierstrass’ rigor, aS convincingly demonstrated by his 
critique of ‘Dirichlet’s principle, became the norm _ (for 
mathematicians, it was not so for physicists. Helmholtz (1821-1894), 
in summarizing their point of view, once said to Klein that "for we 
physicists Dirichlet’s principle continues to remain a 
demonstration." 

In reporting what Helmholtz had said to him, Klein noted, "He 
thus clearly distinguished between proofs for mathematicians and 
proofs for physicists, as it is on the whole a general fact that 
physicists are less concerned with mathematical details; for them the 
‘evidence’ is sufficient" (1926, p. 264). Klein further added that he 
had reported this episode precisely in order to illustrate the slowness 
with which new mathematical ideas were accepted. 

However, towards the end of the century, there were numerous 
Studies that had Dirichlet’s principle as their objective, from 
Poincaré’s works of 1887 and 1890, which were based on his method 
of balayage ("sweeping out"), to those conducted with methods 
appropriate to the new functional analysis. 

Finally, with two papers published sucessively in 1900 and 1901, 
Hilbert (1862-1943) "resurrected" Dirichlet’s principle (as he himself 
said in the first paper). Dirichlet’s problem is only a special 
problem of the calculus of variations, he wrote, and we hence arrive 
at a statement of Dirichlet’s principle in the following more general 
form: "Every regular problem of the calculus of variations has a 
solution, provided restrictive assumptions regarding the nature of the 
given boundary conditions are fulfilled and, when necessary, the 
concept of solution has been suitable extended" (Hilbert, 1900, p. 11). 

In his famous lecture to the International Congress of 
Mathematicians in Paris in 1900, Hilbert restated Dirichlet’s problem 
and included it among the, more general problems involving the 
calculus of variations. With this, he imaugurated the period of 
modern research on this topic.’ 
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Notes to the Appendix 


1For a detailed analysis of Legendre’s paper, see Kline (1972, pp. 
525-8). 


*Actually, Laplace gave equation (3) in rectangular coordinates 
only in a later paper (1787). In (1782) he used polar coordinates. 


°For a careful and penetrating discussion of Euler’s work on fluid 
mechanics, see Truesdell’s Preface to Euler’s Opera omnia, (2) 12. 


4For a history of potential theory from its beginnings to 1880, see 
Bacharach (1883). For Gauss’ contributions in particular see Geppert 
(1933). 


SActually, Green considers a function y on # variables Xyr oy Xe 
®For a history of the calculus of variations, see Kneser (1900) and 
Zermelo and Hahn (1904), See also Goldstine (1980). 


’The methods of Schwarz and Neumann and their relations with 
Riemann’s theory of complex functions are fully treated in Forsyth 
(1918, II, Chaps. 17-18). 


8Variational problems are becoming a major research area of 

contemporary mathematics and the literature on this field is 
consequently enormous, For the history and the modern 
developments of Dirichlet’s principle in particular, see Monna (1975). 
For its connections with the history of functional analysis, see 
Dieudonné (1981). 
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